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PKEFACE 


It is probable that almost every teacher of advanced calculus feels the 
need of a text suited to present conditions and adaptable to his use. To 
write such a book is extremely difficult, for the attainments of students 
who enter a second course in calculus are different, their needs are not 
uniform, and the viewpoint of their teachers is no less varied. Yet in 
view of the cost of time and money involved in producing an Advanced 
Calculus, in proportion to the small number of students who will use it, 
it seems that few teachers can afford the luxury of having their own 
text ; and that it consequently devolves upon an author to take as un- 
selfish and unprejudiced a view of the subject as possible, and, so far as 
in him lies, to produce a book which shall have the maximum flexibility 
and adaptability. It was the recognition of this duty that has kept the 
present work in a perpetual state of growth and modification during 
five or six years of composition. Every attempt has been made to write 
in such a manner that the individual teacher may feel the minimum 
embarrassment in picking and choosing what seems to him best to meet 
the needs of any particular class. 

As the aim of the book is to be a working text or laboratory manual 
for classroom use rather than an artistic treatise on analysis, especial 
attention has been given to the preparation of numerous exercises which 
should range all the way from those which require nothing but substi- 
tution in certain formulas to those which embody important results 
withheld from the text for the purpose of leaving the student some 
vital bits of mathematics to develop. It has been fully recognized that 
for the student of mathematics the work on advanced calculus falls in 
a period of transition, — of adolescence, — in which he must grow from 
close reliance upon his book to a large reliance upon himself. More- 
over, as a course in advanced calculus is the ultima Thule of the 
mathematical voyages of most students of physics and engineering, it 
is appropriate that the text placed in the hands of those who seek that 
goal should by its method cultivate in them the attitude of courageous 



explorers, and in its extent supply not only their immediate needs, but 
much that may be useful for later reference and independent study. 

With the large necessities of the physicist and the growing require- 
ments of the engineer, it is inevitable that the great majority of our 
students of calculus should need to use their mathematics readily and 
vigorously rather than with hesitation and rigor. Hence, although due 
attention has been paid to modern questions of rigor, the chief desire 
has been to confirm and to extend the student’s working knowledge of 
those great algorisms of mathematics which are naturally associated 
with the calculus. That the compositor should have set ^Wigor” where 

rigor” was written, might appear more amusing were it not for the 
suggested antithesis that there may be many who set rigor where vigor 
should be. 

As I have had practically no assistance with either the manuscript 
or the proofs, I cannot expect that so large a work shall be free from 
errors ; I can only have faith that such errors as occur may not prove 
seriously troublesome. To spend upon this book so much time and 
energy which could have been reserved with keener pleasure for vari- 
ous fields of research would have been too great a sacrifice, had it not 
been for the hope that I might accomplish something which should be 
of material assistance in solving one of the most difficult problems of 
mathematical instruction, — that of advanced calculus. 

EDWIN BIDWELL WILSON 

Massachusetts Institute or Tbchnolocy 
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ADYANOED CALCULUS 


INTRODUCTORY REVIEW 


CHAPTER I 


REVIEW OF FUNDAMENTAL RULES 


1, On differentiation. If the function f{x) is interpreted as the 
curve quotient of the increments A?/ and A^c of the 

dependent and independent variables measured from is 

y-Vo ^ ^ ^ AfOO ^ /K + Aa:)-/(x„) ^ 
x — x^ Ax Ax ^ ^ 

and represents the slojw of the secant through the points P(Xq, and 
P' (Xq + Ax, + Ay) on the curve. The limit approached by the quo- 
tient tk.ylb.x when P remains fixed and Ax == 0 is the slope of the 
tangent to the curve at the point P. This limit, 


lim lim 

Ax 1=0 Ax Ax 1=0 Ax 


= /'(*o). 


( 2 ) 


is called the derivative of f{x) for the value x = x^. As the derivative 
may be computed for different points of the curve, it is customary to 
speak of the derivative as itself a function of x and write 


Ax = 0 Ax = 0 Ax 




( 3 ) 


There are numerous notations for the derivative, for instance 


/'(*)= 


dfjx) 

dx 


dx 


= ■Z>x/= = y' = Df= Dy. 


* Here and throughout the work, where figures are not given, the reader should draw 
graphs to illustrate the statements. Training in making one’s own illustrations, whether 
graphical or analytic, is of great value. 


1 


1. Carry through the derivation of (7) when n ^p/q^ and review the proofs of 
typical formulas selected from the list (5)-(17). Note that the formulas are often 
given as DxU^ sin u = cos u JJpxy ♦ • • , and may be derived in this 

form directly from the definition (3). 


2. Derive the two limits necessary for the differentiation of sinx. 

3. Draw graphs of the inverse trigonometric functions and label the portions 
of the curves which correspond to quadrants I, II, HI, IV. Verify the sign in 
(12)-(17) from the slope of the curves. 


4. 

5. 


Find D tanx and D cotx by applying the definition (3) directly. 

Find B sin x by the identity sin w — ainv = 2 cos — i-!! sin ^ — - . 

2 2 


6. Find B tau~ix hy the identity tan-iu — tan-it) = tan-i ~ — - and (3). 

1 wu 

7. Differentiate the following expressions : 

(ct) CSC 2 X — cot 2 X, {^) J tan® x — tan x + x, (7) x cos-i x — Vl — x^, 

(5) sec~^ , (c) sin-i — — r , (f) x^/a^ — 

Vl~ V 1 + x^ ^ 

(t?) a vers-i ^ — V2 ax — x^ ($) cot-^ — 2 taii^^ - . 

^ ^ a ’ ^ ' x2-.a2 a 


What trigonometric identities are suggested hy the answers for the following : 

{a) seo^x, (5) (6) 0? 

Vl - x2 1 + 

8. In B. 0. Peirce’s '' Short Table of Integrals” (revised edition) differentiate the 
right-hand members to confirm the formulas : Nos. 31, 45-47, 91-97, 125, 127-128, 
131-135, 161-163, 214-216, 220, 260-269, 294-298, 300, 380-381, 386-394. 

9. If X is measured in degrees, what is D sinx ? 

4. The logarithmic, exponential, and hyperbolic functions. The 

next set of formulas to be cited are 

log„a; = 1 , D log,* = , (19) 

Der" = e^, Dw^ = a* log, a.t (20) 

It may be recalled that the procedure for differentiating the logarithm is 

A lOgaX loga (x + Ax) — log^X 1 , X + AX 1 , , ^X\^ 

— — = : = ^ ioga = - l 0 g« ( 1 + 

Ax Ax Ax X X \ X / 


^ The student should keep on file his solutions of at least the important exercises ; 
many subsequent exercises and considerable portions of the text depend on previous 
exercises. 

t As is customary, the subscript e will hereafter be omitted and the symbol log will 
denote the logarithm to the base e ; any base other than e must be specially designated 
as such- This observation is particularly necessary with reference to the common base 
10 used in computation. 



XI UUVV JU/LXJj UC OCIj LU tilc: pXUUlClll UCX^UlXlCa UilcLL UX C VOiIUCtUlXlj 


lim (\ + iY‘= e = 2.71828- ■ - ,* 

/t = ce \ ]l/ 


logioe = 0.434294 • • • ; 


(21) 


and hence if e be chosen as the base of the system, Dloga^ takes the simple form 
1/03. The exponential functions and a-’^may be regarded as the inverse functions 
of logx and logaX in deducing (21). Further it should be noted that it is frequently 
useful to take the logarithm of an expression before differentiating. This is known 
as logarithmic differentiation and is used for products and complicated powers and 
roots. Thus 


if 

and 


y = a3‘% 

1 4* logo; 


then log?/ = 03 logo;, 

or ?/'= a3'^(l 4- logic). 


It is the expression y'/y which is called the logarithmic derivative of y. An especially 
noteworthy property of the function y = Ce^ is that the function and its derivative 
are equal, y' ~y and more generally the function y ~ Ce^^ is proportional to its 
derivative^ if = ky. 


5. The hyperbolic functions are the hyperbolic sine and cosine, 

smh X = — - — > cosh x = — ; (22) 

and the related functions tanhaj, cothcc, secha:-, cschx, derived from 
them by the same ratios as those by which the corresj)onding trigono- 
metric functions are derived from since and coscc. From these defini- 
tions in terms of exponentials follow the formulas : 


cosh^x — sinh^x = 1, tanh^x sech^x = 1, 

sinh (x±y)~ sinh x cosh y ± cosh x sinh y, 
cosh (x ±y') =z cosh X cosh y i sinh x sinh ?/, 

X , (cosh X 4-1 . 1 ^ 

^2 = + N 2 ’ = 

D cosh X = sinh x, 

D coth X = — csch^x. 


(23) 

(24) 

(25) 


cosh ■ 


coshx — 1 


D sinh X = cosh x, 

D tanh x = sech^x, 

D sech X = — sech x tanh x, D csch x = — csch x coth x. (29) 


(26) 

(27) 

(28) 


The inverse functions are expressible in terms of logarithms. Thus 

e ^^-1 


y = sinh“^x, 
1 = 0 , 


K = smliy=- 2 ^, 
ef = x± Va;“-J-1. 


^ The treatment of this limit is far from complete in the majority of texts. Reference 
for a careful presentation may, however, he made to Granville’s ’‘Calculus,” pp. 31-34, 
and Osgood’s ” Calculus,” pp. 78-82. See also Ex. 1, (ff), in § 165 below. 


( 30 ) 

( 31 ) 

( 32 ) 

( 33 ) 

( 34 ) 

( 35 ) 

( 36 ) 

( 37 ) 

( 38 ) 

EXERCISES 

1. Show by logarithmic difierentiatiou that 

= + ^ + ^ + (««»•••), 

and hence derive the rule : To differentiate a product differentiate each factor 
alone and add all the results thus obtained. 

2. Sketch the graphs of the hyperbolic functions, interpret the graphs as those 
of the inverse functions, and verify the range of values assigned to x in (80)-(35). 

3. Prove sundry of formulas (23)-(29) from the definitions (22). 

Prove sundry of (30)-(88), checking the signs with care. In cases where 
double signs remain, state when each applies. Note that in (81) and (34) the 
double sign may be placed b^ore the log for the reason that the two expressions 
are reciprocals, 

5. Derive a formula for sinhu ± sinhu by applying (24) ; find a formula for 
tanh Jaj analogous to the trigonometric formula tan J x = sinx/(l -f cosx). 

6 . The gudennannian. The function = gdx, defined by the relations 

sinhx = tan ^£», = gd x = tan-i sinh x, — | tt < <^ < + J tt, 

is called the gudermannian of x. Prove the set of formulas : 
cosh X = sec tanh x = sin 0, csch x = cot 0, etc. : 

Dgdx = sechx,. x = gd-i0 = logtan(^0 + Jtt), D gd-^ 0 = sec 0. 

7. Substitute the functions of 0 in Ex. 6 for their hyperbolic equivalents in 
^3), (26), (27), and reduce to simple known trigonometric formulas. 


sinh*-^ X = log(x 4- +l), any x, 

cosh^'^x = log(.r ± Vx’^ — l), X > 1, 

1 1 4 X 

tanh-^x = ^ log j - < 1, 
coth-^ X = ^ log j x'^ > 1, 

2 ° X —1 

sech-' a: = log ± -v |;4 - l) > x < 1, 


csch-^x = log(- + ^^ + l 


any x, 


D sinh*'^ X == ~7==== > Dcosh = —j = - — — ? 

\'^+l Va;2-1 

D tanli-'^x = = D coth'^x = 


D sech-^ X : 


D csch“^ X = 


X Vl — x*^ X Vl 4 


o. juiu«reuuii.btj me luiiuwiiig ejssiuiie : 


(a) (X + 1)2 (x + 2)~8(X + 3)- 4, 0) xl0S% ( 7 ) lQga;(X + 1), 

(5) X + log cos(x — J tt), (e) 2tan-ie®, (f) x—tanhx, 

. , ^ , , , - . /a\ e«^(asin7?ix— mcosTTix) 

(, 7 ) X tanh“ix + J log(l - x2), {$) — ^ 

4 * 0,^ 

9. Check sundry formulas of Peirce’s '"Table,” pp. 1-61, 81-82. 

6. Geometric properties of the derivative. As the quotient (1) and 
its limit (2) give the slope of a secant and of the tangent, it appears 
from graphical considerations that when the derivative is positive the 
function is increasing with Xj but decreasing when the derivative is 
negative.* Hence to determine the regions in which a function is in- 
creasing or decreasing^ one may find the derivative and determine the 
regions in which it is positive or negative. 

One must, however, be careful not to apply this rule too blindly ; for in so 
simple a case as /(x) = logx it is seen that /'(x) = 1/x is positive when x > 0 and 
negative when x < 0, and yet log x has no graph when x < 0 and is not considered 
as decreasing. Thus the formal derivative may be real when the function is not 
real, and it is therefore best to make a rough sketch of the function to corroborate 
the evidence furnished by the examination of /'(x). 

If cCq is a value of x such that immediately t upon one side of x = 
the function f(x) is increasing whereas immediately upon the other 
side it is decreasing, the ordinate y^=.f(x^ will be a maximum or 
minimum or f(x) will become positively or negatively infinite at x^. 
If the case where f(x) becomes infinite be ruled out, one may say that 
the function will have a minimum or maximum at according as the 
derivative changes from negative to positive or from positive to negative 
when Xj moving in the positive direction, passes through the value x^. 
Hence the usual rule for determining maxima and minima is to find 
the roots of =0. 

This rule, again, must not be applied blindly. For first, /'(x) may vanish where 
there is no maximum or minimum as in the case 2 / = x* at x = 0 where the deriva- 
tive does not change sign ; or second, /'(x) may change sign by becoming infinite 
as in the case ?/ = x^ at x = 0 where the curve has a vertical cusp, point down, and 
a minimum ; or third, the function £{x) may be restricted to a given range of values 
for x and then the values /(a) and/(6) of the function at the ends of the 
interval will in general be maxima or minima without implying that the deriva- 
tive vanish. Thus although the derivative is highly useful in determining maxima 
and minima, it should not be trusted to the complete exclusion of the corroborative 
evidence furnished by a rough sketch of the curve y 

* The construction of illustrative figures is again left to the reader. 

t The word "immediately” is necessary because the maxima or minima may be 
merely relative ; in the case of several maxima and minima in an interval, some, of 
the maxima may actually be less than some of the minima. 
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INTllODUCTOEY REVIEW 


7. The derivative may be used to express the equations of the tangent 
and normal, the values of the subtangent and subnormal, and so on. 


(39) 

(40) 

(41) 

(42) 









0 M \ X 


Eq-uation of tangent, y — Vq — ^o)> 

Equation of normal, {y — y[ {x — = 0, 

TM — subtangent = y^/y^, MN == subnormal = y^y[, 

OT — cc-intercept of tangent = — yjy[j etc. 

The derivation of these results is sufficiently evi- 
dent from the figure. It may be noted that the 
subtangent, subnormal, etc., are numerical values 
for a given point of the curve but may be regarded 
as functions of x like the derivative. 

In geometrical and physical problems it is frequently necessary to 
apply the definition of the derivative to findi-ng the derivative of an 
unknown function. Eor instance if A denote the 
area under a curve and measured from a fixed 
ordinate to a variable ordinate, A is surely a func- 
tion A(x) of the abscissa x of the variable ordinate. 

If the curve is rising, as in the figure, then 

MPQJM' <^A< or y^x <^A<{yA- Ay) Aa;. 

Divide by Acc and take the limit when Aa? == 0. There results 

lini (y 4- A?/). 

A A 

Hence 



,. A^ 

lim y g hm ; 

Ax s 0 Ax ^ 0 

^A 


lim ^ 
Ax±o Ax 


Ax^O 

dA 


dx 


(43) 


Hollers Theorem and the Theorem of the Mean are two important 
theorems on derivatives which will be treated in the next chapter but 
may here be stated as evident from their geometric interpretation. 
Hollers Theorem states that ; If a function has a derivative at every 



point of an interval and if the function vanishes at the ends of the in^ 

f.h.p.n. f.liP.vp. iJi ni. l.p.rtsf. nvip nrin-in-f: -j/mV/j o/j/juVA ^7i/» 


Il/Uy<3 fM U/V't K/M/l/fct/t? OUfLffO JJUVlVU IfJ VU/V VIVOVI P fro frfrfr frOM-Ofr ly/frO J./\JUIVb 

in the interval such that the tangent to the curve y — f{x) is parallel to 
the chord of the intervaL This is illustrated in Fig. 2 in which there 
is (xily one such point. 

Again care must be exercised. In Fig. 3 the funotion vanishes at A and B hut 
there is no point at which the slope of the tangent is zero. This is not an excep- 
tion or contradiction to Rolle’s Theorem for the reason that the function does not 
satisfy the conditions of the theorem. In fact at the point P, although there is a 
tangent to the curve, there is no derivative j the quotient (1) formed for the point P 
becomes negatively infinite as Ax = 0 from one side, positively infinite as Ax = 0 
from the other side, and therefore does not approach a definite limit as is required 
in the definition of a derivative. The hypothesis of the theorem is not satisfied and 
there is no reason that the conclusion should hold. 

EXERCISES 

1 . Determine the regions in which the following functions are increasing or 
decreasing, sketch the graphs, and find the maxima and minima; 

(a) ix^--x^ + 2, (p) (X + 1)^ (X -6)\ (y) log (x^ - 4), 

(5) (x — 2)Vx — 1, (e) — (x + 2)Vi2 — x=^, (f) X® + ax + b. 

2. The ellipse is r =Vx^ -i- = e (d + x) referred to an origin at the fociis. 

Find the maxima and minima of the focal radius r, and state why D^r = 0 does 
not give the solutions while = 0 does [the polar form of the ellipse being 
r = /c{l — ecos0)~i]. 

3. Take the ellipse a s x^/a^ + y^/b^ — 1 and discuss the maxima and minima of 
the central radius r = Vx^ +^ 2 . why does DxV = 0 give half the result when r is 
expressed as a function of x, and why will = 0 give the whole result when 
X = a cos X, y = 6 sin X and the ellipse is thus expressed in terms of the eccentric 
angle ? 

' 4. If 2/ = P (x) is a polynomial in x such that the equation P (x) = 0 has multiple 
roots, show that P'(x) = 0 for each multiple root. What more complete relationship 
can be stated and proved ? 

5. Show that the triple relation 27 + 4 a® § 0 determines completely the nature 

of the roots of x® + ax + 6 = 0, and state what corresponds to each possibility. 

6. Define the angle 0 between two intersecting curves. Show that 

tan e = [/'(Xj) - g''(Xo)] h- [1 +/'(X(,) ^'(Xo)] 
if y z=if[x) and y = p (x) cut at the point (Xq, y^). 

7 . Find the subnormal and subtangent of the three curves 

{a) 2/2 = 4jpx, (i3) x2 = 4p2/, ( 7 ) y^ - a^. 

8. The pedal curve. The locus of the foot of the perpendicular dropped from 
a fixed point to a variable tangent of a given curve is called the pedal of the given 
curve with respect to the given point. Show that if the fixed point is the origin, 
the pedal of y =/(x) may be obtained by eliminating x^, y'o from the equations 

y — 2^0 ~ ^0 -f = 0, 2/0 vq 




volume of revolution thus generated when measured from a fixed plane perpen- 
dicular to the axis out to a variable plane perpendicular to the axis, show that 
- ^ 2 / 2 . 

10 . More generally \t A {x) denote the area of the section cut from a solid by 
a plane perpendicular to the x-axis, show that JD^V A {x). 

11 . If (0) denote the sectorial area of a plane curve r =/(0) and be measured 

from a fixed radius to a variable radius, show that J r^. 

12 . If f), p are the density, height, pressure in a vertical column of air, show 
that d/p/dh = — p. If p = fcp, show p = Ce- 

13 . Draw a graph to illustrate an apparent exception to the Theorem of the 
“Mean analogous to the apparent exception to Rolle’s Theorem, and discuss. 

14 . Show that the analytic. statement of the Theorem of the Mean for/(x) is 
that a value x ^ intermediate to a and h may be found such that 

f(h) - f(a) = f' (^) (b - a), a<^<b. 


15 . Show that the semiaxis of an ellipse is a mean proportional between the 
x-intercept of the tangent and the abscissa of the point of contact. 


16 . Find the values of the length of the tangent [a) from the point of tangency 
to the x-axis, (/3) to the y-axis, {7) the total length intercepted between the axes. 
Consider the same problems for the normal (figure on page 8) . 


17 . rind the angle of intersection of {a) y‘^~2mx 
(/3) X* = 4 ay and y = « — ‘ 


’x2 + 4a2 


(y) 1 


and x2 + y2 = a®, 
for 0<\< b 
and b<\<a. 


18 . A constant length is laid ofi along the normal to a parabola. Find the locus. 

19 . The length of the tangent to intercepted by the axes is constant. 

20 . The triangle formed by the asymptotes and any tangent to a hyperbola has 
constant area. 

21. Find the length FT oi the tangent to x = Vc^ — y2 + c sech-i (y/c). 

22 . Find the greatest right cylinder inscribed in a given right cone. 

23 . Find the cylinder of greatest lateral surface inscribed in a sphere. 

24 . From a given circular sheet of metal cut out a sector that will form a cone 
(Without base) of maximum volume. 

25 . Join two points A, B in the same side of a line to a point P of the line in 
such a way that the distance PA + PB shall he least. 

26 . Obtain the formula for the distance from a point to a line as the minimum 
distance. 


27 . Teat for maximum or minimum, (a) If f{x) vanishes at the ends of an inter- 
val and is positive within the interval and if f'{x) = 0 has only one root in the 
interval, that root indicates a maximum. Prove this by Rolle’s Theorem. Apply 
it in Exe. 22-24. (^) If f(x) becomes indefinitely great at the ends of an interval 
and f'{x) = 0 has only one root in the interval, that root indicates a minimum. 



Ucations ot them generally sumce in practical prohiems to aistinguish Detweeu 
maxima and minima without examining either the changes in sign of the first 
derivative or the sign of the second derivative ; for generally there is only one 
root otf'{x) = 0 in the region considered. 

28. Show that sin x from x = 0 to x = steadily decreases from 1 to 2/7r. 

29. If 0 < X < 1, show (a) 0 < X — log (1 + x) < ^ x^, (p) < x — log (1 + x) . 

30. If 0 > X > — 1, show that -x^ < x — log(l + x) < • 

2 1 -f- X 

8. Derivatives of higher order. The derivative of the derivative 
(regarded as itself a function of x) is the second derivative, and so on 
to the rath derivative. Customary notations are ; 


J dx? 

f"(x), r{x), ■ 


da^ 




D^f=D^y = y" = lff = i^y, 

d>y 


dx?’ 




dx^ 


The nth derivative of the sum or difference is the sum or difference of 
the nth derivatives. Tor the wth derivative of the product there is a 
special formula known as Leibnizes Theorem^ It is 

jyn J)ny^ . ^ ^ ~ i)" “ ^ uD^V . -f- uD'^V, (44) 

This result may be written in symbolic form as 

Leibniz's Theorem D^{uv) = {Du + Dvy^ (44') 

where it is to be understood that in expanding {Du 4- Dvy the term 
{Duy is to be replaced by D^u and {Duy by D^u = u. In other words 
the powers refer to repeated differentiations. 

A proof of (44) by induction will be found in §27. The following proof is 
interesting on account of its ingenuity, f^ote first that from 

D {uv) = uDv + vDu^ D® (wu) = J) (uDv) + D (uDu), 

and so on, it appears that {uv) consists of a sum of terms, in each of which there 
are two differentiations, with numerical coefiicients independent of u and v. In like 
manner it is clear that 

D" (uv) = CqD»u • V 4- C^D^-^uDv + h Cn~iDuD^-^v -f* CnuD^ 

is a sum of terms, in each of which there are n differentiations, with coefficients C 
independent of u and v. To determine the (7’s any suitable functions u and v, say 

It = e*, v^ef^, wv = e(i+tt)a^, X^e^x — gkeqx^ 
may be substituted. If the substitution be made and be canceled, 

g-a+a)xX)»(wu) = (1 + a)" = Oq 4- O^a H i- + CnCt", 

and hence the C's are the coefficients in the binomial expansion of (I + 


and (5). For if x and y be expressed in terms of known functions 
of new variables u and v, it is always possible to obtain the deriva- 
tives D^y, terms of • • •, and thus any expression 

y, y\ y'\ • • •) may be changed into an equivalent expression 
Vj v”, •••) ill the new variables. In each case that arises tlie 
transformations should be carried out by repeated application of (4) 
and (5) rather than by substitution in any general formulas. 

The following typical cases are illustrative of the method of change of variable. 
Suppose only the dependent variable y is to be changed to z defined iisy=f{z) . Then 

d^y _ /^\ _ d /(h dy\ _ d^z dy ^dz /d dy\ 

dx^ dx \dx/ dx dz/ dx^ dz dx W dz/ 

dx^ dz ^ \dz dz dx) dx^ dz \dx) dz^ 

As the derivatives of y ^/{z) are known, the derivative d^yjdx? has been expressed 
in terms of z and derivatives of z with respect to x. The third derivative would be 
found by repeating the process. If the problem were to change the independent 
variable a; to 2 , defined by x ~f{z), 

dx dz dx dz\dz) ’ dx^ dx\jdz\dzj J 

dx^ dz^ dx \dz) dz \dzj dx dz^ dz dz^ dz\ \dz) 

The change is thus made as far as derivatives of the second order are concerned. If 
the change of both dependent and independent variables was to be made, the work 
would be similar. Particularly useful changes are to find the derivatives of y by £c 
when y and x are expressed parametrically as functions of t, or when both are ex- 
pressed in terms of new variables r, 0 as x = r cos 0, y = r sin 0. Tor these cases 
see the exercises. 

9. The concavity of a curve y^f(x) is given by the table: 
if > 0, the curve is concave up at a; == 

if < 0, the curve is concave down at cc = 

if ” 0, an inflection point at x = (?) 

Hence the criterion for distinguishing hetvjcen maxima o.nd minima : 
if Y(x^ = 0 and >0; a minimum at x = 

if /' (xf) = 0 and /" (x^ <0, a maximum at cc == x^, 

if /' (x^ = 0 and /" (x^ = 0, neither max. nor min. (?) 
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The question points are necessary in the third line because the state- 
ments are not always true unless /"'( cCq) = 5 ^ 0 (see Ex. 7 under § 39). 

It may be recalled that the reason that the curve is concave up in case /"{Xq) > 0 
is because the derivative f'{x) is then an increasing function in the neighborhood, 
of X = Xq ; whereas if f"{x^) < 0, the derivative f'{x) is a decreasing function and 
the curve is convex up. It should be noted that concave up is not the same as 
concave toward the x-axis, except when the curve is below the axis. With regard 
to the use of the second derivative as a criterion for distinguishing between maxima 
and minima, it should be stated that in practical examples the criterion is of rela- 
tively small value. It is usually shorter to discuss the change of sign of /'(x) directly, 
— and indeed in most cases either a rough graph of /(x) or the physical conditions 
uf the problem which calls for the determination of a maximum or minimum wdll 
Immediately serve to distinguish between them (see Ex. 27 above). 

The second derivative is fundamental in dynamics. By definition the 
xverage velocity v of a particle is the ratio of the space traversed to the 
time consumed, v — s/U The actual velocity v at any time is the limit 
of this ratio when the interval of time is diminished and approaches 
zero as its limit. Thus 



and 


A5 

V = lim — = 


ds 

dt 


(45) 


In like manner if a particle describes a straight line, say the cc-axis, the 
average acceleration f is the ratio of the increment of velocity to the 
increment of time, and the actual acceleration f at any time is the limit 
of this ratio as A^ == 0. Thus 



and /= Ihii^ 
A« = 0 Ac 


dv _ d^x 
dt dt^ 


(46) 


By Newton^ s Second Law of Motion^ the force acting on the particle is 
equal to the rate of change of momentum with the time, momentum 
being defined as the product of the mass and velocity. Thus 


F = 


d(mv) 

dt 


dv ^ d^x 


( 47 ^ 


where it has been assumed in differentiating that the mass is constant, 
as is usually the case. Hence (47) appears as the fundamental equa- 
tion for rectilinear motion (see also §§79, 84). It may be noted that 


3. Write the nth derivatives of the following functions, of which the last three 
thoukl first he simplified by division or separation into partial fractions. 


(a) Vx + l, 
(5) cosoa:, 



(/3) log(ax + i^), 
(e) e*sinx, 

(0) 


(7) (a:‘' + l) (I + !)-«, 

(f) (l-®)/(l + a:), 



4. If y and x are each functions of t, show that 
dx d^y dy dH 
^ _ dt dt Ip _ x'y''- 
dx^ /dxV x'^ 

\Tt) 

d^y _ x'{x'y'"— y'x'") — Bx"(xY'^ y'x") 
dx^ x'^ 


5. I'ind the inflection points of the curve x = 4 — 2 sin i/ = 4 — 2 cos 0. 

6. Prove (47'). Hence infer that the force which is the time-derivative of the 
momentum mv by (47) is also the space-derivative of the kinetic energy. 

7. If X denote the area under a curve, as in (43), find dA/dO for the curves 

(nr) y = a (1 — cos ^), x = a siii ^), (/3) x = a cos y = 6 sin 0. 


8, Make the indicated change of variable in the following equations : 


(a) ^ + -^^+—1 

' ' dr* 1 + *2 ds (1 + *2)2 


= 0, X — tan z. 


^ns. ^ + 2/ = 0. 

dz^ 


Ans. — + 1 = 0. 
du^ 

9 . Tramformaiion io%fOlar coordinates. Suppose that x = r cos i>^y=r sin 0. Then 

dy dr 


dx dr 

~ cos 0 “ r sm c 
d(f> d(p 


d0 d0 


sin 0 + r cos 0, 


A f A • A A + 2 (2>0r)2 — rD|r 

and so on for higher derivatives. T ind — and — ^ ^ . 

dx dx^ (cos 0 — r sin 0)8 

10. Generalize formula (5) for the differentiation of an inverse function. Pind 
d^x/dy’^ and d^x/dy^. Note that these may also be found from Ex. 4. 


11. A point describes a circle with constant speed. Pind the velocity and 
acceleration of the projection of the point on any fixed diameter. 


io -n o a A A rdH 

12. Prove — ^ = 2itu8 + 4v^( — ) — — ( — ) if 


dx2 


\duj 


du2 \du) 


1 

X = “ > y = UD, 
V 



indefinite integral. To integrate a function /(sc) is to find 
F{x) the derivative of zvliich is f{x). The integral F(x) is 
y determined by the integrand f(x) ; for any two functions 
r merely by an additive constant have the same derivative, 
formulas for integration the constant may be omitted and 
; but in applications of integration to actual problems it 
ays be inserted and must usually be determined to fit the 
ts of special conditions imposed upon the problem and 
the initial conditions. 

t he thought that the constant of integration always appears added to tlie 
) , It may be combined with F (a) so as to be somewhat disguised. Thus 

log aj, log x + Cj log Cx, log (z/ C) 

rals of 1/x^ and all except the first have the constant of integration C, 
y in the second does it appear as forma] ly additive. To illustrate the 
)n of the constant by initial conditions, consider the problem of finding 
ler the curve y = cos a;. By (43) 

DxA z=y =z cosx and hence .4 = sin x + C. 

s to be measured from the ordinate x = 0, then ^ = 0 when x = 0, and 
bstitution it is seen that P — 0. Hence A sin x. But if the area be 
om x='^j7r, then^=0 whenx=— J tt and C =1, Hence .4 = 1-}- sin x. 
area under a curve is not definite until the ordinate from which it is 
i specified, and the constant is needed to allow the integral to fit this 
.tion. 


} fundamental formulas of integration are as follows : 


= log*, 

f . X** if 71 =5^^ — 1, 

J ^+-1 

(48) 


11 

(49) 

in cc = — cos X, 

J* cosx = sinx, 

(50) 

an a? = — log cos a?, 

cot X = log sin X, 

(61) 

eG^x=:taiia5, 

J' CBG^X = — cot X, 

(52) 

an X sec a; = sec x, 

C cot X CSC X = — CSC X, 

(53) 


aulas similar to (50)-(53) for the byperbolic functions. Also 


J Vl— 


J vi-i-x^ 
± 1 


— — sec“^x or — csc^^aj, f sech^^x, (66) 

xVx* — 1 J xVl— 

r • = ± cosh'^x, f — ^i= = =F escli-^x, (57) 

J Vx^ J xVl+a:^ 

~-^========= = vers"^x, ^sec X = gd”^x = log (^^) 


For the integrals expressed in terms of the inverse hyperbolic functions, the 
logarithmic equivalents are sometimes preferable. This is not the case, however, 
in the many instances in which the problem calls for immediate solution with 

regard to x. Thus if = ^'(1 + i = sinh~i x + C, then x = sinli (y — C), and the 

solution is effected and may he translated int o expo nentials. This is not so easily 
accomplished from the form 2/ = log (x + Vl + x^) 4- C. For this reason and 
because the inverse hypei’bolic functions are briefer and offer striking analogies 
with the inverse trigonometric functions, it has been thought better to use them 
in the text and allow the reader to make the necessary substitutions from the table 
(30)-(35) in case the logarithmic form is desired. 

12. Ill addition to these special integrals, which are consequences 
of the corresponding formulas for differentiation, there are the general 
rules of integration which arise from (4) and (6). 


rd^ dy __ 
j dydx~j 

11 

(59) 

II 

1 

+ 


(60) 

UV =: 

j' uv^ -f- J* u'v. 

(61) 


Of these rules the second needs no comment and the third will be treated later. 
Especial attention should be given to the first. For instance suppose it were re- 
quired to integrate 2 logx/x. This does not fall under any of the given types ; but 

? log X *- dlogx _ dz dy 

X d log X dx dy dx 

Here (logx)^ takes the place of z and logx takes the place of y. The integral is 
therefore (logx)^ as may be verified by differentiation. In general, it may be 
possible to see that a given integrand is separable into two factors, of which «ne 
is integrable when considered as a function of some function of x, while the other 
is the derivative of that function. Then (69) applies. Other examples are ; 

j* eeinx cos X, J tan"! x/(l + x2), sin (x®) . 


integrable and as y = tan-^x, 2/' = (1 + ; in the third z = sin?/ is integrable 

and as ?/ = x®, y' = Sx^. The results are 

J(tan-ix)2, — Jcos(x3), 

This method of integration at sight covers such a large percentage of the cases 
that arise in geometry and physics that it must be thoroughly mastered.* 


EXERCISES 


1. Verify the fundamental integrals (48)-(58) and give the hyperbolic analogues 
of (60)--(53). 


2. JTabulate the integrals here expressed in tei’ms of inverse hyperbolic func- 
tions by means of the corresponding logarithmic equivalents. 

3 . Write the integrals of the following integrands at sight : 


(a) sin ox, 

1 


(d) 


a; log a: 


(k) + 1 ), 

(a:-i - 1)5 


(>') 

(p) ai + '*”*cosa:, 


w 

(5) 

m 

(^) 

(») 

(<5) 


cot (ox + ?>), 

1 

Vx^ — 

1 

£! 

X2’ 

tanx sec^x, 
tanh~ix 
i- x2 ’ 
sinx 
Vcosx 


(7) 

(t) 


tanh 3 x, 

1 

" "" ^ ♦ 

V 2 ox — x^ 


(0 


X 

x2 + a^’ 


(/a) cot X log sin X, 


(T) 


1 

Vl -~x2 sin-^x 


4 . Integrate after making appropriate changes such as sin2x= J ^ cos2x 
or sec^x = 1 + tan^a;, division of denominator into numerator, resolution of the 
product of trigonometric functions into a sum, completing the square, and so on. 


(«) 

w 

(v) 


cos^ 2 X, 

1 

x^ 4- 3 X + 26 ' 

X + 3 

4x2 — 6x + 1 ’ 


(k) sin 5x cos2x + 1, 
(v) sec^x tanx — V^, 


(j3) sin*x. 


(^) 


2x4-1 

X 4* 2 ’ 




e2x 4. gx 
g2x 1 ’ 


(X) sinh 771X sinh 7ix, 
' ' a:2 + ax + 6 


(7) tan^x, 
versx 

(0 - 

V 2 ax 4* x2 

(/x) cos X cos 2 X cos 3 x, 

X>n-1 


w 


{ax'^ 4" 


Then 


* The use of differentials (§ 36) is perhaps more familiar than the use of derivatives. 
^ log X dx =5^* 2 log X d log X = (log x)2. 


The use of this notation is left optional with the reader ; it has some advantages ana 
some disadvantages. The essential thing is to keep clearly in mind the fact that the 
problem is to be inspected with a view to detecting the function which will differentiate 
into the given integrand. 


(a) siu'^x cos"x, 7 ?^ or n odd, or m and n even, 

(/ 3 ) tan^x or cot«aj when n is an integer, 

( 7 ) sec^x or csc^x when n is even, 

($) tan”»xsec"x or cot”*xcsc”x, n even. 

6 . Explain the alternative forms in (64)~(56) with all detail possible. 

7. Eind [a) the area under the parabola 2 /® = 42)x from aj = 0 to x = a ; also 
(^) the corresponding volume of revolution. Eind ( 7 ) the total volume of an ellip- 
soid of revolution (see Ex. .9, p. 10). 

8 . Show that the area under y = sin mx sinnx or ]/ = cosmx cosrix from' x = 0 
to X = TT is zero if m and ti are unequal integers but | tt if they are equal. 

9. Eind the sectorial area of r = a tan«j5» between the radii 0 = 0 and 0 = Jtt. 

10. Eind the area of the (a) lemniscate r^—a^ cos 20 and (/5) cardioid r=l— cos 0 . 

11. By Ex. 10, p. 10, find the volumes of these solids. Be cilreful to ehoose the 
parallel planes so that A [x] may be found easily. 

{(X) The part cut off from a right circular cylinder by a plane througlj a diameter 
of one base and tangent to the other. Arts, 2/3 tt of the whole volume. 

(/ 3 ) How much is cut off from a right circular cylinder by a plane tangent to its 
lower, base and inclined at an angle 0 to the plane of the base ? 

( 7 ) A circle of radius b <ais revolved, about a line in its plane at a distance (c 
from its center, to generate a ring. The volume of the ring is 27 r^ab'^. 

( 5 ) The axes of two equal cylindei's of revolution of radius r intersect at right 
angles. The volume common to the cylinders is 16 r^/S. 

12. If the cross section of a solid is A(x) = + dg, a cubic in x, 

the volume of the solid between two parallel planes is + 4 AT-f- B') where k 
is the altitude and B and B' are the bases and M is the middle section^ 

13. Show that f — = tan~^ - « 

J l + 1 — cx 

13. Aids to integration. The majority of cases of integration which 
arise in simple applications of calculus may be treated by the method 
of § 12. Of the remaining cases a large number cannot be integrated 
at all in terms of the functions which have been treated up to this 

point. Thus it is impossible to express f - — in terms 

‘ J V(l-a:=)(l~aV) 

of elementary functions. One of the chief reasons for introducing a 
variety of new functions in higher analysis is to have means for effect- 
ing the integrations called for by important applications. The dis- 
cussion of this matter cannot be taken up here. The problem of 
integration from an elementary point of view calls for the tabular- 
tion of some devices which will accomplish the integration for a 



W1U.O liiocgia/iiuo j - ulc^ihuiv wiiiicj uj. cictucij.i/aij xuuoi/iuiio. 

The devices which will be treated are : 


Integration by parts, Resolution into partial fractions, 
Various substitutions, Reference to tables of integrals. 


Integration by parts is an application of (61) when written as 



(610 


That is, it may happen that the integrand can be written as the product uv' of two 
factors, where is integrable and where u'v is also integrable. Then uv' is integrable. 
Por instance, logx is not integrated by the fundamental formulas ; but 


y'logir = J* logx -l — xlogx- J*x/x = X logo; - 


Here log x is taken as u and 1 as v', so that v is z, u' is 1/x, and u'v = 1 is immedi- 
ately integrable. This method applies to the inverse trigonometric and hyperbolic 
functions. Another example is 


j* X sinx = — » cosx + j* cosx = sinx — x cosx. 


Here if x = u and sin x = v', both v' and u'v =•— cosx are integrable. If the choice 
sin x=u and x=u' had been made, v' would have been integrable but u'v—^x^ cos x 
would have been less simple to integrate than the original integrand. Hence in 
applying integration by parts it is necessary to look ahead far enough to see that 
both v' and u'v are integrable, or at any rate that v' is integrable and the integral 
of u'v is simpler than the original integral,^ 

Frequently integration by parts has to be applied sevei al times in succession. Thus 


f xV = xV- / 2 xe^ 


I j^xe=« 


= x^e® ~ 2 
= x^e^ — 2 xe» -f- 2 


if u = x2, v' = e», 
if u = X, v'— e®, 


Sometimes it may be applied in such a way as to lead back to the given integral 
and thus afford an equation from which that integral can be obtained by solution. 
Por example, 


Hence 


j* eP^ cosx = cosx j* eP^sinx 

= e® cosx + sin x — j * cosxj 
= e*(cosx + sinx) — J'e®cosx. 
j* e=*^cosx = J e»^(cosx + sinx). 


if w = cos X, v' = e^, 
if w = sinx, v'= 


* The method of differentials may again be introduced if desired. 



iiomials in x, the fraction is first resolved into partial fractions. This is accom- 
plished as follows. First if / is not of lower decree than F, divide F into / until the 
remainder is of lower degree than F. The fraction f/F is thus resolved into the 
sum of a polynomial (the quotient) and a fraction (the remainder divided by F) 
of which the numerator is of lower degree than the denominator. As tlie polyno- 
mial is integrahle, it is merely necessary to consider fractions //F where f is of 
lower degree than F. Next it is a fundamental theorem of algebra that a poly- 
nomial F may be resolved into linear and quadratic factors 

F{x) = k{x— a)"* (x — 6)3 (» — c)v . . . (x^ -f mx -h n)^ (x^ -f px d- g)«' • • • , 

where a, 6, c, * • • are the real roots of the equation F(x) = 0 and are of the respec- 
tive multiplicities cr, ^‘7, • • • , and where the quadratic factors when set equal to 
zero give the pairs of conjugate imaginary roots of F = 0, the multiplicities of the 
imaginary roots being j', • • • . It is then a further theorem of algebra that the 
fraction //F may be written as 

f(x)^ A. Ac: I , , . . ■ -Bg I , , . 

F{x) X — a (x — a)2 (x — a)«^ x — b (x~ 6)3 

^ JV/^x -f- ^ M^x H- ATg ^ M^x -F ^ 

x® + mx -j- ?i (x*^ 4- wx + n)2 (x^ + ?nx -1- •n)^- ’ 

where there is for each irreducible factor of F a term corresponding to the highest 
power to which that factor occurs in F and also a term corresponding to every 
lesser power. The coefficients A, B., • • Af, iV', • • . may be obtained by clearing 
of fractions and equating coefficients of like powers of x, and solving the equations ; 
or they may be obtained by clearing of fractions, substituting for x as many dif- 
ferent values as the degree of F, and solving the resulting equations. 

When f/F has thus been resolved into partial fractions, the problem has been 
jduced to the integration of each fraction, and this does not present serious 
-fficulty. The following two examples will illustrate the method of resolution 
nto partial fractions and of integration. Let it be required to integrate 

^±i and f 

X (x — 1) (x — 2) (x2 -h X H- 1) J (x — 1)2 (x — 3)® 

The first fraction is expansible into partial fractions in the form 

x2 + 1 -^ \ ^ ^ Px + F 

X (x — 1) (x — 2) (x2 -h X 4~ 1) X X — 1 X — 2 x^ -f x -{- 1 

Hence x^ -f 1 = ^ (x — 1) (x — 2) (x^ -f- x -1- 1) 4- Fx (x — 2) (x^ 4- x 4- 1) 

4- Ox ^x — 1) (x2 4- X 4- 1) 4- (Dx 4- F) X (x >- 1) (x — 2). 

lather than multiply out and equate coefficients, let 0, 1, 2, — 1, — 2 be substi- 
tuted. Then 

1 = 2X, 2=-3F, 6 = 140, I)~F = 1/21, F 

x2 4- 1 rl.^ C ^ C ^ 

x(x— l)(x — 2)(x2 4-x4'l) 2x J 3(x — 1) ^ J 14(x — 2) 

= hogx - 1 log(a: _l) + A iog(a; - 2)- ^ log(x2 + x -J- 1) - 


■2D = 1/7, 

r 4x4-6 

21 ’(x2 4- aJ 4- 1) 

2 ^ .2x4-1 

_tan-i — — 

7V3 VS 



The substitution of 3, 0, 2, 4 gives the equations 

8=-8B, 60 = 4B, 9^ + 3C-~B + 12=0, 

^_C+D + 6 = 0, ^4-3C + 8i> = 0, 

The solutions are — 9/4, — 1, + 9/4, — 3/2, 16, and the integral becomes 


/ 


+ 6 


(* - 1)2 (X - 3)2 


= -?iOg(X-~l) + ; 


+ - 


3 


X ~ 

15 


~r + 7log(x- 
1 4 


■3) 


2(x-3) 2(x-3)2 

The importance of the fact that the method of partial fractions shows that any 
rational fraction may he integrated and, moreover, that the integral may at most con- 
sist of a rational part plus the logarithm of a rational fraction plus the inverse 
tangent of a rational fraction should not be overlooked. Taken with the method 
of substitution it establishes very wide categories of integrands which are inte- 
grable in terms of elementary functions, and effects their integration even though 
by a somewhat laborious method. 

15 . Tlie method of substitution depends on the identity 

£/(x)=//[^(y)]g if (59; 

which is allied to (69). To show that the integral on the right with respect to y 
is the integral of f(x) with respect to x it is merely necessary to show that its 
derivative with respect to x is /(x). By definition of integration, 

dx 

dy dx 

by (4). The identity is therefore proved. The method of integration by substitu- 
tion is in fact seen to be merely such a systematization of the method based on 
(69) and set forth in § 12 as will make it practicable for more complicated problems. 
Again, differentials may be used if preferred. 

Let R denote a rational function. To effect the integration of 


and 




y*sinx B (sin^x, cosx), 

let 

cos X = y, 

then 

J'cosx B (cos^x, sinx), 

let 

sin X = y, 

then 


let 

tanx = y, 

then 

J^B(sinx, cosx), 

let 

. X 

tan- = y, 

then 




f- 

Jy\ 




+ r 



1 2 




The last substitution renders any rational function of sin x and cos x rational in 
the variable y ; it should not be used, however, if the previous ones are applicable 
— it is almost certain to give a more difficult final rational fraction to integrate. 



and in some one of the radicals Va^ + V Vsc® — a^. These may be con- 
verted into trigonometric or hyperbolic integrands by the following substitutions: 


J R(x, Va^ - a;2) 
j* (x, Va^ -I- x®) 


J E (a, V«2 - aO 


X = a sin y, 

1 E (a sin y, a cos y) a cos y ; 

X = a tan g, 

Jr {a tan y, a sec y) a sec^ y 

X = a sinh y, 

I R (a sinh y, a cosh y) a cosh y ; 

X = a sec y, 

1 R (a sec y, a tail y) a sec y tail y 

X — a cosh y, 

jR (a cosh y, a sinh y) a sinh y. 




It frequently turns out tliat the integrals on the right are easily obtained by 
methods already given; otherwise they can be treated by the substitutions above. 

In addition to these substitutions there are a large number of others which are 
applied under specific conditions. Many of them will be found among the exer- 
cises. Moreover, it frequently happens that an integrand, which does not come 
under any of the standard types for which substitutions are indicated, is none the 
less integrable by some substitution which the form of the integrand will suggest. 

Tables of integrals, giving the integrals of a large number of integrands, have 
been constructed by using various methods of integration. B. 0. Peirce’s Short 
Table of Integrals ” may be cited. If the particular integrand which is desired does 
not occur in the Table, it may be possible to devise some substitution which will 
reduce it to a tabulated form. In the Table are also given a large number of 
reduction formulas (for the most part deduced by means of integration by parts) 
which accomplish the successive simplification of integrands which could perhaps 
be treated by other methods, but only with an excessive amount of labor. Several 
of these reduction formulas are cited among the exercises. Although the Table is 
useful in performing integrations and indeed makes it to a large extent unneces- 
sary to learn the various methods of integration, the exercises immediately below, 
which are constructed for the purpose of illustrating methods of integration, should 
be done without the aid of a Table. 


(y) f x^logx, 

(D/: ^ 


x(x2-a2)t 


£X£KCIS£S 

1. Integrate the following by parts : 

(a)y’xcoshx, ( 16 ) J'tan-^z, 

/.■v rsin-^ / \ r 

’ ^''^i(l + x) 2 ’ 

2. If P(a;) is a polynomial and P'(aj), P''(cc), • • • its derivatives, show 

(a) (X) (x) - 1 P'(x) + 1 P"(x) j, 

(|3) y P (x) cos ox = i sin ox j^P (x) — i P"(x) + i P*t(®) j 


+ - cos OK 
a 


and ( 7 ) derive a similar result for the integrand P (a;) sin ax. 
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3. By successive integration by parts and subsequent soivttion, show 

, . r ^ la Binhx — h coshx) 

(a) sm bx = — ^ , 


(P)f 


7 (b sin bx a cos bx) 

cos bx = — ! , 

a2 + 62 


(7) J xe^-cosx = 5^e2a:[5«(sin5c + 2 cosx) — 4sinx — 8 cosx]. 


4. Prove by integration by parts the reduction formulas 
sin"* +1 X cos" -lx n — 1 


(or) J si 


Sl]l”'x COS"X : 


m + n m + n 

tan”* -1 X sec" x m — 1 


/•' 


sin"*x cos"-2aj^ 


/*, tan”‘-ix sec"x m — 1 

(B) I tan”«xsec"x = I tail"- 2 ^ sec” x, 

J m-{-n — l m + n— !♦/ 


(7) 


^ f (x® + 2 (?l — 1) (*2 [ _j- a2)"-l f ^^2 ^ a2^n^l J’ 


/s\ r x"*+i m + 1 r X"* 

J (logx)" (n — 1) (logx)"-i Ti— It/ (logx)"-i 


(logx)" (n — 1) (logx)"-i Ti— It/ (logx)' 

5. Integrate by decomposition into partial fractions 
x 2-3 x 4-3 

IDl I 

-X4 


(«)/ 

Wf 


(X - 1) (x - 2) 




«/lT 5 ’ 


•>/ 


4*2 -8x4-1 


(x 4- 2)2(a; 4- 1) ’ 2x'4-»* ' '''Jx(14-a:T 


/ x{\ + k^Y' 


6 . Integrate by trigonometric or hyperbolic substitution : 

(a) j' V <x2 — x2, (;8) y* Vx2 — a2, (7) VoM^, 

* Vx2 — 


(«)/ 


(CE — X^] 




(»/■ 


xi 


7. Find the areas of these curves and their volumes of revolution ; 


(cc) xt + 2/^ = 


(/3) aV = a2x< - x6, (7) y + (l) = 1- 


f 


8 . Integrate by converting to a rational algebraic fraction; 




sinSx 




a2 cos^x + 62 sm2x 
1 




cos3x 


«/. 


. 6 / 
sin2x 


+ 6 cos X 


a2 cos2 X + 62 sin2 x J ^2 cos2 x + 6^ sin^ x 

r 1 rij-cosx 

t/ a H- 6 cosx + c sin X ’ ^ J 1 ■ 


. + sinx 


9. Show that J B (x, Va + 6x + cx^) may be treated by trigonometric substitu- 
tion ; distinguish between 62 — 4 ac ^ 0. 


10. Show that f B (x, -v/— ^ / is made rational by = Hence infer 

,/ \ \cx + d/ cx + d 


X — fi . 



/ r /(xx -f- b\”* /ctx + b\**' ~\ 

i? X, { 1 . ( I , • • • b where the exponents m. ; 

l \cz + d/ \cx + d/ J 

• are rational, is rationalized by y* = t ^ if A: is so clioseii tliat k?n, kn, 


integers. 


cx + cZ 


12. Show that J * he rationalized it p or q or p + r/ is an integer. 
By setting x" = show that J' z”* {a + bz^)p may be reduced to the above type and 

hence is integrable when or p or - + p is integral, 

n n 

13. If the roots of a + 6x + cx^ = 0 are imaginary, f It (z^ Vtt + 6x + cx^) may 
be rationalized by 2 / = Vet + bx + cx^ ^ x Vc. 


14. Integrate the following . 


(«)/ 


w/ 


Vx^— 1 

e2® 


+ 1 
1 


• 1 + Vx 

x^ 

V(1 -- X2)3 

V2x2 + X 


(1 + x2)l 


(e) / 
<^)/ 


( 7 )/ 

(!■)/ 

(X)/ 


Vl + X— Vl+X 
1 


(x — d) Va + 6x 4- cx^ 
x^ 

Vl-a:* 


vr 


15. In view of Ex. 12 discuss the integrability of : 

(a) rsin»»»x COS'* X, let sinx=V?/, {p) C — - - - ^ 

^ Vox — x^ ^ Vox ~ x^ = 

16. Apply the reduction formulas, Table, p. 66, to show that the final integral for 


zy. 


r x"* 

1 IS 

r 1 

1 or 

r * or r. 


Vl-X= 

Vl -- x2 'I : 


; V 1 ~ x^ 

according as m is even or odd and positive or odd and negative, 

17. Prove sundry of the formulas of Peirce’s Table. 

18. Sh ow that if 12 (x, Va^ — x^) contains x only to odd powers, the substitu- 
tion % =:Va2 — x2 will rationalize the expression. Use Exs. 1 (f) and 6 (e) to 
compare the labor of this algebraic substitution with that of the trigonometric or 
hyperbolic. 


16 . Definite integrals. If an interval from cc = ct to a? = be divided 
into n successive intervals Ajxi, Arcg, • • •, and the value /(^,.) of a 
function /(x) be computed from some point in each interval Ax,, and 
be multiplied by Ax,-, then the limit of the sum 

lim [/(^,) +/(4) Ax, + .-.+ f(Q A*.] = fj(x) dx, (62) 


a broken line, and it is clear 
that the limit of the sum, that 
is, the integral, will be repre- 
sented by the area under the 
eurve y = /(.x*) and between 
the ordinates x — a and x = 

Thus the definite integral, de- 
fined arithmetically by (62), 
may be connected with a geo- 
metric concept which can serve to suggest properties of the integral 
much as the interpretation of the derivative as the slope of the tan- 
gent served as a useful geometric representation of the arithmetical 
definition (2). 

For instance, if <x, c are successive values of oj, then 

£f(x)dx+f^y(x)dx=fy(x)dx (63) 

is the equivalent of the fact that the area from a- to c is equal to the 
sum of the areas from a to h and b to c. Again, if Ax be considered 
positive when x moves from a to h, it must be considered negative 
when X moves from bto a and hence from (62) 

fy(x)dx=-£y(x)dx. ( 64 ) 

Finally, if M be the maximum of f(x) in the interval, the area under 
the curve will be less than that under the line y=:M through the 
highest point of the curve ; and if m be the minimum of f(x), the 
area under the curve is greater than that under y == m. Hence 

m (b a) K f(x) dx <. M (h — a). (65) 

There is, then, some intermediate value m< fx< M such that the inte- 
gral is equal to /x(5 — a); and if the line cuts the curve in a 

point whose abscissa is f intermediate between a and 5, then 

£ /(a ;) dx = //^(b — a) = (b — (66') 

This is the fundamental Theorem of the Mean for definite integrals. 




The definition (62) may be applied directly to the evaluation of the definite in- 
tegrals of the simplest functions. Consider first 1/x and let a, b he positive with a 
less than 6, Let the interval from a to 6 be divided into n intervals Axi which are 
in geometrical progression in the ratio r so that xi = a, X 2 = ar, • • •, = ar" 

and Axi = a (r — 1), AXg = ar (r — 1), Axa = ar*2 (r — 1), . • Ax„ = ar« -i(r — 1) ; 


whence & — a = Axi + Axa + Ax^ = a (r^ — 1) and r« = b/a. 

Choose the points in the intervals Ax^ as the initial points of the intervals. Then 


Axi , AX2 , 


, Aa^_a(r— 1) , ar(r-l) , 

, ^ — 1 . 

U a ar 


ar'‘~i ' ’ 


But 


r=:Vb/a or n = log (i>/a) - j- logr. 


Hence — + — + - 
^2 


h 


. r:: (r _ 1) = log - . = log - • ; — . • 

a logr a log(l + /t) 


Now if n becomes infinite, r approaches 1, and h approaches 0. But the limit of 
log (1 4- h)/h as A == 0 is by definition the derivative of log (1 + x) when x = 0 and 
is 1. Hence 


p 

Ja X na= 00 L 


AXi , AX2 , 


-t]= 


log- = log 6 — log a. 


As another illustration let it he required to evaluate the integral of cos^x from 
0 to Jit. Here let the intervals Axi he equal and their number odd. Choose the ^’s 
as the initial points of their intervals. The sum of which the limit is desired is 

(T = cos® 0 • Ax + cos® Ax • Ax + cos® 2 Ax • Ax + • • • 

+ cos® (n — 2) Ax • Ax + cos® (n — 1) Ax • Ax. 

But nAx = J TT, and (n — 1) Ax = J tt — Ax, (n — 2) Ax = ^ tt — 2 Ax, • • •, 

and cos (J tt ~ = sin y an,d sin® y + cos® y = 1. 

Hence tr = Ax [cos® 0 + cos® Ax -f cos® 2 Ax + • • • -f sin® 2 Ax + sin® Ax] 

Hence C ^ cos® xdx lim nAx + i Ax] = lim (J tt + J Ax) = J tt. 

Jq Acc = 0 Aa: = 0 


Indications for finding the integrals of other functions are given in the exercises. 

It should be noticed that the variable x which appears in the expression of the 
definite integral really has nothing to do with the value of the integral but merely 
serves as a symbol useful in forming the sum in (62). What is of importance is 
the function / and the limits a, b of the interval over which the integral is taken. 

jy{x)<3x = j'y{l)dt= J’/(3/)d!y= 

Thft va.riahlp. in Hip. int-.Aorrn.-nf1 rlicn.rknAn.rc i-n -J-.Ua inf on-pofinYi If.ntroc 
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17. If the lower limit of the integral be fixed, the value 


X 


f(x) (b) 


of the integral is a function of the upper limit regarded as variable 
To find the derivative (b), form the quotient (2), 

■» t> + A& 

''' ' ix 


^ + ^b) — O (b) 

Ab 


j ^b + ClO ^b 

f(x)dx— I f(x)dx 

. a tJa 


^b 


By applying (63) and (65'), this takes the simpler form 




J ^6 + A6 


f(x) dx 


^b 


^b 




where f is intermediate between b and b-\-Ab. Let A^~:0. Then ^ 
approaches b and /(^) approaches f{b). Hence 

(66) 

If preferred, the variable b may be written as x, and 

(a;) = /(aj) «>'(») X(») =/(*)• (66') 

This equation will establish the relation between the definite integral 
and the indefinite integral. For by definition, the indefinite integral 
F(x) of f(x) is any function such that F'(x) equals /(aj). As ^'(x) =f{x) 
it follows that 

J f(x) dx = F (x) q- a. (67) 

Hence except for an additive constant, the indefinite integral of / is 
the definite integral of / from a fixed lower limit to a variable upper 
limit. As the definite integral vanishes when the upper limit coincides 
with the lower, the constant C is •— F(a) and 


X 


f(x) dx = F(b)-~ FCa), 


(67') 


Hence, the definite integral of f{x) from a to h is the difference between 
the values of any indefinite integral F(x) taken for the ujpper and lower 


curve cannot in the first instance be evaluated ; but if only that portion 
of the curve which lies over a small interval Asc be considered and the 
rectangle corresponding to the ordinate f{C) be drawn, it is clear that 
the area of the rectangle is /(^) Aa;, that the area of all the rectangles is 
the sum :S/(i) Acc taken from a to that when the intervals Ax approacfii 
zero the limit of their sum is the area under the curve j and hence that 
area may be written as the definite integral of /(x) from a to b.* 

Ill like manner consider the mass of a rod of variable density and suppose the 
rod to lie along the ai-axis so that the density may be taken as a function of x. 
In any small length Ax of the rod the density is nearly constant and the mass of 
that part is approximately equal to the product pAx of the density p{x) at the 
initial point of that part times the length Ax of the part. In fact it is clear that 
the mass will be intermediate between the products mAx and MAx, where m and 
M are the minimum and maximum densities in the interval Ax. In other words 
the mass of the section Ax will be exactly equal to p (|) Ax where £ is some value of 
X in the interval Ax. The mass of the whole rod is therefore the sum '2p(^)Ax 
taken from one end of the rod to the other, and if the intervals be allowed to 
approach zero, the mass may be written as the integral of p(x) from one end of 
the rod to the other. t 

Another problem that may be treated by these methods is that of finding the 
total pressure on a vertical area submerged in a liquid, say, in water. Let w be the 
weight of a column of water of cross section 1 sq. unit and 
of height 1 unit. (If the unit is a foot, = 62.6 lb.) At a 
point h units below the surface of the water the pressure is 
wh and upon a small area near that depth the pressure is 
approximately w7iA if A be the area. The pressure on the 
area A is exactly equal to w^A if ^ is some depth interme- 
diate between that of the top and that of the bottom of 
the area. Now let the finite area be ruled into strips of height Ah. Consider the 
product whb{h) Ah where b(h) = f(h) is the breadth of the area at the depth h. This 

♦ The may evidently he so chosen that the finite sum 2l/'(^)Ax is exactly equal to 
the area under the curve ; but still it is necessary to let the intervals approach zero and 
thus replace the sum by an integral because the values of ^ which make the sum equal 
to the area are unknown. 

t This and similar problems, here treated by using the Theorem of the Mean foi 
integrals, may be treated from the point of view of differentiation as in § 7 or from that 
of Duhamel's or Osgood’s Theorem as in §§ 34, 35. It should be needless to state that in 
any particular problem some one of the three methods is likely to be somewhat preferable 
to either of the others. The reason for laying such emphasis upon the Theorem of the 
Mean here and in the exercises below is that the theorem is in itself very important and 
needs to be thoroughly mastered. 




IS approximaieiy me pressure on me strip as ii is me pressure at tae top oi tne strip 
multiplied by the approximate area of the strip. Then A/i, where ^ is some 

value between h and h 4- AA, is the actual pressure on the strip. (It is sufficient to 
write the pressure as approximately whb{h)Ah and not trouble with the ^.) The 
total pressure is then Ah or better the limit of that sum. Then 

P = lim dh=i J whb{h) dh^ 

where a is the depth of the top of the area and b xhat of the bottom. To evaluate 
the pressure it is merely necessary to find the breadth & as a function of k and 
integrate. 

EXERCISES 


j nb ph 

kf{x) dx = k I /(x)dx. 

a da 

J 'l 6 pb p b 

(u ± -y) dx = I udx ± I vdx. 

a V a da 

3. If, from aiob^f (x) </(x) < <i> (x), show C ^ (x) dx < T /(x) dx < f (p (x)dx. 

da da da 

4. Suppose that the minimum and maximum of the quotient Q(x) =/(x)/0(x) 
of two functions in the interval from a to b are m and 3f, and let <p (x) be positive 
so that 

m < Q (x) = — ^ < M and m<p (x) </(x) < Mip (x) 

4>{x) 

are true relations. Show by Exs. 3 and 1 that 


m < 


j^/(x)(te 

pb 

J 4 >(x)dx 


f mdx 

«/a 


<jf and = ^=Q({) = M, 


j <p(x)djx 

a 


where ^ is some value of x between a and b. 

5. If m and M are the minimum and maximum of f(x) between a and b and if 
<p (x) is always positive in the interval, show that 

m r p{x)dx< f f{x) <p{x)dx < M f ^ (x) dx 

da da da 

and r /(x)0(x)dx = /t4 f <P{x)dx=f(^) f tp{x)dx, 

da da da 

Note that the integrals of [Jlf — /(x)] ^(x) and [/(x) — m]0(x) are positive and 
apply Ex. 2. 

6. Evaluate the following by the direct application of (62) : 


(a) r xdx = 
da 




iP) f 

V a 


e»dx =: — e". 


Take equal intervals and use the rules for arithmetic and geometric progressions. 

7. Evaluate (a) f x”*dx = — (6»»+i — a"*-!-!), (fi) f c^dx = — (c^ — c«). 

da Wl 4* 1 da lOgC 

In the first the intervals should be taken in geometric progression with r" = b/a. 



8. Show directly that (a) I sm^xdx = i w, {p) I cob^xox ==:[), it n is odd 

Jo Jo 

9 . With the aid of the trigonometric formulas 

cos eft + cos 2 a; H + cos (m — 1) a; = J [sin nx cot J x — 1 — costix], 

sin X 4- sin 2 X H + sin (n — 1) x = I [(1 — cos fix) cot J x — sin nx], 

show (a) f ^cosxdx = sin b — sin (p) f sin xdx = cos a — cos h. 

10 . A function is said to be eucTi if /(— x) =/(x) and odd if /(— x) = — /(x)^ 
Show (a) r^/(x)dx = 2 r /(x)dx, /even, (p) f ^ /(x)dx = 0, f odd. 

J-i-a Jo J~a 

11 . Show that if an integral is regarded as a function of the lower limit, the 
upper limit being fixed, then 

4>'(a) = i r /(x)dx = -/(a), if <P(a)= f /(x)dx. 

da a 

12 . Use the relation between definite and indefinite integrals to compare 

J f{x) dx = (6 — a)f (f) and F(h)-F (a) = (h — a) F'{^), 
the Theorem of the Mean for derivatives and for definite integrals 


13 . From consideration of Exs, 12 and 4 establish Cauchy^ s Fo'nrmla 


AF _F(b)-- F(a) _F'(^) 
A^'~' ^(b)^^{a) #'(^) 


a<^<bf 


which states that the quotient of the increments AF and A^ of two functions, in 
any interval in which the derivative 4>'(x) does not vanish, is equal to the quotient 
of the derivatives of the functions for some interior point of the interval. What 
would the application of the Theorem of the Mean for derivatives to numerator 
and denominator of the left-hand fraction give, and wherein does it differ from 
Cauchy’s Formula ? 


14 . Discuss the volume of revolution ofy = f{x) as the limit of the sum of thin 
cylinders and compare the results with those found in Ex. 9, p. 10. 

15 . Show that the mass of a rod running from a to 6 along the x-axis is 
lk{b'^ a^) if the density varies as the distance from the origin (k is a factor of 
proportionality). 

16 . Show (a:) that the mass in a rod running from a to 6 is the same as the area 
under the curve y = p{x) between the ordinates x = a and x = 6, and explain why 
this should be seen intuitively to be so. Show (p) that if the density in a plane slab 
bounded by the x-axis, the curve y =f{x), and the ordinates x = a and x =: 6 is a 

n b 

function p (x) of x alone, the mass of the slab is I yp (x) dx ] also (7) that the mass 

J a 

pb 

of the corresponding volume of revolution is J iry^p{x)dx. 

17. An isosceles triangle has the altitude a and the base 2 b. Find (a) the mass 
on the assumption that the density varies as the distance from the vertex (meas- 
ured along the altitude). Find {p) the mass of the cone of revolution formed by 
revolving the triangle about its altitude if the law of density is the same. 



18. In a plane, tlie moment of inertia I of a particle of mass m with respect to a 
point is defined as the product mr^ of the mass by the square of its distance from the 
point. Extend this definition from particles to bodies. 

(a) Show that the moments of inertia of a rod running from a to 6 and of a 
circular slab of radius a are respectively 

X h pa 

x^p (x) cZx and ^ — j 2 irr^p (r) dr, p the density, 

if the point of reference for the rod is the origin and for the slab is the center. 

(^) Show that for a rod of length 21 and of uniform density, 1= with 

respect to the center and I = J MP with respect to the end, M being the total mass 
of the rod. 

( 7 ) Eor a uniform circular slab with respect to the center I = 

(5) Eor a uniforni rod of length 2 1 with respect to a point at a distance d from 
its center is I = + d^). Take the rod along the axis and let the point be 

(or, with 

19. A rectangular gate holds in check the water in a reservoir. If the gate is 
submerged over a vertical distance II and has a breadth B and the top of the 
gate is a units below the surface of the water, find the pressure on the gate. At 
what depth in the water is the point where the pressure is the mean pressure 
over the gate ? 

20. A dam is in the form of an isosceles trapezoid 100 ft. along the top (which 
is at the water level) and 60 ft. along the bottom and 30 ft. high. Find the pres- 
sure in tons. 

21. Find the pressure on a circular gate in a water main if the radius of the 
circle is r and the depth of the center of the circle below the water level is d^r. 

22. In space, moments of inertia are defined relative to an axis and in the for- 
mula I — mr^, for a single particle, r is the perpendicular distance from the 
particle to the axis. 

(or) Show that if the density in a solid of revolution generated by y ~f(x) varies 
only with the distance along the axis, the moment of inertia about the axis of 

p b 

revolution is I = I ^ rry^p (x) dx. Apply Ex. 18 after dividing the solid into disks. 

J a “ 

(/3) Find the moment of inertia of a sphere about a diameter in case the density 
is constant ; I = | Mo? — ^5 irpaf, 

( 7 ) Apply the result to find the moment of inertia of a spherical shell with 
external and internal radii a and 6 ; 7 = | — ¥)/(a^ — ¥). Let 6 = a and 

thus find I = I Ma^ as the moment of inertia of a spherical surface (shell of negli- 
gible thickness). 

(5) For a cone of revolution I = Ma^ where a is the radius of the base. 

23. If the force of attraction exerted by a mass m upon a point is kmf{r) where 
r is the distance from the mass to the point, show that the attraction exerted at 
the origin by a rod of density p (x) running from a to & along the x-axis is 

kf{x) p (x) dx, and that A = kM/ah^ M ^ p ip -- a)^ 

a 

is the attraction of a uniform rod if the law is the Law of Nature, that is 



both X and y. Show that the mass of a small slice over the interval Axf would be 
of the form 


Ax 


J p (x, y)dy — ^ (^) Ax and that J ^(x) Ax =J J p(x, y) dy J dx 


would be the expression for the total mass and would require an integration with 
respect to y in wliich x was held constant, a substitution of the limits / (x) and 0 
for ?/, and then an integration with respect to x from a to b. 

25. Apply the considerations of Ex, 24 to finding moments of inertia of 

(a) a uniform triangle y = mx, y = 0, x = a with respect to the origin, 

(|3) a uniform rectangle with respect to the center, 

(7) a uniform ellipse with respect to the center. 

26. Compare Exs. 24 and 16 to treat the volume under the surface z = p (x, y) 
and over the area bounded by y =/(x), ^ = 0, x = a, x = 6. Eind the volume 

(a) under z = xy and over y^ = 4px, ?/ = 0, x = 0, x = 6, 

{(S) under z = x^ and over x^ + ?/ = 0. x = 0, x = Q, 

(7) under — + ^ = 1 and over — + ^ = 1, y = 0, a; = 0, x = a. 

Ir a? 


27. Discuss sectorial area | r^dcf> in polar coordinates as the limit of the sum 
of small sectors running out from the pole. 

28. Show that the moment of inertia of a uniform circular sector of angle a 

j r. ffi 

r^d<p in polar coordinates. 

^0 


29. Eind the moment of inertia of a uniform (a) lemniscate cos^ 2 0 

and (jS) cardioid r = a (1 — cos 0) with respect to the pole. Also of (7) the circle 
r = 2 a cos 0 and (5) the rose r = a sin 2 0 and (e) the rose r = a sin 8 0. 



CHAPTER II 


REVIEW OF FUNDAMENTAL THEORY* 

18. Numbers and limits. The concept and theory of real numhevs 
integral, rational, and irrational, will not be set forth in detail here. 
Some matters, however, which are necessary to the proper understand- 
ing of rigorous methods in analysis must be mentioned j and numerous 
points of view which are adopted in the study of irrational number 
will be suggested in the text or exercises. 

It is taken for granted that by his earlier work the reader has become familiar 
with the use of real numbers. In particular it is assumed that he is accustomed 
to represent numbers as a scale^ that is, by points on a straight line, and that l)e 
knows that when a line is given and an origin chosen upon it and a unit of measure 
and a positive direction have been chosen, then to each point of the line corre- 
sponds one and only one real number, and conversely. Owing to this correspond- 
ence, that is, owing to the conception of a scale, it is possible to interchange 
statements about numbers with statements about points and hence to obtain a 
more vivid and graphic or a more abstract and arithmetic phraseology as may be 
desired. Thus instead of saying that the numbers Xi, X2, • • • are increasing algebra- 
ically, one may say that the points (whose coordinates are) Xi, X2, • • • are moving 
in the positive direction or to the right ; with a similar correlation of a decreasing 
suite of numbers with points moving in the negative direction or to the left. It 
should be remembered, however, that whether a statement is couched in geometric 
or algebraic terms, it is always a statement concerning numbers when one has in 
mind the point of view of pure analysis.! 

It may be recalled that arithmetic begins with the integers, including 0, and 
with addition and multiplication. That second, the rational numbers of the 
form p/q are introduced with the operation of division and the negative rational 
numbers with the operation of subtraction. Finally, the irrational numbers are 
introduced by various processes. Thus V2 occurs in geometry through the 
necessity of expressing the length of the diagonal of a square, and V3 for the 
diagonal of a cube. Again, tt is needed for the ratio of circumference to diameter 
in a circle. In algebra any equation of odd degree has at least one real root and 
hence may he regarded as defining a number. But there is an essential difference 
between rational and irrational numbers in that any rational number is of the 

* The object of this chapter is to set forth systematically, with attention to precisioB 
of statement and accuracy of proof, those fundamental definitions and theorems which 
lie at the basis of calculus and which have been given in the previous chapter from au 



form i p/q with $ 0 and can therefore he written down explicitly ; whereas 

the irrational numbers arise by a variety of processes and, although they may be 
represented to any desired accuracy by a decimal, they cannot all be written 
down explicitly. It is therefore necessary to have some definite axioms regulating 
the essential properties of irrational numbers. The particular axiom upon which 
stress will here be laid is the axiom of continuity, the use of which is essential 
to the proof of elementary theorems on limits. 

19, Axiom or Continuity. If all thejyoints of a line are divided into 
two classes such that every j>olnt of the first class ^precedes every point of 
the second classj there mvst he a 2 >oint C such that any point preceding 
C is in the first class and any point succeeding C is in the second class. 
This principle may be stated in term? of numbers, as : If all real num- 
bers he assorted into two classes such that every number of the first class 
is algebraically less than every number of the second class^ there wMst he 
a number N such that any number less than N is in the first class and 
any number greater than N is in the second. The number N (or point C) 
is called the frontier number (or point), or simply the frontier of the 
two classes, and in particular it is the upper frontier for the first class 
and the low&r frontier for the second. 

To consider a particular case, let all the negative numbers and zero constitute 
the first class and all the positive numbers the second, or let the negative numbers 
alone be the first class and the positive numbers with zero the second. In either 
case it is clear that the classes satisfy the conditions of the axiom and that zero is 
the frontier number such that any lesser number is in the first class and any 
greater in the second. If, however, one were to consider the system of all positive 
and negative numbers but without zero, it is clear that there would be no number 
H which would satisfy the conditions demanded by the axiom when the two 
classes were the negative and positive numbers ; for no matter how small a posi- 
tive number were taken as iV, there would be smaller numbers which would also 
he positive and would not belong to the first class ; and similarly in case it were 
attempted to find a negative N. Thus the axiom insures the presence of zero in 
the system, and in like manner insures the presence of every other number — a 
matter which is of importance because there is no way of writing all (irrational) 
numbers in explicit form. 

Further to appreciate the continuity of the number scale, consider the four 
significations attributable to the phrase ^Hhe interval from a to 6.” They are 

« = » = a <x^b^ a <x<h. 

That is to say, both end points or either or neither may belong to the interval. In 
the case a is absent, the interval has no first point ; and if b is absent, there is no 
last point. Thus if zero is not counted as a positive number, there is no least 
positive number ; for if any least number were named, half of it would surely be 
less, and hence the absurdity. The axiom of continuity shows that if all numbers 
be divided into two classes as required, there must be either a greatest in the first 
class or a least in the seeon#1 — the frontier — hnt not. hoth nnleRio t>iA frontipr is 


20 . Definitiok of a Limit. If x is a variable which takes on succes- 
sive values • • • , x,-, Xy, • ♦ • , the variable x is said to approach the con- 

stant I as a limit if the numerical difference between x and I ultim-ately 
becomes, and for all succeeding values of x remains, ^ ^ 

less than any preassigned number no matter how q fxi ' ia 

small. Tlie numerical difference between x and I 
is denoted by \x — l\ or \l — x\ and is called the absolute value of the 
difference. The fact of the approach to a limit may be stated as 

|x — Z| < c for all x’s subsequent to some x 
or X = ^ 77, |v| < € for all x’s subsequent to some x, 

where € is a positive number which may be assigned at pleasure and 
must be assigned before the attempt be made to find an x such that 
for all subsequent the relation |x — < e holds. 

So long as the conditions required in the definition of a limit are satisfied there 
is no need of bothering about how the variable approaches its limit, whether from 
one side or alternately from one side and the other, whether discontinuously as in 
the case of the area of the polygons used for computing the area of a circle or 
continuously as in the case of a train brought to rest by its brakes. To speak 
geometrically, a point x which changes its position upon a line approaches the 
point i! as a limit if the point x ultimately comes into and remains in an assigned 
interval, no matter how small, surrounding 1. 

A variable is said to become infinite if the numerical value of the 
variable ultimately becomes and remains greater than any preassigned 
number K, no matter how large.* The notation is x = 00, but had best 
be read '' x becomes infinite/^ not x equals infinity.” 

Theorem 1 . If a variable is always increasing, it either becomes 
infinite or approaches a limit. 

That the variable may increase indefinitely is apparent. But if it does not 
become infinite, there must be numbers K which are greater than any value of 
the variable. Then any number must satisfy one of two conditions ; either there 
are values of the variable which are greater than it or there are no values of the 
variable greater than it. Moreover all numbers that satisfy the first condition are 
less than any number which satisfies the second. All numbers are therefore 
divided into two classes fulfilling the requirements of the axiom of continuity, and 
there must be a number A such that there are values of the variable greater than 
any number A — c which is less than A. Hence if c be assigned, there is a value of 
the variable which lies in the interval A — e < ^ ^ A, and as the variable is always 
increasing, all subsequent values must lie in this interval. Therefore the variable 
approaches A as a limit. 


* This definition means what it says, and no more. Later, additional or different 
meanin&rs mav be assigned to infinitv. but not now. Loose and extraneoua concents in 



1. If Xi, Xz, • • *, 2C„, • • x„ + ;„ . . . iH a suite approaching a limit, apply the defi- 

nition of a limit to show that when e is given it must be possible to find a value of 
n so great that |x„ — Xn) < e for all values of p. 

2. If xi, Xz, • • • is a suite approaching a limit and if ^z, • • • is any suite such 
that \yn — Xt, 1 approaches zero when n becomes infinite, show that the y’s approach 
a limit which is identical with the limit of the x’s. 

3. As the definition of a limit is phrased in terms of inequalities and absolute 
values, note the following rules of operation ; 

(a) If a > 0 and c> 6, then - > - and - < 7 , 

^ a a c b 

(p) |a + h-f c+ '• -l^lal + lbH-lcl-l- •••, (t) jabc • • = |a| • |h| ■ Icj. • 

where the equality sign in {p) holds only if the numbers a, 6, c, • • • have the same 
sign. By these relations and the dofinitioii of a limit prove the fundamental 
theorems ; 

•vf r — :r and Urn y ^ then lim (x ± y) = X ifc Y" and lim xy = JCY. 

eorem 1 when restated in the slightly changed form : If a variable 
's and never exceeds JT, then x approaches a limit N and N ^ K, 
and prove the corresponding theorem for the case of a 


i, ^2? * • • a.re two suites of which the first never decreases 
Teases, all the 2/’s being greater than any of the x’s, and if 
c 10 aotsigiicu. cm 76 can be found such that ?/» — x„ < e, show that the limits 
of the suites are identical. 

6, If Xi, Xji • • • 2/2? * ' ' suites which never decrease, show by Ex, 4 

(not by Ex. 3) that the suites xi + 2/1, Xg + 2/2, • ♦ • Xjj/i, X22/2, • • • approach 
limits. Note that two infinite decimals are precisely two suites which never de- 
crease as more and more figures are taken. They do not always increase, for some 
of the figures may be 0, 

7. If the word all” in the hypothesis of the axiom of continuity be assumed to 
refer only to rational numbers so that the statement becomes : If all rational 
numbers be divided into two classes • • • , there shall be a number N (not neces- 
sarily rational) such that • • • ; then the conclusion may be taken as defining a 
number as the frontier of a sequence of rational numbers. Show that if two num- 
bers X, F be defined by two such sequences, and if the sum of the numbers be 
d^ned as the number defined by the sequence of the sums of corresponding terms 
as in Ex, 6, and if the product of the numbers be d^ned as the number defined by 
the sequence of the products as in Ex. 6, then the fundamental rules 

X+F=F+X, XF=FX, (X+r)Z=XZ+FZ 

of arithmetic hold for the numbers X, F, Z defined by sequences. In this way a 
complete theory of irrationals may be built up from the properties of rationals 
combined with the principle of continuity, namely, 1° by defining irrationals as 
frontiers of sequences of rationale, 2° by defining the operations of addition, multi- 
plication, • • • as operations upon the rational numbers in the sequences, 3° by 
showing that the fundamental rules of arithmetic still hold for the irrationals. 


sucn uiat x* = is. lo ao tms it snouia oe snown tnat the rationais are uivisiDie 
into two classes, those whose square is less than 2 and those whose square is not 
les& than 2 ; and that these classes satisfy the requirements of the axiom of conti- 
nuhy. In like manner if a is any positive number and n is any positive integer, 
show that there is an x such that x” = a. 


21. Theorems on limits and on sets of points. The theorem on 
limits which is of fundamental algebraic importance is 

Theorkm 2. If R (x, y, • • •) be any rational function of the variables 
Xj yj Zj • • •. and if these variables are approaching limits X, Y, Z, • • •, 
then the value of R approaches a limit and the limit is R{X, T, • •), 
provided there is no division by zero. 

As any rational expression is made up from its elements by combinations of 
addition, subtraction, multiplication, and division, it is sufficient to prove the 
theorem for these four operations. All except the last have been indicated in the 
above Ex. 3. As multiplication has been cared for, division need be considered 
only in the simple case of a reciprocal 1/x. It miust be proved that if lim x = A', 
then lim (1/x) = \/X. Now 


1 

25 




ixi|Ar 


by Ex. 8 (7) above. 


This quantity must be shown to be less than any assigned c. As the quantity is 
complicated it will be replaced by a simpler one which is greater, owing to an 
increase in the denominator. Since x = JT, x — X may be made numerically as 
small as desired, say less than c', for ail x’s subsequent to some particular x. Hence 
if e' be taken at least as small as \\X\^ it appears that |x] must be greater than 
i|X|. Then 


|X— X[^|x— X|_ e' 

hTx| iixp’ 


by Ex. 3 (a) above, 


and if e' be restricted to being less than the difference is less than e and 

the theorem that lim (1/x) = 1/X is proved, and also Theorem 2. The necessity 
for the restriction X 0 and the corresponding restriction in the statement of 
the theorem is obvious. 


Theorem 3. If when e is given, no matter how small, it is possible 
to find a value of n so great that the difference — x„| between 
and every subsequent term in the suite iCi, Xg, ••• is less 

than c, the suite approaches a limit, and conversely. 

The converse part has already been given as Ex. 1 above. The theorem itself is 
a consequence of the axiom of continuity. Eirst note that as |x„4.^ — < e for 

all x’s subsequent to Xn, the x’s cannot become infinite. Suppose 1° that there 
is some number I such that no matter how remote Xn is in the suite, there are 
always subsequent values of x which are greater than I and others which are less 
than L As ail the x’s after Xn lie in the interval 2 e and as I is less than some x’s 
and greater than others, I must lie in that interval. Hence | i x„ j < 2 e for all 


subsequent to a?„. But now 2 e can be made as small as desired because e can be 
taken as small as desired. Hence the definition of a limit applies and the x’s 
approach I as a limit. 

Suppose 2® that there is no such number L Then every number k is such triat 
either it is possible to go so far in the suite that all subsequent numbers x are 
as great as k or it is possible to go so far that all subsequent x’s are less than k. 
Hence all numbers A; are dividedinto two classes whicli satisfy the requirements of 
the axiom of continuity, and there must be a number JST such that the x’s ultimately 
come to lie between N — e' and N + e', no matter how small e' is. Hence the x’s 
approach iV as a limit. Thus under either supposition the suite approaches a limit 
and the theorem is proved. It may be noted that under the second supposition the 
x’s ultimately lie entirely upon one side of the point N" and that the condition 
— a;,i| < « is not used except to show that the x’s remain finite. 

22. Consider next a set of points (or their correlative numbers) 
without any implication that they form a suite, that is, that one may 
be said to be subsequent to another. If there is only a finite number 
of points in the set, there is a point farthest to the right and one 
farthest to the left. If there is an infinity of points in the set, two 
possibilities arise. Either 1® it is not possible to assign a point K so 
far to the right that no point of the set is farther to the right — in 
which case the set is said to be unlimited above — ^or 2° there is a 
point K such that no point of the set is beyond K — and the set is 
said to be limited above. Similarly, a set may be limited below or un- 
limited below. If a set is limited above and below so that it is entirely 
contained in a finite interval, it is said merely to be limited. If there 
is a point C such that in any interval, no matter how small, surround- 
ing C there are points of the set, then C is called a point of condensa- 
tion of the set {C itself may or may not belong to the set). 

Theorem 4. Any infinite set of points which is limited has an 
upper frontier (maximum?), a lower frontier (minimum?), and at 
least one point of condensation. 

Before proving this theorem, consider three infinite sets as illustrations : 

(a) 1, 1.9, K99, 1.999, • • • , 2, . . . , - 1.99, -- 1,9, - 1, 

(7) 

In (a) the element 1 is the minimum and serves also as the lower frontier ; it is 
clearly not a point of condensation, but is isolated. There is no maximum ; but 2 
is the upper frontier and also a point of condensation. In (j3) there is a maximum 
— 1 and a minimum — 2 (for — 2 has been incorporated with the set). In ( 7 ) there 
is a maximum and minimum ; the point of condensation is 0. If one could be sure 
that an infinite set had a maximum and minimum, as is the case with finite 
sets, there would be no need of considering upper and lower frontiers. It is clear 
that if the upper or lower frontier belongs to the set, there is a maximum or 


i/ie corresponaing. extreme point is missing. 

To prove that there is an upper frontier, divide the points of the line into two 
classes, one consisting of points which are to the left of some point of the set, the 
other of points which are not to the left of any point of the set — then apply the 
axiom. Similarly for the lower frontier. To show the existence of a point of con- 
densation, note that as there is an infinity of elements in the set, any point p is such 
that either there is an infinity of points of the set to the right of it or there is not. 
Hence the two classes into which all points are to he assorted are suggested, and 
the application of the axiom offers no difficulty. 


EXERCISES 


1 . In a manner analogous to the proof of Theorem 2 , show that 


(a) Urn — 

x = 0 X 


-2~2' 


W lim 

05 = 2 


Sx— 1 _ 6 
X 4- 5 7 * 


(7) lim 


X2 + 1 


x = — 1 




2 . Given an infinite series S = ui + -uj + ua + • - • . Construct the suite 

Si = Wi, $2 = Ui U 2 , 5i 8 = Wi + U 2 + * ' • J +1^2 + + V,ii * * * ? 

where Si is the sum of the first i terms. Show that Theorem 8 gives : The neces- 
sary and sufficient condition that the series S converge is that it is possible to find 
an n so large that |/Sn+j, — shall be less than an assigned c for all values of p. 
It is to be understood that a series converges when the suite of iS’s approaches a limit, 
and conversely. 

3 . If in a series — wa + Wa — W4 + • • * the terms approach the limit 0 , are 
alternately positive and negative, and each term is less than the preceding, the 
series converges. Consider the suites Si, Sg, Ss, • • • and S2, S4, Sg, • • • . 

4 . Given three infinite suites of numbers 

®2, • • •, Xn, * • * 5 yi, y2» * * '» Vn-t ' * * j * • • 

of which the first never decreases, the second never increases, and the terms of the 
third lie between corresponding terms of the first two, Xn^Zn^ Show that 
the suite of 2;’s has a point of condensation at or between the limits approached by 
the x’s and by the y’s ; and that if lim x = lim y = 1, then the z’s approach ^ as a 
limit. 


5 . Restate the definitions and theorems on sets of points in arithmetic terms. 

6. Give the details of the proof of Theorem 4 . Show that the proof as outlined 
gives the least point of condensation. How would the proof be worded so as to give 
the greatest point of condensation? Show that if a set is limited above, it has an 
upper frontier but need not have a lower frontier. 

7 . If a set of points is such that between any two there is a third, the set is said 
to be dense. Show that the rationale form a dense set ; also the irrationals. Show 
that any point of a dense set is a point of condensation for the set. 

8 . Show that the rationals p/q where g < JST do not form a dense set — in fact 
ate a finite set in any limited interval. Hence in regarding any irrational as the 
limit of a set of rationals it is necessary that the denominators and also the numer- 
ators should become infinite. 



9. Show that if an mhnite set or points lies in a limited region oi the plane, 
say in the rectangle there mnst be at least one point of 

condensation of the sot. Give the necessary definitions and apply the axiom 
of continuity successively to tlio abscissas and ordinates. 

23, Real functions of a real variable. Jf x be a variable whvih 
takes 071 a, r.e7*tal7i set of 7uihies of which the totality viaij he deyiotCAl 
by [.t] and if y Is a aeeond. variable the value of whleh is uniquely 
determined for exieh x of the set [a;], then y is sa.id to be a function of 
X defined over the set [a;]. The terms '' limited/' ” unlimited/' limited 
above/' " unlimited below/' • * • are applied to a function if they are 
applicable to the set [y/] of values of the function. Hence Theorem 4 
has the corollary : 

Theorkm 5. If a function is limited over the set [x], it has an 
upper frontier M and a lower frontier m for that set. 

If the function takes on its upper frontier ilf, that is, if there is a 
value in the set [ic] such that f(x^ = M, the function has the abso- 
lute maximum M at and similarly with respect to the lower 
frontier. In any case, the difference M — m between the upper and 
lower frontiers is called the oscillation of the function for the set [a;]. 
The set [x] is generally an interval. 

Consider some illustrations of functions and sets over which they are defined. 
The reciprocal l/x is defined for all values of x save 0. In the neighborhood of 0 
the function is unlimited above for positive a;’s and unlimited below for negative a;’s. 
It should be noted that the function is not limited in the interval 0 < » ^ a but is 
limited in the^interval a where e is any assigned positive number. The 

function + Va: is defined for all positive x^s including 0 and is limited below. It 
is not limited above for the totality of all positive numbers ; but if K is assigned, 
the function is limited in the interval 0 = » ^ jST. The factorial function x ! is de- 
fined only for positive integers, is limited below by the value 1, but is not limited 
above unless the set [a:] is limited above. The function E {x) denoting the integer 
not greater than a? or " the integral part of a: ” is defined for all positive numbers 
— for instance E(2)=zE (tt) = 3. This function is not expressed, like the elemen- 
tary functions of calculus, as a formula ” ; it is defined by a definite law, however, 
and is just as much of a function as a;^ + 3 aj -i- 2 or ^ sin2 2aj + logx. Indeed it 
should be noted that the elementary functions themselves are in the first instance 
defined by definite laws and that it is not until after they have been made the 
subject of considerable study and have been largely developed along analytic lines 
that they appear as formulas. The ideas of function and formula are essentially 
distinct and the latter is essentially secondary to the former. 

The definition of function as given above excludes the so-called multiple-valued 
functions such as "Vx and sin—^aj where to a given value of z correspond more than 
one value of the function. It is usual, however, in treating multiple-valued func- 
tions to resolve the functions into different parts or branches so that each branch 
is a single-valued function. Thus -j- V5 is one branch and — VS the other branch 



of V5 ; in fact when x is positive the symbol Vsj is usually restricted to mean 
merely + Vx and thus becomes a single-valued symbol. One branch of sin-i x con- 
sists of the values between — ^ tt and + J- tt, other branches give values between 
^ TT and I TT or — J TT and — | tt, and so on. Hence the term function will be 
restricted in this chapter to the single-valued functions allowed hy the definition. 

24 . If x = a is any 'point of an interval over which f (x) is defined^ 
the function /(x) is said to be continuous at the point x = a if 

lim f(x) =/((z), no matter how x:^ a, 

arssa 

The function is said to he continuous in the interval if it is continuous 
at every point of the interval. If the function is not continuous at the 
point a, it is said to be discontinuous at a\ and if it fails to be con- 
tinuous at any one point of an interval, it is said to be discontinuous 
in the interval. 

Theorem 6. If any finite number of functions are continuous (at a 
point or over an interval), any rational expression formed of those 
functions is continuous (at the point or over the interval) provided no 
division by zero is called for. 

Theorem 7. If y == f ( x ) is continuous at cc^ and takes the value 
y^ z=zf (x^) and if ^ = <^(y) is a continuous function of y at y = then 
z = <l>[f(pc)'] will be a continuous function of x at x^. 

In regard to the definition of continuity note that a function cannot be con- 
tinuous at a point unless it is defined at that point. Thus e-^/^ is not continuous 
at « = 0 because division by 0 is impossible and the function is undefined. If, how- 
ever, the function be defined at 0 a8/(0) = 0, the function becomes continuous at 
as = 0. In like manner the function 1/x is not continuous at the origin, and in this 
case it is impossible to assign to/(0) any value which will render the function 
continuous ; the function becomes infinite at the origin and the very idea of be- 
coming infinite precludes the possibility of approach to a definite limit. Again, the 
function E {x) is in general continuous, but is discontinuous for integral values 
of X, When a function is discontinuous at x = a, the amount of the discontinuity is 
the limit of the oscillation if — m of the function in the interval — 
surrounding the point a when 5 approaches zero as its limit. The discontinuity 
of E {x) at each integral value of x is clearly 1 ; that of 1/x at the origin is infi- 
nite no matter what value is assigned to /(O) . 

In case the interval over which /(x) is defined has end points, say a ^ x ^ 
the question of continuity at x = ct must of course be decided by allowing x to 
approach a from the right-hand side only ; and similarly it is a question of left- 
handed approach to b. In general, if for any reason it is desired to restrict the 
approach of a variable to its limit to being one-sided, the notations x = a+ and 
X = respectively are used to denote approach through greater values (right- 
handed) and through lesser values (left-handed). It is not necessary to make this 
specification in the case of the ends of an interval ; for it is understood that x 



sinipiu exainxJio is ciiiiL oi it {X} at me positive integral points. 

The proof of Theorem 0 is an immediate corollary application of Theorem 2. For 

lim li [/(x), 0 (x) • • •] = R [Urn /(x), lim <p (x), . • •] = E [/(Ifm x), 0 (Um x), • • •], 
and the proof of Theorem 7 is equally simple. 

Theokem 8. If /(x) is continuous at x=: a, then for any positive 
c which has been assigned, no matter how small, tliere may be found a 
number 8 such that |/(.'>c) —/(ft) | < c in the interval |x— a|<S, and 
hence in this interval the oscillation of f(x) is less than 2 c. And 
conversely, if these conditions hold, the function is continuous. 

This theorem is in reality nothing hut a restatement of the definition of conti- 
nuity combined with the definition of a limit. For '’lim/(x) =/(a) when x = a, 
no matter how” means that the difference between /(x) and /(a) can be made as 
small as desired by taking x sufficiently near to a j and conversely. The reason 
for this restatement is that the present form is inoi’e amenable to analytic opera- 
tions. It also suggests the geometric picture which corre- 
sponds to the usual idea of continuity in graphs. For the 
theorem states that if the two line.s y =f(a) d: e be drawn, 
the graph of the function remains between them for at least 
the short distance d on each side of x = a ; and as c may be 
assigned a value as small as desired, the graph cannot exhibit 
breaks. On the other hand it should be noted that the actual 
physical graph is not a curve but a band, a two-dimensional region of greater or 
less breadth, and that a function could be discontinuous at every point of an 
interval and yet lie entirely within the limits of any given physical graph. 

It is clear that 3, which has to be determined subsequently to e, is in general 
more and more restricted as e is taken smaller and that for different points it is 
more restricted as the graph rises more rapidly. Thus if /(x) = 1/x and e = 1/1000, 
5 can be nearly 1/10 if Xo = 100, but must be slightly less than 1/1000 if Xo = 1, and 
something less than 10- ® if x is 10- Indeed, if x be allowed to approach zero, the 
value 5 for any assigned c also approaches zero; and although the function 
f{x) = 1/x is continuous in the interval 0 < x ~ 1 and for any given Xo and e a 
number 5 may be found such that |/(x) —f{xo) \ < e when |x — Xo | < 5, yet it is not 
possible to assign a number 5 which shall serve uniformly for all values of Xq. 

25. Theorem 9. If a function /(x) is continuous in an interval 
with end points, it is possible to find a 8 such that 
|/(x) ~/(xo)| < € when |x — Xq | < 8 for all points x© ; and the function 
is said to be unifornily continuous. 

The proof is conducted by the method of leductio ad absurdum. Suppose e 
lb assigned. Consider the suite of values j:, },•••, or any other suite which 
approaches zero as a limit. Suppose that no one of these values will serve as a 5 
for all points of the interval. Then there must be at least one point for which | 
will not serve, at least one for which J will not serve, at least one for which } will 
not serve, and so on indefinitely. This infinite set of points must have at least one 




which will not serve as 5, no matter how large k. But now by hypothesis /(x) 
is continuous at C and hence a number 3 can be found such that |/(«) -*/(C')|< j « 
when I X — Xo I < 2 3. The oscillation of /(x) in the whole interval 4 3 is less than e. 
Now if Xq be any point in the middle half of this interval, |Xo — C | < 3 ; and if x 
satisfies the relation | x — Xq | < 3, it must still lie in the interval 4 3 and the differ- 
ence |/(x) — /(xo) I < being surely not greater than the oscillation of fin the whole 
interval. Hence it is possible to surround C with an interval so small that the 
same 3 will serve for any point of the interval. This contradicts the former con- 
clusion, and hence the hypothesis upon which that conclusion was based must have 
been false and it must have been possible to find a 5 which would* serve for all 
points of the interval. The reason why the proof would not apply to a function 
like 1/x defined in the interval 0 < x = 1 lacking an end point is precisely that 
the point of condensation C would be 0, and at 0 the function is not continuous 
and |/{x) — /(O) |<ic, |x — Cl<23 could not be satisfied. 

Theorem 10. If a function is continuous in a region which includes 
its end points, the function is limited. 

Theorem 11. If a function is continuous in an interval which includes 
its end points, the function takes on its upper frontier and has a maxi- 
mum similarly it has a minimum m. 

These are successive corollaries of Theorem 9. Tor let e be assigned and let 3 
be determined so as to serve uniformly for all points of the interval. Divide the 
interval & — a into n successive intervals of length 3 or less. Then in each such 
interval / cannot increase by more than e nor decrease by more than e. Hence / 
will be contained between the values f(a) + ne and /(a) -* ne^ and is limited. And 
/(x) has an upper and a lower frontier in the interval. Next consider the rational 
function — of /. By Theorem 6 this is continuous in the interval unless 
the denominator vanishes, and if continuous it is limited. This, however, is impos- 
sible for the reason that, as Af is a frontier of values of /, the difference Af — / 
may he made as small as desired. Hence l/(Af — /) is not continuous and there 
must be some value of x for which /= Af. 

Theorem 12. lif(x) is continuous in the interval a with end 

points and if f(a) and f(b) have opposite signs, there is at least one 
point a < $ <b, in the interval for which the function vanishes. 
And whether f(a) and f(b) have opposite signs or not, there is a point 

a < t <h, such that /(^) = where ^ is any value intermediate be- 
tween the maximum and minimum of f in the interval. 

Tor convenience suppose that /(a) < 0. Then in the neighborhood oix — a the 
function will remain negative on account of its continuity ; and in the neighbor- 
hood of ft it will remain positive. Let | he the lower frontier of values of x which 
make/(x) positive. Suppose that/(^) were either positive or negative. Then as 
/ is continuous, an interval could he chosen surrounding ( and so small that / re- 
mained positive or negative in that interval. In neither case could $ be the lower 
frontier of positive values Hencn the contradiction, and /(fl must be zero. To 


prove the second part of the theorem, let c and d be the values of x which make 
f a minimum and maximum. Then the function f — fi has opposite signs at c and 
d, and must vanish at some point of the interval between c and d ; and hence a 
fortiori at some point of the interval from a to 6. 

EXERCISES 

1. Note that x is a continuous function of x, and that consequently it follows 
from Theorem 0 that any rational fraction P(a:)/Q(iK), where P and Q are poly- 
nomials in 2 c, must be continuous for all ai’s except roots of Q {x) = 0. 

2. Graph the function x — E(x) for aj ^ 0 and show that it is continuous except 
for integral values of x. Show that it is limited, has a minimum 0, an upper fron- 
tier 1, but no maximum. 

3. Suppose that/(x) is defined for an infinite set [xj of which x = a is a point 
of condensation (not necessarily itself a point of the set). Suppose 

lim [/(xO-/(aJ")] = 0 or \f{x')^f{x")\<€,\x'--a\<d,\x"^a\<n, 

x', X ** « a 

when x' and x" regarded as independent variables approach a as a limit (passing 
only over values of the set [x], of course). Show that/(x) approaches a limit as 
X = fl. By considering the set of values of /(x)» the method of Theorem 3 applies 
almost verbatim. Show that there is no essential change in the proof if it be 
assumed that x' and x" become infinite, the set [x] being unlimited instead of 
having a point of condensation a, 

4. Eroin the formula sin x < x and the formulas for sin u — sin and cos u — cos r 
show that A sin x and A cosx are numerically less than 2[Ax| ; hence infer that sinx 
and cosx are continuous functions of x for all values of x. 

5. What are the intervals of continuity for tanx and cscx? If € = 10““*, what 
are approximately the largest available values of 5 that will make |/(x) —/(Xq) | < « 
when Xq = 1°, 30°, 60°, 89° for each ? Use a four-place table. 

6. Let /(x) be defined in the interval from 0 to 1 as equal to 0 when x is irra- 
tional and equal to 1/q when x is rational and expressed as a fraction p/q in lowest 
terms. Show that/ is continuous for irrational values and discontinuous for 
rational values. Ex, 8, p. 89, will be of assistance in treating the irrational values. 

7. Note that in the definition of continuity a generalization may be introduced 
by allowing the set [x] over which / is defined to be any set each point of which 
is a point of condensation of the set, and that hence continuity over a dense set 
(Ex. 7 above), say the rationals or irrationals, may he defined. This is important 
because many functions are in the first instance defined only for rationals and are 
subsequently defined for irrationals by interpolation. Note that if a function is 
continuous over a dense set (say, the rationals), it does not follow that it is uni- 
formly continuous over the set. Eor the point of condensation C which was used 
in the proof of Theorem 9 may not he a point of the set (may be irrational), and 
the proof would fall through for the same reason that it would in the case of 1/x 
in the interval 0 < x ^ 1, namely, because it could not be affirmed that the function 
was continuous at C, Show that if a function is defined and is uniformly continu- 
ous over a dense set, the value /(x) will approach a limit when x approaches any 



function will remain continuous. Ex. 8 may be used to advantage. 

8. By factoring (x + A x)« — x”, show for integral values of n that when 

0 ^ X ^ A’', then A (x") Ax for small Ax’s and consequently x« is uniformly 

continuous in the interval K. If it be assumed that x^ has been defined 

only for rational x’s, it follows from Ex. 7 that the definition may be extended 
to all x’s and that the resulting x” will be continuous. 

9. Suppose (a) that/(x) + / (y) =/(x + y) for any numbers x and y. Show that 
f{n) = a/(l) and r^(l/n) =/(l), and hence infer that f(x) ~ x/(l) = Cx, where 
C =/(l), for all rational x’s. Erom Ex. 7 it follows that if f(x) is continuous, 
f(x) = Cx for all x’s. Consider (/3) the function /(x) such that/(x)/(y) =/(x 4- y). 
Show that it is Ce^ = a^. 

10. Show by Theorem 12 that if y =/(x) is a continuous constantly increasing 
function in the interval a ^ x ^ 6, then to each value of y corresponds a single value 
of X so that the function x=/~i(y) exists and is single-valued; show also that 
it is continuous and constantly increasing. State the corresponding theorem if 
/(x) is constantly decreasing. The function /“-^{y) is called the inverse function 
to/(x). 

11. Apply Ex. 10 to discuss 2 / = Vx, where n is integral, x is positive, and only 
positive roots are taken into consideration. 

12. In arithmetic it may readily be shown that the equations 

a»»a« = a^ + ”, (a"*)" = = ((x6)«, 

are true when a and h are rational and positive and when m and n are any positive 
and negative integers or zero, (or) Can it be inferred that they hold when a 
and h are positive irrationals ? (i3) How about the extension of the fundamental 
inequalities 

x”>l, when x>l, x’»<l, when 0 ^x<l 

to all rational values of n and the proof of the inequalities 

x”‘>x^ if m>n and x>l, x"*<x'‘ if m>n and 0 <x<l. 

(7) Next consider x as held constant and the exponent n as variable. Discuss the 
exponential function from this relation, and Exs. 10, 11, and other theorems that 
may seem necessary. Treat the logarithm as the inverse of the exponential. 

26. The derivative. If a is a point of an interval over wJiich 
fix') is defined and if the quotient 

approaches a limit when h approaches zero^ no matter how, the function 
fix) is said to he differentiable at x ^ a and the value of the limit of 
the quotient is the derivative f\<i) off at x = a. In the case of differ- 
entiability, the definition of a limit gives 

or /(a + /0-/(a) = A/'(«) + y*, (1) 
where lim 77 = 0 when lim h = 0, no matter how. 



\f{a + h)-f(a) I ^ \r(a) 1 5 + c5, \/i\<S. 

If the limit of tlie quotient exists when /^ == 0 througli positive values only 
function has a right-hand derivative which may be ilcnoted by /' (a+) and siini 
for the left-hand derivative /'(a-). At the (iud points of an interval the deriv 
is always considered as oiie-handod ; but for int(;rior points the right-hand and 
hand derivatives must be equal if the function is to have a derivative (unquali 
The function is said to have an ir^/inite derivative at a if the (luoticnt becoinef 
nito as /t = 0 ; but if a is an interior point, tlie (juotient must become posii 
hifinite or negatively infinite for all manners of approach and not positively in 
for some and negatively infinite for others. Geometrically this allows a ve 
tangent with an inflection point, but not with a cusp as in Fig. 3, p. 8. If in 
derivatives are allowed, the function may have a derivative and yet be disco 
nous, as is suggested by any figure wliere/{a) is any value between lim/(x) 
X “= 0 .+ and liin/(x) when x = a-. 


Theorem 13. If a function takes on its maximum (or minimur 
an interior point of the interval of definition and if it is different 
at that point, the derivative is zero. 

Theorem 14. Hollers Theorem-, If a function f(x) is continuous 
an interval a^x with end points and vanishes at the ends am 
a derivative at each interior point a < a* < Z>, there is some poi 
a < i <h^ such that /' (^) = 0. 

Theorem 15. Theorem of the Mean, If a function is continuous 
an interval a and has a derivative at each interior point, ' 

is some point t such that 




=m 


or 


f(a + h)^f(a) 
h 


= /'(« + 6>A), 


where h^h--a^ and 0 is a proper fraction, 0 < ^ < 1. 


To prove the first theorem, note that if /(a) = 3f, the difference /(a + h) - 
tannot be positive for any value of h and the quotient A/^//i cannot he pc 
when /i > 0 and cannot be negative when A, < 0. Hence the right-hand deri' 
cannot be positive and the left-hand derivative cannot be negative. As thes 
must be equal if the function has a derivative, it follows that they must be 
and the derivative is zero. The second theorem is an immediate corollary. ^ 
the function is continuous it must liave a maximum and a minimum (Tlieore 
both of which cannot he zero unless the function is always zero in the int 
Now if the function is identically zero, the derivative is identically zero aT 
theorem is true ; whereas if the function is not identically zero, either the max 
or minimum must be at an interior point, and at that point the derivative will v; 


* That the theorem is true for any part of the interval from « to 5 if it is true i 
whole interval follows from the fact that the conditions, namely, that / be cont: 
and that/' exist, hold for any part of the interval if they hold for the whole. 
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To prove the last tlieorem construct the auxiliary function 

f {*) =/W - /(«) - (* - a) > f (®) =/'(*) - — ■ 

As (ct) = i/' (^) i=! 0, Kolle’s Theorem shows that there is some point for which 
f'(^) 0, and if this value be substituted in the expression for the solution 

gives the result demanded by the theorem. The proof, however, requires 
the use of the function ^{x) and its derivative and is not complete until it is shown 
that yl/{x) really satisfies the conditions of Rollers Theorem, namely, is continuous 
in the interval a^x^b and has a derivative for every point a < a; < b. The con- 
tinuity is a consequence of Theorem 6 ; that the derivative exists follows from the 
direct application of the definition combined with the assumption that the deriva- 
tive of /exists. 

27. Theorem 16. If a function has a derivative which, is identically 
zero in the interval a the function is constant ; and if two 

functions have derivatives equal throughout the interval, the functions 
differ by a constant. 

Theorem 17. If f(x) is differentiable and becomes infinite when 
a; == a, the derivative cannot remain finite as cc == a. 

Theorem 18. If the derivative f'(x) of a function exists and is a 
continuous function of x in the interval a x ^ Z>, the quotient ^fjh 
converges uniformly toward its limit /' (x). 

These theorems are consequences of the Theorem of the Mean, Tor the first. 

/(a + h) —/(a) = hf{a -f ^A) = 0, if A ^ 6 — a, or /(a + A) =/(a). 

Hence /(») is constant. And in case of two functions/ and 0 with equal deTivativr»s, 
the difference ^ (a>) = /(x) — ^ (jc) will have a derivative that is zero and the differ- 
ence will be constant. For the second, let Xq be a fixed value near a and suppose that 
in the interval from x^ to a the derivative remained finite, say less than iT. Then 

|/(xo + /i)“/(^o)| = |^/>o + eh)\^\h\K. 

Now let Xq + A approach a and note that the left-hand term becomes infinite an<? 
the supposition that/' remained finite is contradicted. For the third, note that/', 
being continuous, must be uniformly continuous (Theorem 9), and hence that if e is 
given, a 5 may be found such that 

_/'(x)]si/'(x + eh) -r(x)\<n 

I A I 

when I A|< 5 and for all x’s in the interval ; and the tlieorem is proved. 

Concerning derivatives of higher order no special remarks axe necessary. Each 


4:8 mTEODUCTORY REVIEW 

contribute to tbe term + in the formula for the (n + l)8t derivative of 

uv are the terms 

1.2.. •(«-!) 1.2...i 

in Avliicli the first factor is to be differentiated in the first and the second in the 
second. The >suni of the coefficients obtained by differentiating is 

n (n — 1) • ' • (?i — i + 2) n (n 1) • • • (n — i + 1) _ (n + 1) n ^ '^^1 

which is precisely the proper coefficient for the term D<uD» + i~»v in the expansion 
of the (?i 4- 1) st derivative of uv by Leibniz’s Theorem. 

With regard to tiiis rule and the other elementary rules of operation (4)-(7) of 
the previous chapter it should be remarked that a theorem as well as a rule is in- 
volved — thus: If two functions u and v are differentiable at Xq, then the product 
uv is differentiable at aj^, and the value of the derivative is w(a;Q) v' (x^) + u' (Xq) v (Xq). 
And similar theorems arise in connection with the other rules. As a matter of fact 
the ordinary proof needs only to be gone over with care in order to convert it into 
a rigorous demonstration. But care does need to be exercised both in stating the 
theorem and in looking to the proof. For instance, the above theorem concerning 
a product is not true if infinite derivatives are allowed. For let be — 1, 0, or 4- 1 
according as x is negative, 0, or positive, and let v = x. Now v has always a deriva- 
tive which is 1 and u has always a derivative which is 0, 4* 00, or 0 according as x 
is negative, 0, or positive. The product uv is |x|, of which the derivative is — 1 for 
negative cc’s, 4- 1 for positive x’s, and nonexistent for 0. Here the product has no 
derivative at 0, although each factor has a derivative, and it would be useless to have 
a formula for attempting to evaluate something that did not exist. 


EXERCISES 


1 . Show that if at a point the derivative of a function exists and is positive, the 
function must be increasing at that point. 


2 . Suppose that the derivatives f'(a) and f'(b) exist and are not zero. Show 
that /(a) and f{b) are relative maxima or minima of / in the interval a^x^b, and 
determine the precise criteria in terms of the signs of the derivatives /'(a) and /'(b). 

3 . Show that if a continuous function has a positive right-hand derivative at 
every point of the interval a ^ jc ^ 6, then f(b) is the maximum value of /. Simi- 
larly, if the right-hand derivative is negative, show that/(6) is the minimum of/. 


4 . Apply the Theorem of the Mean to show that if /'(x) is continuous at a, then 


m-/p. 




x' and x" being regarded as independent. 


which are called the second differences ; in like manner there are third differences 
+ 3 A) - 3/ (a + 2 A) + 3/(a + h) -/(a), . . • 
and so on. Apply the Law of the Mean to all the differences and show that 
h^r'(a + O^h + A»/= + OJi + eji), .... 

Hence show that if the first n derivatives of / are continuous at a, then 

r(a) = lim^, /-(a) = lim^, /(»)((i) = lim 

A = 0 h? A=0 hr *=5=0 A" 


6. Cauchy^ 8 Theorem, If f{x) and ^ (x) are continuous over a^x^b, liave 
derivatives at each interior point, and if <f)' (x) does not vanish in the interval, 

f(b) -f(cL) „ f'{^) f{a + h)^f{a) _ f{a -f ^h) ^ 

0 (6) — 0 (a) 0 {a + 7i) — 0 (a) 0'(a + Ok) 

Prove that this follows from the application of Rolle’s Theorem to the function 


f (X) =/(x) -/(a) - [«(x) - mi • 

7. One application of Ex. 6 is to the theory of indeterminate forms. Show that 
if f(a) = 0(a) = 0 and itf'(x)/<p'(x) approaches a limit when a; = a, then /(a;)/0 (a;) 
will approach the same limit. 


8 . Taylor's Theorem, Note that the form fip) =/(a) 4- (& ~ «)/Xl) 
of writing the Theorem of the Mean. By the application of Rolle’s Theorem to 


^ (x) =m -m -<p- x)f'(x) - (6 - x)2 — ■ ’ 

show f(h) =f(a) + (!) - a)f'(a) + 

and to f (X) =/(!))-/(x)- (6-x)/'(x)-^::^/"{x) 

show /(b) =/(a) + (b — a) /'(a) + ^ + . . . 


+ 


(5-a)».~i 

(n-l)t 


/<»»-!) (a) 


+ 


(b ~ ct)» 
n I 




What are the restrictions that must he imposed on the function and its derivatives ? 


9. If a continuous function over a has a right-hand derivative at each 

point of the interval which is zero, show that the function is constant. Apply Ex. 2 
to the functions f{x) + e (» — a) and/(x) — c(x — a) to show that the maximum 
difference between the functions is 2 c (b — a) and that / must therefore he constant 



J.6. ii j [^x) iiay a miiw uorivaT^ive ai eacn iJOiut oi i.ne ini,ervai a ^ x := y, t-uu 
derivative f'(x) must take on every value intermediate between any two of its values. 
To show this^ take iirst the case where /'(a) and f'(h) have opposite signs and show, 
by the continuity of / and by Theorem 18 and Ex. 2, that /'(f) = 0. Next if 
r(a)<(jL<f'{b) without any restrictions on /'(a) and /'(&), consider the function 
/(x) — /tiX and its derivative f'(x) — /x. Einally, prove the complete theorem. It 
should bo noted that the continuity of /'(x) is not assumed, nor is it proved ; for 
there are functions which take every value intermediate between two given values 
and yet are not continuous. 

28. Summation and integration. Let f(x) be defined and limited 
over the interval a ^ x ^ b and let M, m, and 0 M '-m be the 
upper frontier, lower fron- 
tier, and oscillation of f(x) ^ 
ill the interval. Let — 1 
points of division be intro- 
duced in the interval divid- 
ing it into n consecutive 
intervals Si, 83, 8„ of 

which the largest has the o 
length A and let ilf^, 0 ^ 
and /(^,) be the upper and lower frontiers, the oscillation, and any 
value of the function in the interval 8{. Then, the inequalities 

mSi ^ ^ /(^<) 8,. ^ MiSi ^ 

will hold, and if these terms oe summed up for all n intervals, 

m(b-a)m S, S 2; S M(b - a) (^) 

will also hold. Let s = o* = and 5 = Lrom (^) 

it is clear that the difference S — s does not exceed 

(M — m)(h — a) =: 0 (b — a), 

the product of the length of the interval by the oscillation in it. The 
values of the sums S, s, or will evidently depend on the number of parts 
into which the interval is divided and on the way in which it is divided 
into that number of parts. 

Theorem 19 . If additional points of division be introduced into 
the interval, the sum constructed for the to -f- ti-' — 1 points of division 





b X 


cannot be greater than S and cannot be less than S by more than 
n'OA. Similarly, s' cannot be less than s and cannot exceed s by more 
than n'OA. 

Theorem 20. There exists a lower frontier L for all possible methods 
of constructing the sum S and an upper frontier I for s. 

Theorem 21. Darhoux^s Theorem. When c is assigned it is possible 
to find a A so small that for all methods of division for which 8; ^ A, 
the sums 5 and shall differ from their frontier values L and I by less 
than any preassigned c. 

To prove the first theorem note that although (.d) is written for the whole inter- 
val from a to 6 and for the sums constructed on it, yet it applies equally to any 
part of the interval and to the sums constructed on that part. Hence if Si = Mi^i he 
the part of S due to the interval di and if S'- he the part of S' due to this interval 
after the introduction of some of the additional points into it, nudi ^ S'^ ^ Si = Midi. 
Hence is not greater than Si (and as this is true for each interval di, S' is not 
greater than S) and, moreover, Si — S'^ is not greater than and a fortiori not 
greater than OA. As there are only n' new points, not more than n' of the intervals 
5i can he affected, and hence the total decrease S S' in S cannot he more than 
n'OA. The treatment of s is analogous. 

Inasmuch as (A) shows that the sums S and s are limited, it follows from Theo- 
rem 4 that they possess the frontiers required in Theorem 20. To prove Theorem 21 
note first that as X is a frontier for all the sums S, there is some particular sum S 
which differs from L hy as little as desired, say J c. Tor this S let n he the number 
of divisions. Now consider S' as any sum for which each is less than A = J e/nO. 
If the sum S" be constructed by adding the n points of division for S to the points 
of division for 5', S" cannot he greater than S and hence cannot differ from L hy 
so much as | e. Also 8" cannot he greater than S' and cannot he less than S' by 
more than nOA, which is Jc. As S" differs from X hy less than Je and S' differs 
from S" by less than J c, S' cannot differ from X by more than e, which was to he 
proved. The treatment of s and I is analogous. 

29* If indices are introduced to indicate the interval for which the 
frontiers X and I are calculated and if ^ lies in the interval from a to b, 
then X^ and will be functions of . 

Theorem 22. The equations X = X^® + XJ*, a<c<bi — X*" j 

Xj' (1(1) — a), 7)1^ fJL-^ A/, hold for X, and similar equations for 1. As 
functions of Xf and are continuous, and if f(x) is continuous, 
they are differentiable and have the common derivative /(/8)* 

To prove that X^ = X^ + L^, consider c as one of the points of division of the 
interval from a to &. Then the sums S will satisfy 8^ = S^ S^, and as the limit 
of a sum is the sum of the limits, the corresponding relation must hold for the 
frontier X. To show that X^J = — - X“ it is merely necessary to note that = — <S“ 
because in passing from & to a the intervals must he taken with the sign opposite 
to that which they have when the direction is from a to h. Trom (A) it appears 



Hence if « is assigned, a 5 may be found, namely S < e/X^, so that | ^ — i ® | < e 

when /i< 5 and is therefore continuous. Finally consider the quotients 


..a 

h -h 


where /x is some number between the maximum and minimum of / (x) in the inter- 
val |9 ^ x ^ jS + A and, if / is continuous, is some value / {^) of / in that interval 
and where /x' =/(^') is some value off in the interval ^ — = Now let 
/i = 0. As the function / is continuous. Urn /(^) = / (j3) and Urn / ($') = /{^) . Hence 
the right-hand and left-hand derivatives exist and are equal and the function 
has the derivative /(j3) . The treatment of I is analogous. 


Theorem 23. For a given interval and function /, the quantities I 
and L satisfy the relation L] and the necessary and sufficient con- 
dition that X = Z is that there shall be some division of the interval 
which shall make 2 (ilX,- — m,) 8,* = tOSi < c. 

If Ll = the function / is said to be integrable over the interval 

from ato h and the integral ^ f(?^) defined as the common value 

Thus the definite integral is defined. 

Theorem 24. If a function is integrable over an interval, it is inte- 
grable over any part of the interval and the equations 

r f{x)dx-{- r f(x)dx= C f{x)dxy 

c/a c/<? •>'« 

r f{x)dx = — r f(ps)dx, f f(x)dx = fi{b — a) 

c/ a c/6 V a 

hold; moreover,^ f(x)dx = F{P) is a continuous function of and 
if /(aj) is continuous, the derivative will exist and be/(j8). 


By (A) the sums S and s constructed for the same division of the interval satisfy 
the relation S — s^O, By Darboux’s Theorem the sums S and 8 will approach the 
values L and I when the divisions are indefinitely decreased. Hence L — 1^0* 
Now if i = Z and a A be found so that when di < A the inequalities S — X < J e and 
i — s < ^ e hold, then 5—5 = 2 (Mi — mi) = SO{5i < i; and hence the condition 
20,-5i < € is seen to he necessary. Conversely if there is any method of division such 
that 20i5j < c, then S — s < e and the lesser quantity X — I must also be less than «. 
But if the difierence between two constant quantities can be made less than €, 
where e is arbitrarily assigned, the constant quantities are equal ; and hence the 


condition la seen to oe also sumcient. To show that it a function is integrable over 
an interval, it is integrable over any part of the interval, it is merely necessary to 
show that if then where a and /? are two points of the interval. 

Here the condition applies; for if can be made less than 6 for the 

whole interval, its value for any part of the interval, being less than for the whole, 
must be less than c. The rest of Theorem 24 is a corollary of Theorem 22. 

30. Theorem 25. A function is integrable over the interval a^x-^h 
if it is continuous in tliat interval. 

Theorem 26. If the interval a^x^h over which f(x) is defined 
and limited contains only a finite number of points at which f is dis- 
continuous or if it contains an infinite number of points at which / is 
discontinuous but these points have only a finite number of points of 
condensation, the function is integrable. 

Theorem 27. If f{x) is integrable over the interval the 

sum = will approach the limit J' f(x)dx when the indi- 

vidual intervals 8^ approach the limit zero, it being immaterial how 
they approach that limit or how the points are selected in their 
respective intervals 

Theorem 28. If f(x) is continuous in an interval then 

f(x) has an indefinite integral, namely f{x)dxj in the interval. 

Theorem 26 may be reduced to Theorem 23. Tor as the function is continuous, 
it is possible to find a A so small that the oscillation of the function in any interval 
of length A shall be as small as desired (Theorem 9) . Suppose A be chosen so that 
the oscillation is less than €/{b — a). Then SOiSf < c when < A ; and the function 
is integrable. To prove Theorem 26, take first the case of a finite number of discon- 
tinuities. Cut out the discontinuities surrounding each value of x at which / is dis- 
continuous by an interval of length 5. As the oscillation in each of these intervals 
is not greater than 0, the contribution of these intervals to the sum is not 
greater than where n is the number of the discontinuities. By taking 5 small 
enough this may be made as small as desired, say less than \ c. Now in each of the 
remaining parts of the interval a ^ x ^ 6, the function / is continuous and hence 
integrable, and consequently the value of SOi5i for these portions may be made as 
small as desired, say \ €. Thus the sum SOf5f for the whole interval can be made 
as small as desired and/(x) is integrable. When there are points of condensation 
they may be treated just as the isolated points of discontinuity were treated. After 
they have been surrounded by intervals, there will remain over only a finite num- 
ber of discontinuities. Turther details will be left to the reader. 

Tor the proof of Theorem 27, appeal may be taken to the fundamental relation 
(u4) which shows that s'^(r^S, Now let the number of divisions increase indefi- 
nitely and each division become indefinitely small. As the function is integrable, 

S and 8 approach the same limit \ /(x)dx, and consequently o- which is included 

between them must anproach that limit. Theorem 28 is a corollarv of Theorem 24 



nition, the indefinite integral is any function whoso derivative is the integrand. 
Hence J* /(x)cZic is an indefinite integral of /(x), and any other may be obtained 

by adding to this an arbitrary constant (Theorem 10). Thus it is seen that the 
proof of the existence of the indefinite integral for any given continuous function 
is made to depend on the theory of definite integrals. 

EXERCISES 

1 . Rework some of the proofs in the text with I replacing X. 

2. Show that the X obtained from 0/(x), where O is a constant, is C times the X 
obtained from/. Also if u, d, va are all limited in the interval a ^ 6, the X for 
the combination w + u — to will be X (w) + X (u) — L{w), where X (u) denotes the X 
for u, etc. State and prove the corresponding theorems for definite integrals and 
hence the corresponding theorems for indefinite integrals. 

3. Show that can be made less than an assigned e in the case of the func- 
tion of Ex. 6, p. 44. Note that I = 0, and hence infer that the function is integrablc 
and the integral is zero. The proof may be made to depend on the fact that tl'.eve 
are only a finite number of values of the function greater than any assigned value. 

4. State with care and prove the results of Exs. 3 and 6, p. 29. What restric- 
tion is to be placed on /(x) if /(^) may replace /t ? 

5. State with care and prove the results of Ex. 4, p. 29, and Ex. 13, p. 30. 

6. If a function is limited in the interval a^x^h and never decreases, show 
that the function is integrable. This follows from the fact that SOi ^ 0 is finite. 

7. More generally, let/(x) be such a function that SOj remains less than some 
number IC, no matter how the interval be divided. Show that / is integrable. Such 
a function is called 2 ^ function of limited variation (§ 127). 

8. Change of variable. Let /(x) be continuous over a ^ x ^ Z>. Change the 

variable to where it is supposed that a = and h = ^(* 2 ), and that 

(f> (i), 0'(t), and/[0 {t)] are continuous in t over tg* Show that 

/(»)(&= r /[0(«)]^.'(t)dt or f /(x)cte =//[</.(<)] 

Do this by showing that the derivatives of the two sides of the last equation with 
respect to t exist and are equal over that the two sides vanish when 

t = tj^ and are equal, and hence that they must be equal throughout the interval. 

9. Osgood's Theorem, Let a,* be a set of quantities which differ uniformly from 
/(^») by an amount that is, suppose 

o^i—f (^i) wb ere | ft | < « and 

Prove that if f is integrable, the sum Xai approaches a limit when = 0 and that 
the limit of the sum is I f(x)dx, 

va 

10 . Apply Ex, 9 to the case A/^=/'Ax + fAx where /' is continuous to show 

directly that / (6) — /(a) = f f'{x) dx. Also by regarding Ax = 0' (t) At -1- fAi, apply 
Ja 

te Ex. 8 to nrove the rule for change of variable. 
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CHAPTER III 


TAYLOR’S FORMULA AND ALLIED TOPICS 


31. Taylor’s Formula. The object of Taylor’s Formula is to express 
the value of a function f(x) in terms of the values of the function and 
its derivatives at some one point x — a. Thus 

f{x) =f(a) + {x- a)f{a) + f\a) + • • • 

Such an expansion is necessarily true because the remainder R may be 
considered as defined by the equation; the real significance of the 
formula must therefore lie in the possibility of finding a simple ex- 
pression for and there are several. 

Theorem. On the hypothesis that f(x) and its first n derivatives 
exist and are continuous over the interval the function may 

be expanded in that interval into a polynomial in x — a, 

/(») =/(«) + - «)/'(«) + 

with the remainder R expressible in any one of the forms 


R 






(«■- 

where h^x — a and a < ^ < x or ^ == a H- where 0 < ^ < 1. 


( 2 ) 



tive Y\x) IS merely 

" - ^{':i - ),p [/w -/(“) “)/'(«) 


By Rolle’s Theorem = 0. Hence if ^ be substituted above, the result is 
f{h) =f(a) + (6 - a)f(a) + • ■ • + 


after striking out the factor — {h — multiplying by {b — a)^/n^ and transposing 
f(b). The theorem is therefore proved with the first form of the remainder. This 
proof does not require the continuity of the nth derivative nor its existence at a and at b. 
The second form of the remainder may be found by applying Rolle’s Theorem to 

^ {X) =f{b) -f(x) - (6 - z)r{x) {X) -(b-x) P, 

where P is determined so that jB = (5 — a) P. Note that ^ (Zj) = 0 and that by 
Taylor’s Formula ^ (a) =n 0. Now 


f'{x) = - j- /^"Kx) + P or P i") i* = 

Hence if ^be written ^=a^$h where /t=&— a, then h— ^=&— a— ^/i=(&— (z)(l— ^). 
And R = (6-a)P= (6-a) /W(|) = 


The second form of R is thus found. In this work as before, the result is proved 
for X = b, the end point of the interval a^x^b. But as the interval could be 
considered as terminating at any of its points, the proof clearly applies to any x 
in the interval. 

A second proof of Taylor’s Formula, and the easiest to remember, consists in 
integrating the nth derivative n times from a to x. The successive results are 


£/(") (X) dz = /— !(«) j*=/C>-i) (*) _/(»-« (a). 

X 7 /W (*)*:’'=/ V"-” (S) <te - y/Cn-i) (a) (Zx 

=/<’-a)(a:)-/(»-2)(o)- (X- o)/("-i)(a). 
fx =/<»-«) {x)-/(»-»)(a)-(x- a)/(»-2)(o)- 

*' a V a V Cl ^ I 

fa' ' ■ ^ 


(x — af 






(x ay 


-/C«-i)(a). 


2t " '' (n-l)! 

The formula is therefore proved with R in the form V^")(x) dx". To trans- 

form this to the ordinary form, the Law of the Mean may be applied ((65), § 16). For 


I It. _ C fjrrn ^ 'hrtr^ r,\ 


(x — aY n » 




(x— aY 



some intermediate value /(”>(^) = fx such that 

r. . . f"/W{x)dx^ = 

a a 71 1 

This proof requires that the nth derivative he continuous and is less general. 

The third proof is obtained by applying successive integrations by parts to the 

obvious identity /(a + h) —f(a) = f f'(a h—i)dt to make the integrand contain 

«/o 

higher derivatives. 

/(a + A)-/(a)= f^f'{a-{.h--t)di = ir{a + h-i)Y + f\r'{a-i-h-t)dt 

Ju , Jo 

= hf'(a) + i t2/"(o + A - i) J * + ^ 7 ^"'{a + h-i)dt 
= +• ■ •+ + fJ‘^/0Ha + k-t)m. 

This, however, is precisely Taylor’s Formula with the third form of remainder. 

If the point a about which the function is expanded is a; = 0, the 
expansion will take the form known as Maclaurin^s Formula : 

+ + (0)+R, (3) 

32 . Both Taylor’s Formula and its special case, Maclaurin’s, express 
a function as a polynomial in h = x — a, of which all the coefficients 
except the last are constants while the last is not constant but depends 
on h both explicitly and through the unknown fraction 0 which itself is 
a function of h. If, however, the Tith derivative is continuous, the coeffi- 
cient 6h)/n\ must remain finite, and if the form of the deriva- 

tive is known, it may be possible actually to assign limits between 
which -j- 6h) Jn ! lies. This is of great importance in making 
approximate calculations as in Exs. 8 ff. below ; for it sets a limit to 
the value of R for any value of n. 

Theorem. There is only one possible expansion of a function into 
a polynomial in h — x — a of which all the coefficients except the last 
are constant and the last finite; and hence if such an expansion is 
found in any manner, it must be Taylor’s (or Maclaurin’s). 

To prove this theorem consider two polynomials of the nth order 

Cq C-j^A -|- . -j- -j- = Gq -|- G^h “h G^h^ q- . . . -j- Gti~^ih^'^^ 4- GjJi^^ 

which represent the same function and hence are equal for all values of h from 0 
to a. It follows that the coefficients must be equal. For let A approach 0. 


The terms containing h will approach 0 and lieiico and may be made a& 
nearly eciual as desired; and as they are constants, they must l)c cupial. Strike 
them out from the equation and divide by h. The new equation must hold for all 
vnlues of h fi’oni 0 to — (i with the possible exception of 0. Again let A = 0 and 
now it follows that Cj =: Cj. And so on, with all the coelllcieuts. The two devel- 
oiauents are seen to be itlentical, and hence identical with 'bay lor’ s. 

To illustrate the application of the theorem, let it be retjuired to lind tlic expan- 
sion of tanx about 0 when the expansions of siii x and cosx about 0 are given. 

sin X = X — ^ X® -b X® -b Px^, cos X = 1 — i x^ + 

whore P and Q remain finite in the neighborhood of x = 0. In the first place note 
that tanx clearly has an expansion ; for the function and its derivatives (which 
are combinatious of tan x and sec x) are finite and continuous until x approaches ^ tt. 
By division, 

x-b -b A 

1 — \x^ + Ti\x* -b Qx®)x — \ + Px^ 

X — X® -b X X® i -b Qx^ 

ii-x®- ^ X® i + ^ Qx® 



Hence tan x = x + i where /S is the remainder in the division 

cosx 

and is an expression containing P, Q, and powers of x ; it must remain finite if P 
and Q remain finite. The quotient S/cos x which Is the coefficient of therefore 
remains finite near x = 0, and the expression for tan x is the Maclaurin expansion 
up to terms of the sixth order, plus a remainder. 

In the case of functions compounded from simple functions of which the expan- 
sion is known, this method of obtaining the expansion by algebraic processes upon 
the known expansions treated as polynomials is generally shorter than to obtain 
the result by differentiation. The computation may be abridged by omitting the 
last terms and work such as follows the dotted line in the example above ; but if 
this is done, care must be exercised against carrying the algebraic operations too 
far or not far enough. In Ex. 5 below, the last terms should be put in and carried 
far enough to insure that the desired expansion has neither more nor fewer terms 
than the circumstances warrant. 


1 . 

2 . 

3 . 


EXERCISES 

Assume P (6 — a)^P; show P = ^^1- — 

(ti — 1) I A 

Apply Ex. 5, p. 29, to compare the third form of remainder with the first. 


Obtain, by differentiation and substitution in ( 1 ), three nonvanishing terras: 
{a) sin-1 X, a = 0, (/3) tanh x, a = 0, ( 7 ) tan x, a = ^ tt, 

(5) cscx, a^^TT, (e) a = 0, (f) log sin x, a = tt. 


4 . Rind the nth derivatives in the following cases and write the expansion : 
(a) s'm X, a = 0, (/?) sin x, a = ^tt, ( 7 ) c^, a = 0, 


1^. XJJ M/XV XIIIIA i;ll^ XTXarV>xa;U.XilI Cy^J^arXlOXMii tv tXiV tC/XXXI XIX %Aj • 

(a) sec a:, (/3) tanhx, (7) — Vl — x^, 

(5) e^sinx, (e) Dog(l — x)p, (^ +Vcoshx, 

(ij) (^) logcosx, (t) log Vr+~x2. 

The expansions needed in this work may he found by differentiation or taken 
from B. 0. Peirce’s "Tables.” In (7) and (j*) apply the binomial theorem of Ex. 
4 (^). In {t}) let y = sin x, expand e^, and substitute for y the expansion of sin x. 
In (d) let cos X = 1 — 2/. In all cases show that the coefficient of the term in x® 
really remains finite when x = 0. 

6. It f (a + h) = Cq + Cj/i + 4 . . . . + + c„/i", show that in 

r /(a + h)dh = Co* 4- ^*2 + + . . . + ^/i» + f’‘c^h’‘dh 

Jo 2 3 n Jo 

the last term may really be put in the form with P finite. Apply Ex. 6, p. 29. 

J fi os 

■ — - - . etc., to find developments of 
» Vl-»2 

(or) sin -lx, (j8) tan-'x, (7) sinh-ix, 

(5) Iog|i5, (e) rV’^ifix, (f) f’^^dx. 

1 — X t/o X 

In all these cases the results may be found if desired to n terms. 

8. Show that the remainder in the Maclaurin development of is less than 
x”e^/n I ; and hence that the error introduced by disregarding the remainder in com- 
puting e» is less than ! . How many terms will suffice to compute e to four 

decimals ? How many for and for ? 

9 . Show that the error introduced by disregarding the remainder in comput- 
ing log (1-h x) is not greater than x^/n if x > 0, How many terms are required foi 
the computation of log to four places ? of log 1.2 ? Compute the latter. 

10 . The hypotenuse of a triangle is 20 and one angle is 81°. Find the sides by 
expanding sin x and cos x about a = ^ tt as linear functions of x — J tt. Examine 
the term in (ic — tt)^ to find a maximum value to the error introduced by 
neglecting it. 

11 . Compute to 6 places; (a) e^, (/9) log 1.1, {7) sin 30', (5) cos 30'. During 
the computation one place more than the desired number should be carried along 
in the arithmetic work for safety. 

12 . Show that the remainder for log(l •+■ x) is less than x^/n{l 4* if ®<0. 
Compute (u:) log 0.9 to 5 places, (j3) log 0.8 to 4 places. 

13 . Show that the remainder for tan-^x is less than x^/n where n may always 
be taken as odd. Compute to 4 places tan-^ 

14 . The relation 4 tt = tan-^l = 4 tan-i 4 — tan-^i enables Jtt to be found 
easily from the series for tan-i x. Find J tt to 7 places (intermediate work carried 
to 8 places). 

15 . Computation of logarithms, (a) If a = log h = log f J, c = log 
log2 = 7a — 2& + 3c, log3 = 11 a 3h 4- 5c, log 5 = 16a — 45 + 7c. 


and hence log 2, log 8, .log 5 may be lound. Carry tne calculations oi a\ o, c to 
10 places and deduce the logarithms of 2, 3, 5, 10, retaining only 8 places. Com- 
pare Peirce’s ''Tables,” p. 109. 


1 -j- X , 


2x” 


(i3) Show that the error in the series for log is less than — — • Com- 

^ ' 1 — X n (1 — X)" 

pute log 2 corresponding to x = to 4 places, log 1§ to 6 places, log 1| to 6 places. 

(7) Show log^ = 2r^-^ -h ^ + • • • + ^ + ^2n+ll> 

q L p + O' 3 \p + g/ 2 n - 1 \p + g/ J 

give an estimate of B2n+n compute to 10 figures log 8 and log 7 from log 2 
and log 5 of Peirce’s "Tables ” and from 

81 7^ 

4 log 8 — 41og2 — log6 = log — , 4 log 7— 5 log 2 — logS — 2 log 6 = log— — 

80 7^ — i 

16. Compute Ex. 7 (e) to 4 places for x = 1 and to 0 places for x = J. 


17. Compute sin-i 0.1 to seconds and sin~i J to minutes. 

18. Show that in the expansion of (1 + x)* the remainder, as x is > or < 0, is 





l-2*--rt (l+x)«“* 


Hence compute to 6 figures V1O8, V98, •^260, ’VlOOO. 

19. Sometimes the remainder cannot he readily found but the terms of the 
expansion appear to be diminishing so rapidly that all after a certain point appear 
negligible. Thus use Peirce’s "Tables,” Nos. 774-789, to compute to four places 
(estimated) the values of tan 0° log cos lO'^, esc 8*^, sec 2®. 

20. Eind to within 1% the area under cos (x’^) and sin (x®) from 0 to J tt. 

21. A unit magnetic pole is placed at a distance L from the center of a magnet 
of pole strength M and length 2 1, where l/L is small. Eind the force on the pole 
if (a) the pole is in the line of the magnet and, if (j3) it is in the perpendicular 
bisector. 

Ans. (a) (1 -h e) with e about 2 ^ , (jS) (1 — c) with e about ? . 

22. The formula for the distance of the horizon is Z> = Vflf where JD is the 
distance in miles and h is the altitude of the observer in feet. Prove the formula 
and show that the error is about for heights up to a few miles. Take the radius 
of the earth as 3960 miles. 


23. Eind an approximate formula for the dip of the horizon in minutes below 
the horizontal if h in feet is the height of the observer. 

24. If /S is a circular arc and C its chord and c the chord of half the arc, prove 
S = J (8 c — 0) (1 + c) where e is about /SV7680 JR* if R is the radius. 

25. If two quantities differ from each other by a small fraction c of their value, 
show that their geometric mean will differ from their arithmetic mean by about 
J of its value. 

26. The algebraic method may be applied to finding expansions of some func- 
tions which become infinite. (Thus if the series for cosx and sinx be divided to 
find cot X, the initial term is 1/x and becomes infinite at x = 0 just as cotx does. 



C3.A»^Cl/iAi3iV^iiO OfL^ lll^U IfXOUVlCVljlI. ill VIU T CiVpUl^JUOO MWLU <111. \J CVllCbl VIQ UW UJUI^XIA* 

The function x cot x would, however, have a Maclaurin development and the 
expansion found for cot x is this development divided by x.) Find the develop- 
ments about X = 0 to terms in x^ for 

((x) cotx, (p) cot^x, ( 7 ) cscx, (5) csc®x, 

(e) cotx cscx, (^’) l/(tan-ix)*, (17) (sinx — tanx)-i 

27. Obtain the expansions : 

(a) logsmx = logx-ix2-yJ.^x^ + E, ip) logtanx = logx4- 
(7) likewise for log vers X. 

33. Indeterminate forms, infinitesimals, infinites. If two functions 
f(x) and (x) are defined for x = a and if (a) ^ 0, the quotient //<^ is 
defined for x = a. But if ^ (a) = 0, the quotient f/^ is not defined for a. 
If in this case f and are defined and continuous in the neighborhood 
of a and / (a) ^ 0, the quotient will become infinite as x = a ; whereas 
if /(a) = 0, the behavior of the quotient //<j5> is not immediately appar- 
ent but gives rise to the indeterminate form 0/0. In like manner if / 
and <j} become infinite at a, the quotient //<#> is not defined, as neither 
its numerator nor its denominator is defined ; thus arises the indeter- 
minate form 00 /oo . The question of determining or evaluating an 
indeterminate form is merely the question of finding out whether the 
quotient f/<j> approaches a limit (and if so, what limit) or becomes 
positively or negatively infinite when x approaches a. 

Theorem. VHospitaVs Rule. If the functions f(x) and (x), which 
give rise to the indeterminate form 0/0 or oo/oo when x = are con- 
tinuous and differentiable in the interval a<x ^ b and if h can be 
taken so near to a that does not vanish in the interval and if the 
quotient of the derivatives approaches a limit or becomes posi- 
tively or negatively infinite as x == a, then the quotient //<^ will ap- 
proach that limit or become positively or negatively infinite as the case 
may be. Hence an indeterminate form 0/0 or oo /cc may he replaced by 
the quotient of the derivatives of numerator and denominator. 


Case I. f{a) =z<p{a) — 0. The proof follows from Cauchy’s Formula, Ex. 6 , p. 49. 


For 


/(X) ^ /(x)-/(a) 
<f> (x) <t> (a) 


Now if X = a, so must which lies between x and a. Hence if tbe quotient on the 
right approaches a limit or becomes positively or negatively infinite, the same is 
true of that on the left. The necessity of inserting the restrictions that / and <6 
shall be continuous and differentiable and that </>' shall not have a root indefinitely 
near to a is apparent from the fact that Cauchy’s Formula is proved only for func- 
tions that satisfy these conditions. If the derived form/'/^' should also be inde- 
terminate, the rule could again be applied and the quotient would replace 

/V 0 ' with the understanding that proper restrictions were satisfied by/', 0 ', and 


f(x)-m _ /(:!:) 1 -/(&)// (X) _/'(?) o<x< 6 , 

4 >( x )- 4 - (6) 0 (®) 1 - ^ ( f ')/0 (•«) 0'(?) ’ ® ^ 

where the iniildle expresaioii is merely a different way of writing tlie first. ISow 
suppose that f'{x)/<f>'{x) approaclies a limit when x = a. It must then he possible to 
tahe b so near to a that/^{^)/0'(^) differs from that limit by as little as desired, no 
matter what value ^ may have between a and b. Now as / and 0 become infinite 
when X = a, it is possible to take x so near to a thiit f{b)/f{x) and (p(b)/(p(x) are 
as near zero as desired. The second equation above then shows that /(x)/0 (x). 
multiplied by a quantity which differs from 1 by as little as desired, is e<jual to 
a qimntity which differs from the limit of f'(x)/(f)'{x) as aj = a by as little 

as desired. Hence //«}{► must approach the same limit Similar reasoning 

would apply to the supposition tliat/70' became positively or negatively infinite, 
and the theorem is proved. It may be noted that, by Theorem 10 of § 27, the form 
/'/(!>' is sure to be indeterminate. The advantage of being able to differentiate 
therefore lies wholly in the possibility that the new form be more amenable to 
algebraic transformation than the old. 

The other indeterminate forms 0 • oo, 0*^, 1", co^, oo — oo may be reduced to the 
foregoing by various devices which may be indicated as follows : 


0 • CO = 



0> = 00 ~ gO log 0 = gO • oo ^ 


00 0 


QO — 00 = logc“ 



The case where the variable becomes infinite instead of approaching a finite value 
a is covered in Ex. 1 below. The theory is therefore completed. 

Two methods which frequently may be used to shorten the work of evaluating 
an indeterminate form are the method of E-functions and the application of Taylofs 
Formula. By definition an E-funciion for the point x = ais any continuous function 
which approaches a finite limit other than 0 when x == a. Suppose then that/(x) or 
0(a;) or both may be written as the products E^f^ and E^4>^. Then the method of 
treating indeterminate forms need be applied only to fi/<f>i and the result multiplied 
by lim Eor example, 

lim = lini (x2 -f ox + a-) lim — - — ~ — = 3 a** lim — ^ — = 3 a^. 

x=oSm(X— a) a:=a a: = aSin (x — Ct) a; = aSin(X— tt) 

Again, suppose that iu the form 0/0 both numerator and denominator may be de- 
veloped about X = a by Taylor’s Formula. The valuation is immediate. Thus 

tanx- sinx + + Px^) - (x — + Qx^) _ ^ + (P- Q)x^ ^ 

x2 log(l + x) x^ (x — J x2 + Rx^) 1 — J X + Bx^ ’ 

and now if x = 0, the limit is at once shown to be simply J. 

Then the functions become infinite at x = a, the conditions requisite for Taylor’s 
Formula are not present and there is no Taylor expansion. Nevertheless an expan- 
sion may sometimes be obtained by the algebraic method (§ 32) and may frequently 
be used to advantage. To illustrate, let it be required to evaluate cot x — 1 /x which 
is of the form oo — oo when x = 0. Here 


- 1± j - 1 1 - 4 »== + ^ 1 1 

sin* »— xl-JaS'+Q** ®\ 3 ^ / 


Hm /cot x — = lim /i — i a; + Sx^ — ® = 0. 

a-=o\ X/ x=o\aJ 3 x/ x=o\ 3 / 

34. An infinitesimal is a variable which is ultimately to approach the 
limit zero } an infinite is a variable lohich is to become either ]}ositively 
or negatively infinite. Thus the, increments Ay and Aa; are finite quan- 
tities, but when they are to serve in the definition of a derivative they 
must ultimately approach zero and hence may be called infinitesimals. 
The form 0/0 represents the quotient of two infinitesimals ; * the form 
00 /oo, the quotient of two infinites ; and 0- oo, the product of an infin- 
itesimal by an infinite. If any infinitesimal a is chosen as the primary 
infinitesimal, a second infinitesimal p is said to be of the same order as 
a if the limit of the quotient p/a exists and is not zero when a =: 0 ; 
whereas if the quotient p/a becomes zero, p is said to be an infinites- 
imal of higher order than a, but of lower order if the quotient becomes 
infinite. If in particular the limit p/a^ exists and is not zero when 
cr == 0, then p is said to be of the nth order relative to a. The deter- 
mination of the order of one infinitesimal relative to another is there- 
fore essentially a problem in indeterminate forms. Similar definitions 
may be given in regard to infinites. 

Theorem. If the quotient p/a of two infinitesimals approaches a 
limit or becomes infinite when a = 0, the quotient pfa} of two infin- 
itesimals which differ respectively from p and a by infinitesimals of 
higher order will approach the same limit or become infinite. 

Theorem. DuhameVs Theorem If the sum ^a^ = -f H (- ar„ 

of n positive infinitesimals approaches a limit when their number n 

becomes infinite, the sum 'Zpi = -f ^3^ H where each p^ differs 

uniformly from the corresponding a^ by an infinitesimal of higher 
order, will approach the same limit. 

As a' — a is of higher order than a and g' — g ot higher order than /S, 

lim ^ = 0, lim = 0 or ^ = 1 + ^; 

a gag 

where v and J* are infinitesimals. Now or = a (1 + and /3' = j8(l + f). Hence 

^ = £l±i and 

a' a 1 + T? a' a 

provided g/a approaches a limit; whereas if g/a becomes infinite, so will g'/a'. 
Xn a more complex fraction such as {g — y)/a it is not permissible to replace g 

* It cannot be emphasized too strongly that in the symbol 0/0 the O’s are merely sym- 
bolic for a mode of variation just as is; they are not actual O’s and some other notar 
tion would be far preferable, likewise for 0 • co, 0«, etc- 



relative to x although tan x and sin x are only of the first order. To replace 
and sin x by infinitesimals which differ from them by those of the second ord 
even of the third order would generally alter the limit of the ratio of tan x — 
to X® when x == 0. 

To prove DuhamePs Theorem the jS’s may be written in the fonn 
+ z = l, 2, n, |’?t|<<?, 

where the are infinitesimals and where all the simultaneously may he ; 
less than the assigned e owing to the uniformity required in the theorem, Tl 

I (/^i + /3a + * • • + ^n) — (^1 + «2 + " ‘ + ^n) I = I + '> 12^2 4- . . . + i7„n'n| < 

Hence the sum of the jS's may be made to differ from the sum of the a’s b; 
than eSa, a quantity as small as desired, and as Sa approaches a limit by hy 
esis, so must approach the same limit. The theorem may clearly be exte 
to the case where the nr’s are not all positive provided the sum S | (Xfl of the 
lute values of the or’s approaches a limit. 

35. If p the differential of y is defined as 

dy =/^(x) Acc, and hence c?x = 1 • Ax. 

Prom this definition of dy and dx it appears that dy/dx =/'(x), ^ 
the quotient dyfdx is the quotient of two finite quantities of whic 
may be assigned at pleasure. This is true if x is the indepen 
variable. If x aud y are both expressed in terms of if, 

X = X (^), y = y (f), dx = dt^ dy = D^ydt ; 

and ^ ^ = D^, by virtue of (4) 

Trom this appears the important theorem: The quotient dyfdx i 
derivative of y with respect to x no matter what the independent vat 
may he. It is this theorem which really justifies writing the deriv 
as a fraction and treating the component differentials according t 
rules of ordinary fractions. For higher derivatives this is not s 
may be seen by reference to Ex. 10. 

As Ay and Ax are regarded as infinitesimals in defining the d( 
tive, it is natui-al to regard dy and dx as infinitesimals. The diffe: 
Ay — dy may be put in the form 

wherein it appears that, when Ax 0, the bracket approaches 
Hence arises the theorem : If x is the independent variable and 
and dy are regarded as infinitesimals ^ the difference Ay — dy is an 
itesimal of higher order than Ax. This has an application t( 


wlieii X 


then dx = <^\t) dt, and apparently 

rf(x)dx= r 

*/a 

•where </> (tj = d and <f> {t^ — so that t ranges from to 
ranges from a to h. 

But this substitution is too hasty ; for the dx written in the integrand 
is really which differs from dx by an infinitesimal of higher order 
when X is not the independent variable. The true condition may be 
seen by comparing the two sums 

%fl4' ( 4 )] <^'( 4 ) 

the limits of which are the two integrals above. Now as Aa; differs 
from dx = dt by an infinitesimal of higher order, so /(oj) Acc will 
differ from f\^<l>(t)^<l>Xt')dt by an infinitesimal of higher order, and 
with the proper assumptions as to continuity the difference will be uni- 
form. Hence if the infinitesimals f(x) Ax be all positive, Duhamers 
Theorem may be applied to justify the formula for change of variable. 
To avoid the restriction to positive infinitesimals it is well to replace 
Duhamers Theorem by the new 

Theorem. Osgood^ s Theorem, Let a:^, •••, be n infinitesimals 
and let differ uniformly by infinitesimals of higher order than Ax 
from the elements fix^b^Xi of the integrand of a definite integral 

/(x) dx^ where f is continuous ; then the sum ^a;==a^-+-a:^-\ j- a, ^ 

approaches the value of the definite integral as a limit when the num- 
ber n becomes infinite. 


X 


Let ai — f(Xi) Axi + ^ibxi, where |ffl <e owing to the uniformity demanded. 
Then | Asf | = j AXi j < Ax* ~€{b— a). 

But as / is continuous, the definite integral exists and one can malce 


|2;/(x.)ax,-£' /(x) dx j < and hence j f(x)dx 


< 6{& — a + 1). 


It therefore appears that Sai may he made to differ from the integral by as little 
as desired, and S(Xi must then approach the integral as a limit. Now if this theo- 
rem be applied to the case of the change of variable and if it be assumed that 
/[0(t)] and <p'{t) are continuous, the infinitesimals AXi and dxi = dt; will 
differ uniformly (compare Theorem 18 of § 27 and the above theorem on Ay — dy) 
by an infinitesimal of higher order, and so will the infinitesimals /(xf)Axt* and 
f[<p (t,-)] dti. Hence the change of variable suggested by the hasty substitution 
is justified. 


1 . Show that I ’Hospital’s Kule applies to evaluating the indeterminate form 
f(x)/{p{x) when x becomes infinite and both /and tp either become zero or infinite. 


2. Evaluate the following forms by differentiation. Examine the quotients 
for left-hand and for right-hand approach ; sketch the graphs in the neighborhood 
of the points. 


(a) hm 1 

a: = 0 X 


(8) Urn ace- 


ip) lim 


tan as — 1 


® — iw 

(c) lim 

ac ^ 0 


(7) liinxlogoj, 

a: = 0 

1 

(^) limxi-® 

a: = 1 


3, Evaluate the following forms by the method of expansions 

gK gtan x 


(of) lim — cot^ X ) , (p) lim 


X — tanx 
X sin (sin x) — sin^ x 


(8) lim (cschx — cscx), (c) lim 

4 . Evaluate by any method: 

g-x ^ 2sinx— 4x 


( 7 ) 

a:=l 1 — X 

(r) ^ 

a^O- X ““ smx 


(or) lira - 
x==0 

( 7 ) lim 


(/3) lim 


^ tan X J 


X cos® X — log (1 + x) — sin-ij 

x» ’ 


{.) to[a=(l + l)‘”-e*Hog(l + i)]. 


(j) 

x=^ir tanx 


5 . Give definitions for order as applied to infinites, noting that higher order 
would mean becoming infinite to a greater degree just as it means becoming zero 
to a greater degree for infinitesimals. State and prove the theorem relative to quo- 
tients of infinites analogous to that given in the text for infinitesimals. State and 
prove an analogous theorem for the product of an infinitesimal and infinite. 


6. Note that if the quotient of two infinites has the limit 1, the difference of 
the infinites is an infinite of lower order. Apply this to the proof of the resolution 
in partial fractions of the quotient /(x)/2^(x) of two polynomials in case the roots 
of the denominator are all real. Eor if /*(x) = (x— a)^F^{x)^ the quotient is an 
infinite of order k in the neighborhood of x = ct ; but the difference of the quotient 
and/(tt)/(x— a)^F^(a) will be of lower integral order — and so on. 

7 . Show that when x= + oo, the function is an infinite of higher ordei 
than no matter how large n. Hence show that if P(x) is any polynomial, 
lim P{x)e-^ = 0 when x = + 00 . 


8. Show that (log x)"» when x is infinite is a weaker infinite than x» no matter 
how large m or how small w, supposed positive, may be. What is the graphical 
interpretation ? 


9. If P is a polynomial, show that lim pfi^e = 0. Hence show that the 

05 s5s 0 \X/ 

-1 x« 

Maclauxin development of e is/(x) = e = — f^^Xdx) if /(O) is defined as 0. 

n I 



as the independent variable. Show that d^x = 0 for fc > 1 if x is the independent 
variable. Show that the higher derivatives • . • are not the quotients 

d^y/dx'^^ d^y/dx^^ « • • if x aud y are expressed in terms of a third variable, but that 
the relations are 

7) 2 _ d^xdy p g _^dx {dxd^y — dydH) — 3 d^x (dxd^y — dyd^x) 

The fact that the quotient d«y/dx", n > 1, is not the derivative when x and y are 
expressed parametrically militates against the usefulness of the higher differentials 
and emphasizes the advantage of working with derivatives. The notation d«y/c2x” 
is, however, used for the derivative. Nevertheless, as indicated in Exs. 16-19, 
higher differentials may be used if proper care is exercised. 

11. Compare the conception of higher differentials with the work of Ex. 6, p. 48. 

12 . Show that in a circle the difference between an infinitesimal arc and its 
chord is of the third order relative to either arc or chord. 

13 . Show that if /3 is of the nth order with respect to a, and 7 is of the first 
order with respect to a, then j3 is of the nth order with respect to 7, 

14 . Show that the order of a product of infinitesimals is equal to the sum of the 
orders of the infinitesimals when all are referred to the same primary infinitesimal 
a. Infer that in a product each infinitesimal may be replaced by one which differs 
from it by an infinitesimal of higher order than it without affecting the order of the 
product. 

15 . Let A and B be two points of a unit circle and let the angle .4013 subtended 
at the center be the primary infinitesimal. Let the tangents at A and B meet at 
T, and OT cut the chord AB in M and the arc in C. Eind the trigonometric 
expression for the infinitesimal difference TC — CM and determine its order*. 

16. Compute d^ (x sin x) =r (2 cosx — x sinx) dx® + (sin x + x cos x) d^x hy taking 
the differential of the differential. Thus find the second derivative of x sinx if x is 
the independent variable and the second derivative with respect to t if x = 1 + t-. 

17. Compute the first, second, and third differentials, dH ^ 0. 

(or) x^cosx, (/3) Vl — xlog(l— x), (7) xe^^sinx. 

18 . In Ex. 10 take y as the independent variable and hence express B^y, D^y 
in terms of L^x, JO^x, Cf . Ex. 10, p. 14. 

19 . Make the changes of variable in Exs. 8, 9, 12, p. 14, hy the method of 
differentials, that is, by replacing the derivatives by the corresponding differentiax 
expressions where x is not assumed as independent variable and hy replacing these 
differentials by their values in terms of the new variables where the higher differ- 
entials of the new independent variable are set equal to 0. 

20 . Reconsider some of the exercises at the end of Chap. I, say, 17-19, 22, 23, 
27, from the point of view of Osgood’s Theorem instead of the Theorem of the Mean. 

21. Find the areas of the bounding smfaces of the solids of Ex. 11, p. 18. 



diLiVVaVJlilUl) i 

(a) a circular wire of radius a and of mass M on a particle m at a distance r from 
the center of the wire along a perpendicular to its plane ; kMmr (a^ + 

(| 3 ) a circular disk, etc., as in (cr) ; -4 ns. 2 — r/ Vr^ + a^), 

( 7 ) a BQinicircular wire on a particle at its center ; 2 kMm/rra^. 

( 5 ) a finite rod upon a particle not in the line of the rod. The answer should 
be expressed in terms of the angle the rod subtends at the particle. 

(€) two parallel equal rods, forming the opposite sides of a rectangle, on each 
other. 


23. Compare tlie method of derivatives (§ 7), the method of the Theorem of the 
Mean (§ 17), and the method of infinitesimals above as applied to obtaining the for- 
mulas for (a) area in polar coordinates, (|3) mass of a rod of variable density, ( 7 ) pres- 
sure on a vertical submerged bulkhead, (5) attraction of a rod on a particle. Obtain 
the results by each method and state which method seems preferable for each case. 


24. Is the substitution dx = tj/ii) di in the indefinite integral f(x) dx to obtain 
the indefinite integral J ' /[0 (t)] <ft\i)dt justifiable immediately ? 


36. Infinitesimal analysis. To work rapidly in the applications of 
calcnlns to problems in geometry and physics and to follow readily the 
books written on those subjects, it is necessary to have some familiarity 
with working directly with infinitesimals. It is possible by making use 
of the Theorem of the Mean and allied theorems to retain in every ex- 
pression its complete exact value ; but if that expression is an infini- 
tesimal which is ultimately to enter into a quotient or a limit of a sum, 
any infinitesimal which is of higher order than that which is ultimately 
kept will not influence the result and may be discarded at any stage of 
the work if the work may thereby be simplified. A few theorems 
worked through by the infinitesimal method will serve partly to show 
how the method is used and partly to establish results which may be 
of use in further work. The theorems which will be chosen are ; 

1. The increment Ax and the differential c2x of a variable differ by 
an infinitesimal of higher order than either. 

2. If a tangent is drawn to a curve, the perpendicular from the curve 
to the tangent is of higher order than the distance from the foot of the 
perpendicular to the point of tangency. 

3. An infinitesimal arc differs from its chord by an infinitesimal of 
higher order relative to the arc. 

4. If one angle of a triangle, none of whose angles are infinitesimal, 
differs infinitesimally from a right angle and if h is the side opposite 
and if <f> is another angle of the triangle, then the side opposite 4> is 
h sin <f> except for an infinitesimal of the second order and the adjacent 
side is h cos except for an infinitesimal of the first order. 


It and from the idea of tangency. For take the cc-axis coincident with tlie tangent 
or parallel to it. Then the perpendicular is A^/ and the distance from its foot to the 
point of tangency is Ax. The quotient A^z/Ax approaches 0 as its limit because the 
tangent is horizontal ; and the theorem is proved. The theorem would remain true 
if the perpendicular were replaced by a line making a conatani angle with the tangent 
and the distance from the point of tangency to the foot of the perpendicular were re- 
placed by the distance to the foot of the obluiue line. For if Z PMJf = 

PM _ PN CSC 0 __ PN CSC 9 

TM “ TAT - PiSr cot ^ ’ PN T’ 

1— — - cot^ 



and therefore when P approaches T with 6 constant, PM/TM approaches zero and 
PM is of higher order than TM. 

The third theorem follows without difficulty from the assumption or theorem 
that the arc has a length intermediate between that of the chord and that of the 
sum of the two tangents at the ends of the chord. Let 9^ and 9^ be the angles 
between the chord and the tangents. Then 

s-^AB ^AT+ TB-AB_AM{&qq9i-1)-}‘ KB (seeing ~1) ,gv 
AM+MB^ AM+MB ~ AM+MB ' 


Now as AB approaches 0, both sec — 1 and sec ^2 1 approach 0 and their 

coefficients remain necessarily finite. Hence the difference between the arc and 
the chord is an infinitesimal of higher order than the chord. As 
the arc and chord are therefore of the same order, the difference 
is of higher order than the arc. This result enables one to replace 
the arc by its chord and vice versa in discussing infinitesimals of 
the first order, and for such purposes to consider an infinitesimal 
arc as straight. In discussing infinitesimals of the second order, this substitution 
would not be permissible except in view of the further theorem given below in 
§ 37, and even then the substitution will hold only as far as the lengths of arcs are 
concerned and not in regard to directions. 

For the fourth theorem let 9 be the angle by which C departs from 90° and with 
the perpendicular BM as radius strike an arc cutting BO. Then by trigonometry 



AG — AM + MG = ^ cos 0 + BM tan 9^ 

BG = Asin0 + BK(sec 9 — 1). 

Now tan 9 is an infinitesimal of the first order with respect to 9 ; 
fo» its Maclaurin development begins with 9. And sec 9 — 1 
is an infinitesimal of the second order; for its development 
begins with a term in 9^. The theorem is therefore proved. 

This theorem is frequently applied to infinitesimal triangles, 
that is, triangles in which h is to approach 0. 

37 . As a further discussion of the third theorem it may be recalled that by defi- 
nition the length of the arc of a curve is the limit of the length of an inscribed 
polygon, namely, 

s = lim (Vaxi^ 4 . A^i^ -f VaxJT'a^ + . . . + Vax® -f Ay^)* 


B 
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Now 


md 


Vak® — Vda;2 + dy^ = 


V Aa;^ + 

Va» 2 + Ay2 


+ 


Ax^ + A^^ — 

VAx^ + A2/2 + Vdx2~+d^ 

(Ax - dx) (Ax -4- dx) + (Ay - dy) {Ay + dy) 
V Ax^ 4- Ay^ 4- Vdx^ 4 * dy^ 

{Ax — dx) Ax 4- c?x 

V Ax^ 4- A2/2 V Ax’-^ 4- Ay^ 4- VcZx® 4- dy^ 

{Ay — dy) Ay 4 - dy 

V Ax^ 4- Ay^ V Ax® 4- Ay^ 4- V(Zx^+ 


But Ax — dx and Ay — dy are infinitesimals of higher order than A x and Ay. 
Hence the righ t-hand sid e must approach zero as its limit and hence V Ax® 4 - Ay® 
differs from Vdx® 4- dy® by an infinitesimal of higher order and may replace it in 
the sum 

8 = lim 2 Vax? 4- Ay? = lim ^ Vdx® 4- dy® = f Vl 4 - y'®dx. 

The length of the arc measured from a fixed point to a variable point is a funo- 
tion of the upper limit and the differential of arc is 


ds : 


: d f Vl 4* y'®dx = Vl + y'® dx = Vdx® 4- dy®. 


To find the order of the difference between the arc and its chord let the origin 
be taken at the initial point and the x-axis tangent to the curve at that point. 
The expansion of the arc by Maclaurin’s Formula gives 

8(x) = 8(0) 4- xs'(0) + Ix®8"(0) + JxV'(^x), 

y'r 


where 8(0) = 0, 8^(0) = VT+^lo == 1, s"(0) = ■ , 

VlH-y'® 

Owing to the choice of axes, the expansion of the curve reduces to 
y =/(x) = y ( 0 ) + xy'(O) + i x^y"{ 9 x) = J xV'(< 5 >x), 
and hence the chord of the curve is 


= 0 , 


c (®) = V®» + = » Vl + x\y" (te)]2 = a: (1 + x^P), 

where P is a complicated expression arising in the expansion of the radical by 
Maclaurin’s Formula. The difference 


8 (X) - C (X) = [X + i X V''(^x)] - [X (1 + x 2 P)] = X» (i S"'{ex) - P) . 

This is an infinitesimal of at least the third order relative to x. Now as both s (x) 
and c (x) are of the first order relative to x, it follows that the difference s (x) — • c (x) 
must also be of the third order relative to either « (x) or c (x). Note that the proof 
assumes that y" is finite at the point considered. This result, which has been 
found analytically, follows more simply though perhaps less rigorously from the 
fact that sec — 1 and sec — 1 in (6) are infinitesimals of the second order with 
and 9 ^, 


38 . The theory of contact of vlane curves mav be treated bv means 



V = m = + • • • + i a;W/(">(0) + • • • 

y = y (^0 = 5 y''(0) *^ + • • • + (0) + ^*"y<’'>(0) + • • • • 

If these developments agree up to but not including the term in the 
difference between the ordinates of the curves is 

fix) -g(x)=^^x" [/<-)(0) - /-^CO)] + . • . , /(”)(0) ^ f-\0), 

and is an infinitesimal of the nth order with respect to x. The curves 
are then said to have contact of order n — 1 at their point of tangency. 
In general when two curves are tangent, the derivatives /"(O) and <7"(0) 
are unequal and the curves have simple contact or contacc of the first 
order. 

The problem may be stated differently. Let PM be a line which 
makes a constant angle B with the ic-axis. Then, when P approaches T, 
if RQ be regarded as straight, the proportion 

lim {PR : PQ) = lim (sin Z PQR ; sin Z PRQ) = sin 0 : 1 

shows that PR and PQ are of the same order. Clearly also the lines 
TM and TN are of the same order. Hence if 

PR PQ 

Hence if two curves have contact of the l)st 
order, the segment of a line intercepted between 
the two curves is of the /^th order with respect to 
the distance from the point of tangency to its foot. It would also be 
of the nth order with respect to the perpendicular TF from the point 
of tangency to the line. 

In view of these results it is not necessary to assume that the two 
curves have a special relation to the axis. Let two curves y = /(^r) and 
y=zg(x) intersect when x = a, and assume that the tangents at that point 
are not parallel to the ^/-axis. Then 

y = yo + (* - «)/'(«) + • • • + +••• 
y = yo + (* - «) y'(«) + • • • + + • ' ' 



01 Lne omiiiabos lur oqucti vuiuea ui jo le tu ue aai iiujiiiotsaniiAJL ul uijt; 

Tith order with respect to a; — a which is the perpendicular from the 
point of tangency to the ordinate, tlien the Taylor developments must 
agree up to but not including the terms in a:”. This is the condition for 
contact of order u — 1. 

As the difference between the ordinates is 

f{x) - g(x)=^{x- (tf + • • • , 

the difference will change sign or keep its sign when x passes through 
a according as n is odd or even, because for values sufficiently near to 
X the higher terms may be neglected. Hence the curves will cross each 
other if the order of contact is even, but will not cross each other if the 
order of contact is odd. If the values of the ordinates are equated to find 
the points of intersection of the two curves, the result is 

0 = 1 (* _ [/(»)(«) _ + . . . J 

and shows that a; = a- is a root of multiplicity n. Hence it is said that 
two curves have in common as many coincident points as the order of 
their contact plus one. This fact is usually stated more graphically 
by saying that the curves have n consecutive points in common. It may 
be remarked that what Taylor’s development carried to n terms does, is 
to give a polynomial which has contact of order — 1 with the function 
that is developed by it. 


As a problem on contact consider the determination of the circle which shall 
have contact of the second order with a curve at a given point (a, 2 / 0 ) • Let 

y = yo + (» “ o)f\d) + i - a)^/"(a) + • * • 
he the development of the curve and let y' =:f'{a) = tanr be the slope. If the 
circle is to have contact with the curve, its center must he at some point of the 
normal. Then if B denotes the assumed radius, the equation of the circle may be 
written as 


(x — a)2 + 2 B sin r (x — a) + ( 2 / — yoY — 2 B cos t ( 2 / — yo) = 0, 

where it remains to determine B so that the development of the circle will coincide 
with that of the curve as far as written. Differentiate the equation of the circle. 


dx 


B sin T + (x — g) 
'Bco8T-(2/-yo)’ 


dx2 


and 


= cos T — (y - -f [B sin t -f (a - a)]^ /d^y\ 1 

[B cos r - (?/ — yo)]8 ' XdzV, 

V = y© + (» -* a)/'{tt) + i(x - a)2 


B cos* T 


B cos^ T 
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is the development of the circle. The equation of the coeflScients of {x — a)*, 


1 

R cos^ r 




„ sec'T {1 + [/'(a)]^ 
gives R = = - — . 

r(a) r(a) 


This is the well known formula for the radius of curvature and shows that the cir- 
cle of curvature has contact of at least the second order with the curve. The circle 
is sometimes called the osculating circle instead of the circle of curvature. 


39. Three theorems, one in geometry and two in kinematics, will, 
now be proved to illustrate the direct application of the infinitesimal 
methods to such problems. The choice will be : 

1. The tangent to the ellipse is equally inclined to the focal radii 
drawn to the point of contact. 

2. The displacement of any rigid body in a plane may be regarded 
at any instant as a rotation through an infinitesimal angle about some 
point unless the body is moving parallel to itself. 

3. The motion of a rigid body in a plane may be regarded as the 
rolling of one curve upon another. 


For the first problem consider a secant PF' which may be converted into a 
tangent TT' by letting the two points approach until they coincide. Draw tlie 
focal radii to P and P' and strike arcs with F and F' as 
centers. As P'P + PP = P'P' + P'P = 2 a, it follows 
that FfP = MP\ Now consider the two triangles PF'K 
and P'PN nearly right-angled at M and N, The sides 
PP', PM, PJN, P'M, P'N are all infinitesimals of the 
same order and of the same order as the angles at F and 
F'. By proposition 4 of § 36 

MP' - PP' cos Z PP'M + Cj, AP = PP' cos Z P'PN + Cg, 

where and are infinitesimals relative to MP' and NP or PP\ Therefore 

lim [cos Z PP'M -* cos Z P'PN] = cos Z TPF — cos Z TPF' = Hm 

and the two angles TPF' and T'PF are proved to be equal as desired. 

To prove the second theorem note first that if a body is rigid, its position is com- 
pletely determined when the position ZB of any rectilinear segment of the bodj 
is known. Let the points A and B of the body be de- 
scribing curves AA' and BB' so that, in an infinitesimal 
interval of time, the line AB takes the neighboring posi- 
tion A'B', Erect the perpendicular bisectors of the lines 
AA' and BB' and let them intersect at O. Then the tri- 
angles Z OB and Z'OB' have the three sides of the one 
equal to the three sides of the other and are equal, and 
the second mav be obtained from the first by a mere rotation about 0 through the 





the uormalH to the arcs AA' and BB' at A and B, and the point 0 will approach 
the intersection of tliose normals. 

The theorem inay then ho stated that : At any instant of time the inoiion of a 
rigid body in a plane may he considered as a rotation through an infinitesimal angle 
about the inim'section of the normals to the paths of any two of its points at that in- 
stant ; the amount of the rotation will he the distance da that any point moves divided 
by the distance of that point from the instantaneous center of rotation ; the angular 
velocity aboid the instantaneous center will be this amount of roiaiion divided by the 
interval of time dt^ that is^ it will be v/i\ whm^e v is the velocity of any point of the body 
and r is its distance from the instantaneous center of roiaiion. It is therefore seen 
that not only is the desired theorem proved, but immerons other details are found. 
As has been stated, the point about which the body is rotating at a given instant 
is called the instantaneous cental' for that instant. 

As time goes on, the position of the instantaneous center will generally change. 
If at each instant of time the position of the center is marked on the moving plane 
or body, there results a locus which is called the moving centrode or body centrode; 
if at each instant the position of the center is also marked on a fixed plane over 
which the moving plane may be considered to glide, there results another locus which 
is called the^xed centrode or the ^ace centrode. From these definitions it follows 
that at each instant of time the body centrode and the space centrode intersect at 
the instantaneous center for tliat iiivStar.t. Consider a series of 
positions of the instantaneous center as V^<iP^\PF^P^ marked 
in space and Q~ 2 Q-iQQiQ 2 in the body. At a given 

instant two of the points, say P and Q, coincide ; an instant 
later the body will have moved so as to bring into coin- 
cidence with ; at an earlier instant Q_i was coincident with 
P_i. Now as the motion at the instant when P and Q are together is one of 
rotation through an infinitesimal angle about that point, the angle between PP^ 
and QQ^ is infinitesimal and the lengths PP^ and QQj^ are equal ; for it is by the 
rotation about P and* Q that is to be brought into coincidence with P^. Hence 
it follows 1° that the two centrodes are tangent and 2° that the distances PP^ = QQi 
which the point of contact moves along the two curves during an infinitesimal inter- 
val of time are the same, and this means that the two citrves roll on one another 
without slipping — because the very idea of slipping implies that the point of con- 
tact of the two curves should move by different amounts along the two curves, 
the difference in the amounts being the amount of the slip. The third theorem 
is therefore proved. 



EXERCISES 

1 , If a finite parallelogram is nearly rectangled, what is the order of infinites- 
imals neglected by taking the area as the product of the two sides ? What if the 
figure were an isosceles trapezoid ? What if it were any rectilinear quadrilateral 
all of whose angles differ from right angles by infinitesimals of the same order ? 

2 . On a sphere of radius r the area of the zone between the parallels of latitude 
^ and X 4- dX is taken as 2 tit cos X • rdX, the perimeter of the base times the slant 
height. Of what order relative to d\ is the infinitesimal neglected ? What if the 
perimeter of the middle latitude were taken so that 2 cos (X + J dX) d\ were 



volume of a liollow sphere of interior radius r and thickness dr ? What if the mean 
radius were taken instead of the interior radius ? Would any particular radius be 
best ? 

4 . Discuss the length of a space curve y =f{x), zz= g(x) analytically as the 
length of the plane curve was discussed in the text. 

5 . DiscuvSS proposition 2, p. 68, by Maclaurin’s Formula and in particular show 
that if the second derivative is continuous at the point of tangency, the infinites- 
imal in question is of the second order at least. How about the case of the tractrix 


iX , Oi “* ““ t 1 / 9 

2/ = - log + V - 

2 a -f V a2 _ aj2 


and its tangent at the vertex x = a ? How about s (x) — c (x) of § 37 ? 

6. Show that if two curves have contact of order n — 1, their derivatives will 
have contact of order n — 2. What is the order of contact of the fcth derivatives 
fc<a «- 1 ? 

7. State the conditions for maxima, minima, and points of inflection in the 
neighborhood of a point where /(>»)(a) is the first derivative that does not vanish. 

8 . Determine the order of contact of these curves at their intersections : 

V 2 (x 2 -i- 2/^ -1- 2 ) = 3 (x + y) . . r2 = a2cos20 . v = y 
5 — 6 xy + 5 ?/^ = 8, 2/^ = J a (a — x), x^ + 2/^ = xy. 

9. Show that at points v/here the radius of curvature is a maximum or mini- 
mum the contact of the osculating circle with the curve must be of at least the 
third order and must always be of odd order. 

10 . Let PN be a normal to a curve and P'N a neighboring normal. If 0 is the 
center of the osculating circle at P, show with the aid of Ex, 6 that ordinarily the 
perpendicular from 0 to P'N is of the second order relative to the arc PP' and that 
the distance ON is of the first order. Hence interpret the statement : Consecutive 
normals to a curve meet at the center of the osculating circle. 

11 . Does the osculating circle cross the curve at the point of osculation ? Will 
the osculating circles at neighboring points of the curve intersect in real points ? 

12 . In the hyperbola the focal radii drawn to any point make equal angles with 
the tangent. Prove this and state and prove the corresponding theorem for the 
parabola. 

13 . Given an infinitesimal arc AB cut at 0 by the perpendicular bisector of its 
chord AB, What is the order of the difference HC — BC ? 

14 . Of what order is the area of the segment included between an infinitesimal 
arc and its chord compared with the square on the chord ? 

15 . Two sides ABj AC of a triangle are finite and differ infinitesimally ; the 
angle ^ at is an infinitesimal of the same order and the side BG is either recti- 
linear or curvilinear. What is the order of the neglected infinitesimal if the area 
is assumed as I AB^O ? What if the assumption is J AB > AC 



a straight line. Show that the tangent and normal to the cycloid pass througn tc 
highest and lowest points of the rolling circle at each of its instantaneous position 


17. Show that the increment of arc As in the cycloid differs from 2 a sin \Bc 
by an infinitesimal of higher order and that the increment of area (between U 
consecutive normals) differs from 8 a® sin^ ^ Odd by an infinitesimal of higher orde 
Hence show that the total length and area are 8 a and STra^. Here a is the radii 
of the generating circle and 0 is the angle subtended at the center by the lowe 
point and the fixed point which traces the cycloid. 


•18. Show that the radius of curvature of the cycloid is bisected at the lowe 
point of the generating circle and hence is 4 a sin J 0. 


19, A triangle ABC is circumscribed about any oval curve. Show that if tl 
side BQ is bisected at the point of contact, the area of the triangle will be changi 
by an infinitesimal of the second order when JSO is replaced by a neighboring ta 
gent B'G\ but that if BG he not bisected, the change will be of the first orde 
Hence infer that the minimum triangle circumscribed about an oval will have i 
thiee sides bisected at the points of contact. 


20. If a string is wrapped about a circle of radius a and then unwound so th 
its end describes a curve, show that the length of the curve and the area betwe 
the curve, the circle, and the string are 


^aOdOy A a^OHO, 

where 0 is the angle that the unwinding string has turned through. 


21. Show that the motion in space of a rigid body one point of which is fix 
may be regarded as an instantaneous rotation about some axis through the giv 
point. To do this examine the displacements of a unit sphere surrounding the fix 
point as center. 


22. Suppose a fluid of variable density D(x) is flowing at a given instant throu 
a tube surrounding the x-axis. Let the velocity of the fluid be a function v(x) of 
Show that during the infinitesimal time dt the diminution of the amount of i 
fluid which lies between x = a and x = a 4- is 


S [» (a + /i) I) (a 4- ft-) St (ct) B (a) 5t], 

where S is the cross section of the tube. Hence show that D (x) v (x) = const, is 1 
condition that the flow of the fluid shall not change the density at any point. 


23. Consider the curve ^ =/(x) and three equally spaced ordinates at x = a - 
X = a, X = a + 5. Inscribe a trapezoid by joining the ends of the ordinates 
X = a ± 5 and circumscribe a trapezoid by drawing the tangent at the end of 
ordinate at x = a and producing to meet the other ordinates. Show that 


5o=:2 5/(a), 
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S = 25[^/(a) 

Si = 2 5[/(a) + ^/"(a) + 
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are the areas of the circumscribed trapezoid, the curve, the inscribed trapezoid. 
Hence infer that to compute the area under the curve from the inscribed or cir- 
cumscribed trapezoids introduces a relative error of the order 5^, but that to com- 
pute from the relation 5 = J (2 yS<j + introduces an error of only the order of 5*. 


24 . Let the interval from a to 6 be divided into an even number 2w of equal 
parts d and let the 2 n + 1 ordinates Vo^ Vit • • ‘i 2/2 « at the extremities of the inter- 
vals be drawn to tlie curve y —f{x). Inscribe trapezoids by joining the ends of 
every other ordinate beginning with and going to 2/2n* Circumscribe trape- 
zoids by drawing tangents at the ends of every other ordinate * * *, y 2 n-i* 

Compute the area under the curve as 

S + Vj + • • • + 

+ 2 ( Pq + 2/2 + ’ • ♦ + y 2 n \ 2/0 “* 2/2re] + ^ 

by using the work of Ex. 23 and infer that the error R is less than (b— a) 

This method of computation is known as Simpson's Rule, It usually gives accu- 
racy sufficient for work to four or even five figures when 5 = 0.1 and 6 — a = 1 ; for 
usually is small. 


25. Compute these integrals by Simpson’s Rule. Take 2n = 10 equal intervals. 
Carry numerical work to six figures except where tables must be used to find / (x ) : 



= log 2 = 0.69815, 



sina;da; = 1.00000, 

1 log (l + x) ^ _ 0 27220, 
1 + *« 


18 ) f'_^ = tan-il = iir = 0.78635, 
(5) j' logiffXdx = 21ogiQa! — M = 0.16776, 
(f) r' = 0.82247. 

t/0 X 


The answers here given are the true values of the integrals to five places. 


26 . Show that the quadrant of the ellipse x = asin<p, y = b cos </> is 

sin2 0 = I Tro&y* (2 — e^) -f J cos ww du. 


Compute to four figures by Simpson’s Rule with six divisions the quadrants of 
the ellipses : 

(a) e = J Vs, s = 1.211 o, (|3) e = i Vi, « = 1.361 a. 


27. Expand s in Ex. 26 into a series and discuss the remainder. 

1 r, AVo A-SVe* /l-3.6Ve» /I • 3- • ■ (2n-l) V^ e°« ..I 

\2-4/ 3 (2-4-6/ 6 2-4-.-2n /2n-l ‘"J 


i{„ < ...- 1 - A-3-;-(2n4 1) ^^^ SeeEx.l8,p.60,and Peirce's "Tables,”?. 62. 


pended between two points at the same level and at a distance I nearly equal to 
L, find the first approximation connecting i, i, and d, where d is the dip of the 
wire at its lowest point below the level of svipport. 

30. At its middle point the parabolic cable of a suspension bridge 1000 ft. long 
between the supports sags 50 ft. below the level of the ends, rind tlio length of 
the cable correct to inches. 


40. Some differential geometry. Suppose that between the incre- 
ments of a set of variables all of which depend on a vsingle variable t 
there exists an equation which is true except for infinitesimals of liigher 
order than /\t == dt^ then the equation will be exactly true for the differ- 
entials of the variables. Thus if 


f^x -j- Hh “b "j~ "b ^2 ~b ■ * ■ ~ ^ 

is an equation of the sort mentioned and if the coefficients are any func- 
tions of the variables and if infinitesimals of higher order 

than dt, the limit of 


•' Ai U ^ M 


is 

or 


dX toy ^ ^ 


dy 

dt 


dt 


fdx 4 * ydy + -b Idt = 0 ; 


and the statement is proved. This result is very useful in writing 
down various differential formulas of geometry where the approximate 
relation between the increments is obvious and where the true relation 
between the differentials can therefore be found. 

For instance in the case of the differential of arc in rectangular coor- 
dinates, if the increment of arc is known to differ from its chord by an 
infinitesimal of higher order, the Pythagorean theorem shows that the 
equation ^^2 _ ^^2 ^ ^^2 ^^2 _ ^^2 ^ ^ ^^2 

is true except for infinitesimals of higher order; and hence 

= dx^ dy^ or — dx^ -b dy’^ + d^, ( 7 ') 

In the case of plane polar coordinates, the triangle PP'N (see Fig.) 
has two curvilinear sides PP' and PN and is right- 
angled at N, The Pythagorean theorem may be 
applied to a curvilinear triangle, or the triangle may 
be replaced by the rectilinear triangle PP^N with 
the angle at N no longer a right angle but nearly so. In either way of 
looking at the figure, it is easily seen, that the equation -b 
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which the figure suggests differs from a true equation by an infinitesi- 
mal of higher ’order; and hence the inference that in polar coordinates 
ds^ = di^ -f 

The two most used systems of coordinates 
other than rectangular in space are the polar 
or sjdierical and the njlind.rioaL In the first 
the distance r = OF from the pole or center, 
the longitude or meridional angle and the 
colatitudo or polar angle ^ are chosen as coor- 
dinates ; in the second, ordinary polar coordinates r = OM and in 
the x 2 /-plane are combined with the ordinary rectangular z for distance 
from that plane. The formulas of transformation are 

= r cos r = 

z 

2 / = r sin 0 sin ^ = cos"' (8) 

y 

ic = r sin ^ cos <#> = tan ^ 

for polar coordinates, and for cylindrical coordinates they are 

z = z, ?/ = rsiii</), a; = rcos<^, r=Va;^-Py2, <j!» == tan”^'-* (9) 



Formulas such as that 
for the differential of 
arc may be obtained for 
these new coordinates by 
mere transformation of 
(7') according to the rules 
for change of variable. 
In both these cases, 
however, the value of 
ds may be found readily 
by direct inspection of 
the figure. The small 
parallelepiped (figure 
for polar case) of which 
As is the diagonal has 
some of its edges and 
faces curved instead of 




or ds^ ^ and dsi^ ^ di^ -\~ -\- dz^. (10') 

To make tlie proof complete, it 'would be necessary to show that noth- 
ing but inhnitesimals of higher orde r have been ne gleeted and it might 
actually be easier to transform doi? dif dz^ rather than give a 
rigorous demonstration, of this fact. Indeed the infinitesimal method is 
seldom used rigorously ; its great use is to make the facts so clear to the 
rapid worker that he is willing to take the evidence and omit the proof. 

In the plane for rectangular cobrdinates with rulings parallel to the 
y-axis and for polar coordinates with rulings issuing from the pole the 
increments of area differ from 


dA = ydx and dA — \ r^d<^ (11) 

respectively by infinitesimals of higher order, and 

A r ydx and A = ^ T 7^dd> (11') 

kJ Xo 

are therefore the formulas for the area under a curve and between two 
ordinates, and for the area between the curve and two radii. If the plane 
is ruled by lines parallel to both axes or by lines issuing from the pole 
and by circles concentric with the pole, as is customary for double inte- 
gration (§§ 131, 134), the increments of area differ respectively by 
infinitesimals of higher order from 

dA = dxdij and dA = rdrd<^y (12) 

and the formulas for the area in the two cases are 


A = lim ^,A ^^J'J'dA = J'J'dxdy, 
A = lim ==J^Jrdrd<j>, 


( 12 ') 


where the double integrals are extended over the area desired. 

The elements of volume which are required for triple integration 
(§§ 133, 134) over a volume in space may readily be written down, for 
the three cases of rectangular, polar, and cylindrical coordinates. In the 
first case space is supposed to be divided up by planes a, y = 

^ = c perpendicular to the axes and spaced at infinitesimal intervals ; in 
the second case the division is made by the spheres r = a concentric 
with the pole, the planes ^ $ through the polar axis, and the cones 

0 = c of revolution about the polar axis ; in the third case by the cylin* 
ders r^^ay the planes if> = b, and the planes z = c. The infinitesimal 


av = axayaz^ av ^ir sin (^aratpauy dv = rdrdtpd^ 
respectively by infinitesimals of higher order, and 


XCT"*'*' X(P sin $d7'dtj}d0, ^ ^ ^rdt'd^d^ 




( 13 ') 


are the formulas for the volumes. 

41. The direction of a line in space is represented by the three angles 
which the line makes with the positive directions of the axes or by the 
cosines of those angles, the direction cosines of the line. From the defi- 
nition and figure it appears that 


^ = cos ct = 


dx 

Is^ 


m = cos “ 


ds ’ 


n = cos V = 


dz 

ds 


(14) 


are the direction cosines of the tangent to the arc at the point; of the 
tangent and hot of the chord for the reason 
that the increments are replaced by the differ- 
entials. Hence it is seen that for the direc- 
tion cosines of the tangent the proportion 

I \ m : n = dx : dy : dz 

holds. The equations of a space curve are 
y = ^=h{t) 

in terms of a variable parameter t*. At the point z^) where 

* the equations of the tangent lines would then be 

(dx\ (dy\ (d»X /'(g y'(Q ^'(O ^ 

As the cosine of the angle 0 between the two directions given by the 
direction cosines I, m, n and I', m\ n' is 

cos d:=zlV yrm) -j- nn\ so IV -j- mm' -f- nrV = 0 (16) 

is the condition for the perpendicularity of the lines. Now if (x, jsj) 
lies in the plane normal to the curve at z^y the lines determined 
by the ratios x — i y — y^: z — z^ and (dx)^ : (dy )^ ; (dz)^ will be per- 
pendicular. Hence the equation of the normal plane is 

(* - a5j(cto)j + (y - y^{dy\ + (* - »^(dz\ = 0 

or /’(*'o)(*-*o) + S''(0(y-2'o) + ^*'(0(«-«o)==<^- (I’') 

* For the sake of generality the parametric form in t is assumed ; in a particular case a 
simplification might be made by taking one of the variables as t and one of the functions 
9\ h' would then be 1. Thus in Ex. 8 (€), y should be taken as U 







= 0 . 


There is one particular tangent plane, called the osculating plane, 
is of especial iin 2 )ortaiice. Let 


- =/'( 0 ^ + hr%)^ + U"\^)A r : 




with similar expansions for y and z, be the Taylor developments of 
X, y, z about the point of tangency. When these are substituted in the 
equation of the plane, the result is 


1 

2 










'tm 


/%) 


+ x 


m 



This expression is of course proportional to the distance from any point 
X, y, z of the curve to the tangent plane and is seen to be in general of 
the second order with resq)ect to r or ds. It is, however, possible to 
choose for X that value which makes the first bracket vanish. The tan- 
gent plane thus selected has the property that the distance of the curve 
from it in the neighborhood of the point of tangency is of the third order 
and is called the osculating plane. The substitution of the value of X gives 



y-Va 



x — x^ 

y-Vo 


m 
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= 0 or 

(^)o 

(dy\ 

i^^X 

/"(O 




mo 


mo 


or - i»d^y)^(x - + (c^s A - dxdJ^z)fy - ij^) 

+ (dxd^y — dyd?x)^(z - « j = 0 


as the equation of the osculating plane. In ca,SQf^'(Q =zg”(t^^ = /d\t^) = 0, 
this equation of the osculating plane vanishes identically and it is neces- 
sary to push the development further (Ex. 11). 

42. Tor the case of plane curves the cxcrvature is defined as the rate 
at which the tangent turns compared with the description of arc, that 
is, as d^ /ds if d<l} denotes the differential of the angle through which 
the tangent turns when the point of tangency advances along the curve 
by ds. The radius of curvature R is the reciprocal of the curvature, 
that is, it is ds/d<l>. Then 


d^=^d tan' 


-1^, 

dx 


d<l> ^d(f>dx 
ds dx ds 


y 


f2-|5 


f2‘l§ 




y 


(19) 


Hence dl^ + dm^ + dn^ = 2 — 2 cos d(j> = (2 sin -J- d<l>y, 


1 _ /c?c^Y f ^ i dH^ dm^ 4- dn^ 


^'2 _j. _|_ ^, 2 ^ (^ 9 ^) 


where accents denote differentiation with respect to s. 

The torsion of a space curve is defined as the rate of turning of the 
osculating plane compared with the increase of arc (that is, dy^tjds^ where 
dxj/ is the differential angle the normal to the osculating ifiane turns 
through), and may clearly be calculated by the same formula as the 
curvature provided the direction cosines X, Mj N of the normal to the 
plane take the places of the direction cosines I, m, n of the tangent line. 
Hence the torsion is 

? = (^J= (20) 

and the radius of torsion R is defined as the reciprocal of the torsion, 
where from the equation of the osculating plane 

L ^ M ^ N 
dyd^z — dzdd^y dzd^x — dxd?z dxd^y — dyiPx 

= 1 = • ( 20 ') 

Vsum of squares 

The actual computation of these quantities is somewhat tedious. 


The vectorial discussion of curvature and torsion (§ 77) gives a better insight 
into the principal directions connected with a space curve. These are the direction 
of the tangent^ that of the normal in the osculating plane and directed towards 
the concave side of the curve and called the principal normal^ and that of the 
normal to the osculating plane drawn upon that side which makes the three direc- 
tions form a right-handed system and called the binomial. In the notations there 
given, combined with those above, 

1 =z xi + yi zk^ t = Zi + mj + nk, c = Xi -f /aj + vk, n = Xi -i- -h iVk, 

where X, /i, v are taken as the direction cosines of the principal normal. Now dt 
is parallel to c and dn is parallel to — c. Hence the results 

dZ _ dm __ dn _ ds dX _ dM _ dN _ ^ 


( 21 ) 


Hence 


( 22 ) 


ac. 

(is 


— — ^c-anjn = — uxas i- iJias = - 

i 7^ dfA ^ m M dv 



formulas (22) are known as FreneVs Formulas ; they are usually written with — R 
in the place of R because a left-lianded system of axes is used and the torsion, being 
an odd function, changes its sign when all the axes are reversed. If accents denote 
differentiation by s, 
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EXERCISES 

1 . Show that in polar cobrdinates in the plane, the tangent of the inclination 
of the curve to the radius vector is rd<f>/dr, 

2. Verify (10), (10') by direct transformation of cobrdinates. 

3. Fill in the steps omitted in the text in regard to the proof of (10), (10') by 
the method of infinitesimal analysis. 

4 . A rhumb line on a sphere is a line which cuts all the meridians at a constant 

angle, say a. Show that for a rhumb line = tanad^* and ds = r sec add. 

Hence find the equation of the line, show that it coils indefinitely around the 
poles of the sphere, and that its total length is irr sec a. 

5. Show that the surfaces represented by = 0 and F(r, d) = 0 in polar 

coordinates in space are respectively cones and surfaces of revolution about the 
polar axis. What sort of surface would the equation F(r, 0) = 0 represent ? 

6 . Show accirrately that the expression given for the differential of area in 
polar cobrdinates in the plane and for the differentials of volume in polar and 
cylindrical codrdinates in space differ from the corresponding increments by in- 
finitesimals of higher order. 

7 . Show that rsin^ ~ are the direction cosines of the tangent to a 

ds ds ds ° 

space curve relative to the radius, meridian, and parallel of latitude. 

8. Find the tangent line and normal plane of these curves. 

(a) xyz = 1, y* = a; at (1, 1, 1), (/3) aj = cos y = sin^, z = kt, 

(7) 2a2/ = (5) x — t cosi, y =zisint, z = kt, 

(c) 2 / = — l — (f) + y^ =z a^, ^ 2 aaj = 0, 

9. Find the equation of the osculating plane in the examples of Ex. 8. Note 
that if X is the independent variable, the equation of the plane is 


'dy d^z 
Kdx dx-* 


0.“ - - (Six' - 


2: = 0 as its osculating plane at the origin. Show that 

X = tf'(0) + tV"(0) + . . . , tY'(0) + . . ■ , z = i + . . . 

will be the form of its Maclaurin development if t = 0 gives x = j/ = x = 0. 


11. If the 2d, 8d, • • • , (n — l)8t derivatives of /, g, h vanish for t but not 
all the nth derivatives vanish, show that there is a plane from which the curve 
departs by an infinitesimal of the (n + l)8t order and with which it therefore 
has contact of order n. Such a plane is called a hyperosculating plane. Find its 
equation. 

12. At what points if any do the curves (/3), (7), (c), (f), Ex. 8 have hyperoscu- 
lating planes and what is the degree of contact in each case ? 

13. Show that the expression for the radius of curvature is 

1 ^ I p - wh" - hvr + (h'f" -f'h'r + (f'g" - 

^ U'^ + ST* + 

where in the first case accents denote differentiation by a, in the second by t. 


14. Show that the radius of curvature of a space curve is the radius of curva- 
ture of its projection on the osculating plane at the point in question. 

15. From Frenet’s Formulas show that the successive derivatives of x are 


x' = 1, 






V 

m' 


\R' 




^ KR ’ 


where accents denote differentiation by s. Show that the results for y and z are 
the same except that wi, M or n, v, N take the places of 1, \ L, Hence infer 
that for the nth derivatives the results are 

x('0 = iPj 4. XP2 + XP3, = mPj + ixP^ 4 iifPg , «(«) = nPj 4 , 

where P^, Pg, Pg are rational functions of B and R and their derivatives by s. 


16. Apply the foregoing to the expansion of Ex. 10 to show that 




4 ■ 




2B 


R' 

5 

6P2 


3^ , 


where R and R are the values at the origin where 5 = 0, I = /jl = N := 1, and the 
other six direction cosines m, w, X, y, i, M vanish. Find s and write the expan- 
sion of the curve of Ex. 8 (7) in this form. 


17. Note that the distance of a point on the curve as expanded in Ex. 16 from 
the sphere through the origin and with center at the point (0, R, R'R) is 

V*2 + {y- + {z- B'Rf - 

_ (x^ 4 — 2 Py 4 2 R'^z) 

~ Vx2 '+ (y - iJ)2 +{z- B'Rp + VB* + ’ 

and consequently is of the fourth order. The curve therefore has contact of the 
third order with this sphere. Can the equation of this sphere be derived by a 
limiting process like that of Ex, 18 as applied to the osculating piano ’ 


consecutive points of the curve ; in fact it is easily shown that 
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19 . Express the radius of torsion in teniis of the derivatives of x, 2 /, 2 : by « 
(Ex. 10, p. 67). 

20 . Find the direction, curvature, osculating plane, torsion, and osculating 
sphere (Ex. 17) of the conical helix x = i cos i, y = ^ sin 2 : = at t = 2 tt. 


21 . Upon a plane diagram which shows As, Ax, Ay, exhibit the lines which 
represent ds, dx, dy under the different hypotheses that x, y, or s is the independ- 
ent variable. 



CHAPTER IV 


PARTIAL DIFFERENTIATION ; EXPLICIT FUNCTIONS 

43. Functions of two or more variables. The definitions and theo- 
rems about functions of more than one independent variable are to a 
large extent similar to those given in Chap. II for functions of a single 
variable, and the changes and difficulties which occur are for the most 
part amply illustrated by the case of two variables. The work in the 
text will therefore be confined largely to this case and the generalizar 
tions to functions involving more than two variables may be left as 
exercises. 

If the value of a variable % is uniquely determined when the values 
(a;, y) of two variables are known, % is said to be a function z =/(cc, t/) 
of the two variables. The set of values \_{x, y)] or of points P{x^ y) of 
the xy-plane for which z is defined may be any set, but usually consists 
of all the points in a certain area or region of the plane bounded by 
a curve which may or may not belong to the region, just as the end 
poin ts of an inte rval may or may not belong to it. Thus the function 
1/ Vi — — is defined for all points within the circle = 1, 

but not for points on the perimeter of the circle. For most purposes it 
is sufficient to think of the boundary of the region of definition as a 
polygon whose sides are straight lines or such curves as the geometric 
intuition naturally suggests. 

The first way of representing the function z = /(a?, y) geometrically 
is by the surface z = f(x, y), just as y =/(ic) was represented by a curve. 
This method is not available for u =/(aJ, y, a function of three vari- 
ables, or for functions of a greater number of variables ; for space has 
only three dimensions. A second method of representing the function 
^ = f(xj y) is by its contour lines in the ajy-plane, that is, the curves 
f(xj y) = const, are plotted and to each curve is attached the value of 
the constant. This is the method employed on maps in marking heights 
above sea level or depths of the ocean below sea level. It is evident that 
these contour lines are nothing but the projections on the ccy-plane 
of the curves in which the surface z^f(x, y) is cut by the planes 
z = const. This method is applicable to functions u = f(x, y, z) of 
three variables. The contour surfaces u = const, which are thus obtained 
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are frequently called equipotential surfaces. If the function is single 
valued, the contour lines or surfaces cannot intersect one another. 

The function z — f(x, f) is continuous for (r;., h) when either of the 
following equivalent conditions is satisfied: 

1°. lim/(a;, y) =/(a, h) or lim/(5r, y) =/(lima*, liiu y), 
no matter hoio the variable point P(Xf y) approarhe.s (uj b). 


2°. If for any assigned c, a number 8 may be found so that 
l/(cc, y) — /(a, I < c when |a? — a | < 8, | y | < 8. 
Geometrically this means that if a square with (a, li) as center and 


11 




l/(a,W 


with sides of length 2 8 parallel to the axes be drawn, 
the portion of the surface z=^f{x, y) above the 
square will lie between the two planes z^fi^a^ b^^c. 

Or if contour lines are used, no line /(sc, y) = const, 
where the constant differs from /((X, b) by so much 
as € will cut into the square. It is clear that in place 
of a square surrounding (a,, b) a circle of radius 8 or any other figure 
which lay within the square might be used. 


35 



/{a,h 


44 . Continuity examined. From the definition of continuity just given aiul 
from the corresponding definition in § 24, it follows that if /(x, y) is a continuous 
function of x and y for (a, h), then/(x, h) is a continuous function of x for x = a 
and /(a, y) is a continuous function of y for y — h. That is, if / is continuous in 
X and y jointly, it is continuous in x and y severally. It might be thought that 
conversely if /(x, b) is continuous for x = a and /(a, y) for y = ?), /(x, y) would 
be continuous in (x, y) for (a, 6). That is, if f is continuous in x and y severally, 
it would be continuous in x and y 


jointly. A simple example will show 
that this is not necessarily true. Con- 
sider the case 


V)=- 


x + y 

/(O, 0) = 0 

and examine z for continuity at 
(0, 0). The functions /(x, 0) — x, 
and/(0, y)~y are surely continuous 



in their respective variables. But the surface z = /(x, y) is a conical surface (except 
for the points of the 2 :-axis other than the origin) and it is clear that P (x, y) may 
approach the origin in such a manner that z shall approach any desired value. 
Moreover, a glance at the contour lines shows that they all enter any circle or 
square, no matter how small, concentric with the oriarin. If P annroaches the orierin 
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Double limits. There often arise for considei-ation expressions like 


oy 


Urn riiin fix, y)!, 
y==6 La;==a J 


Urn r Urn f(x, 3 /)“l, 
x = o L|/»6 • J 


( 1 ) 


where the limits exist whether z first approaches its limit, and then y its limit, or 
vice versa, and where the question arises as to whether the two limits thus obtained 
are equal, that is, whether the order of taking the limits in the double limit may 
be interchanged. It is clear that if the function /(aj, y) is continuous at (a, the 
limits approached by the two expressions will be equal; for the limit of f(x, y) is 
/(«, h) no mattei* how (x, y) approaches (a, b). If / is discontinuous at (a, b), it 
may still happen tliat the order of tlie limits in the double limit may be inter- 
changed, as was true in the case above where the value in either order was zero ; 
but this cannot be affirmed in general, and special considerations must be applied 
to each case when /is discontinuous. 

Varieties of regions.* For both pure mathematics and physics the classification 
of regions according to their connectivity is important. Consider a finite region R 
bounded by a curve which nowhere cuts itself. (For the present 
purposes it is not necessary to enter upon the subtleties of the 
meaning of curve’’ (see §§ 127-128); ordinary intuition will 
suffice.) It is clear that if any closed curve drawn in this region 
had an unlimited tendency to contract, it could draw together 
to a point and disappear. On the other hand, if R' he a region 
like R except that a portion has been removed so that R' is 
bounded by two curves one within the other, it is clear that 
some closed curves, namely those which did not encircle the 
portion removed, could shrink away to a point, whereas other 
closed curves, namely those which encircled that portion, could 
at most shrink down into coincidence with the boundary of that 
portion. Again, if two portions are removed so as to give rise 
to the region R", there are circuits around each of the portions 
which at most can only shrink down to the boundaries of those 
portions and circuits around both portions which can shrink down to the bounda- 
ries and a line joining them. A region like R, where any closed curve or circuit 
may be shrunk away to notlung is called a simply connected region ; whereas regions 
in which there are circuits which cannot be shrunk away to nothing are called 
multiply connected regions. 

A multiply connected region may be made simply connected by a simple device 
and convention. For suppose that in R' a line were drawn connecting the two 
bounding curves and it were agreed that no curve or circuit drawn within R' should 
cross this line. Then the entire region would be surrounded by a 
single boundary, part of which would be counted twice. The figure 
indicates the situation. In like manner if two lines were drawn in 
R'' connecting both interior boundaries to the exterior or connecting 
the two interior boundaries together and either of them to the outer 
boundary, the region would be rendered simply connected. The entire region 
would have a single boundary of which parts would be counted twice, and any 
circuit which did not cross the lines could be shrunk away to nothing. The lines 
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thus drawn in the region to make it simply connected are called cuts. There is 
need that the region be finite ; it might extend off indefinitely in some directu 
like the region between twc^parallel lines or between the sides of an angle, or 1: 
the entire half of the icy-plane for which y is positive. In such cases the cuts n 
be drawn either to the boundary or off indefinitely in such a way as not to m 
the boundary. 

45. Multiple valued functions. If more than one value of z corresponds to 
pair of values (a, y), the function % is multiple valued, and there are some nc 
worthy differences between multiple valued functions of one variable and of seve 
variables. It was stated (§ 23) that multiple 
valued functions were divided into branches ^ 
each of which was single valued. There are 
two cases to consider when there is one vari- 
able, and they are illustrated in the figure. 

Either there is no value of x in the interval 
for which the different values of the function 
are equal and there is consequently a number ^ 

D which gives the least value of the difference 
between any two branches, or there is a value of x for which different branc 
have the same value. Now in the first case, if x changes its value continuously i 
if/(aj) be constrained also to change continuously, there is no possibility of pass 
from one branch of the function to another ; but in the second case such chang 
possible for, when x passes through the value for which the branches have the ss 
value, the function while constrained to change its value continuously may turr 
onto the other branch, although it need not do so. 

In the case of a function =/(x, y) of two variables, it is not true that if 
values of the function nowhere become equal in or on the boundary of the reg 
over which the function is defined, then it is impossible to pass continuously f: 
one branch to another, and if P (x, y) describes any 
continuous closed curve or circuit in the region, the 
value of /(», y) changing continuously must return to 
its original value when P has completed the descrip- 
tion of the circuit. For suppose the function z be a 
helicoidal surface z = atan-"i(y/x), or rather the por- 
tion of that surface between two cylindrical surfaces 
concentric with the axis of the helicoid, as is the case 
of the surface of the screw of a jack, and the circuit 
be taken around the inner cylinder. The multiple num- 
bering of the contour lines indicates the fact that the 
function is multiple valued. Clearly, each time that 
the circuit is described, the value of z is increased by the amount between the 
cessive branches or leaves of the surface (or decreased by that amount if the cii 
is described in the opposite direction). The region here dealt with is not sir 
connected and the circuit cannot he shrunk to nothing — which is the key to 
situation. 

Theorem. If the difference between the different values of a continuous i 

tirvle VflhiP.rt fimp.tinn ir nfiVftT less than a. fi-nitp. mim'hpr T) for sp.t (r.. i 




wiuuu uc hujluhk lu iiubiimg, uumpicLBs bne cnuuib anu iBLurns to its starting 
point. 

Now owing to the continuity of / throughout the region, it is possible to find a 
number 5 so that \f{x^ y) —f{x\ 2/')|<e when |x — x"|<5 and |y — 2/'|<5 no matter 
what points of the region (a;, y) and {x\ y') may be. Hence the values of / at any 
two points of a small region which lies within any circle of radius 1 5 cannot differ 
by so much as the amount H. If, then, the circuit is so small 
that it may be inclosed within such a circle, there is no possi- 
bility of passing from one value of / to another when the circuit 
is described and / must return to its initial value. Next let 
there be given any circuit such that the value of / starting from 
a given value /(», y) returns to that value when the circuit has 
been completely described. Suppose that a modification were 
introduced in the circuit by enlarging or diminishing the inclosed area by a small 
area lying wholly within a circle of radius \ 5. Consider the circuit ABODE A and 
the modified circuit ABC'DEA, As these circuits coincide except for the arcs BCD 
and BC'D^ it is only necessary to show that/ takes on the same value at D whether 
D is reached from B by the way of C or by the way of O'. But this is necessarily 
so for the reason that both arcs are within a circle of radius J 5. 

Then the value of / must still return to its initial value /(«, y) 
when the modified circuit is described. Now to complete the 
proof of the theorem, it suffices to note that any circuit which 
can be shrunk to nothing can be made up by piecing together a 
number of small circuits as shown in the figure. Then as the 
change in / around any one of the small circuits is zero, the change must be zero 
around 2, 3, 4, • • • adjacent circuits, and thus finally around the complete large 
circuit. 

Reducibility of circuits. If a circuit can be shrunk away to nothing, it is said to 
be reducible ; if it cannot, it is said to be irreducible. In a simply connected region 
all circuits are reducible ; in a multiply connected region there are an infinity of 
irreducible circuits. Two circuits are said to be eguivalent or reducible to each 
other when either can be expanded or shrunk into the other. The change in the 
value of / on passing around two equivalent circuits from A to A 
is the same, provided the circuits are described in the same direc- 
tion. For consider the figure and the equivalent circuits AC A 
and AC' A described as indicated by the large arrows. It is clear 
that either may be modified little by little, as indicated in the 
proof above, until it has been changed into the other. Hence the 
change in the value of / around the two circuits is the same. Or, as another proof, 
it may be observed that the combined circuit AC AC' A, where the second is 
described as indicated by the small arrows, may be regarded as a reducible circuit 
which touches itself at A, Then the change of / around the circuit is zero and / 
must lose as much on passing from A to A by C' as it gains in passing from A to 
A hy C. Hence on passing from A to A by C' in the direction of the large arrows 
the gain in / must be the same as on passing by G. 

It is now possible to see that any circuit ABC may be reduced to circuits around 
the portions cut out of the region combined with lines going to and from A and the 
boundaries. The figure shows this; for the circuit ABC'BADC"DA is clearly 






/ on passing around the irreducible circuit BC'B. One of the 
cases which arises most frequently in practice is that in 
which the successbe branches of /(x, y) differ by a constant 
amount as in the case z = tan”^(3//x) where 27r is the differ- 
ence between successive values of z for the same values of the 
variables. If now a circuit such as ABG'BA be considered, where it is iinagiiied 
that the origin lies within BG'B, it is clear that the values t)f z along AB and 
along BA difier by 2-^, and whatever z gains on passing from A to 
B will be lost on passing from B to A, although the values thrcrngh 
which z changes will be different in the two cases by the amount 
27r. Hence the circuit ABC'BA gives the same changes for z as 
the simpler circuit BC'B. In other words the result is obtained 
that if the different values of a multiple valued function for the same 
values of ike variables differ hy a constant independent of the values of 
the variables^ any circuit may be reduced to circuits about the bound- 
aries of the portions removed; in this case the lines going from the point A to th( 
boundaries and back may be discarded. 




EXERCISES 

1. Draw the contour lines and sketch the surfaces corresponding to 






Z(0, 0)=:0. 


Note that here and in the text only one of the contour lines passes through thi 
origin although an infinite number have it as a frontier point between two part 
of the same contour line. Discuss the double limits Urn lim lim lim %» 

a; = 0 y = 0 w = 0 a::=0 

2. Draw the contour lines and sketch the surfaces corresponding to 


(or) z = 


- 1 


W 2 = ^, 

X 


{y) z- 


_ H- 2y^ — 1 


Examine particularly the behavior of the function in the neighborhood of tl 
apparent points of intersection of different contour lines. Why apparent ? 

3. State and prove for functions of two independent variables the generalizi 
tions of Theorems 6-11 of Chap. II. Note that the theorem on uniformity is prove 
for two variables by the application of Ex. 9, p. 40, in almost the identical maiin< 
as for the case of one variable. 

4. ^ Outline definitions and theorems for functions of three variables. In parti 
ular indicate the contour surfaces of the functions 


x-y-z’ + 




and discuss the triple limits aax,y,z in different orders approach the origin. 

5. Let 2 _ P(x, y)/Q{ie, y), where P and Q are polynomials, he a rational fui 
tion of I and y Show that if the curves P = 0 and Q = 0 intersect in any poin 
all the contour lines of z will converge toward these points ; and conversely sb 


that if two different contour lines of z apparently cut in some point, all the contour 
lines will converge toward that point, P and Q will there vanish, and z will be 
undefined. 

6. If Z> is the minimum difference between different values of a multiple valued 
function, as in the text, and if the function returns to its initial value plus 
when P describes a circuit, show that it will return to its initial value plus 
when P describes the new circuit formed by piecing on to the given circuit a small 
region which lies within a circle of radius J 5, 

7, Study the function z = tan^^(y/x), noting especially the relation between 
contour lines and the surface. To eliminate the origin at which the function is not 
defined draw a small circle about the point (0, 0) and observe that the region of 
the whole x 2 /-plaue outside tlxis circle is not simply connected but may be made so 
by drawing a cut from the circumference off to an infinite distance. Study the 
variation of the function as P describes various circuits. 


8. Study the contour lines and the surfaces due to the functions 

“ ^ - — — (y) z = sin- 1 (x — 2 /). 


(u) z = tan- 1 (j3) z = tan- 




Cut out the points where the functions are not defined and follow the changes in 
the functions about such circuits as indicated in the figures of the text. How may 
the region of definition be made simply connected ? 


9. Consider the function z = tan~ ^(P/Q) where P and Q are polynomials and 
where the curves P = 0 and Q = 0 intersect in n points (a^, 6^), (a^, • • • , (a„, h„) 

but are not tangent (the polynomials have common solutions whieh are not mul- 
tiple roots). Show that the value of the function will change by 2k7r if (x, y) 
describes a circuit which includes k of the points. Illustrate by taking for P/Q 
the fractions in Ex. 2. 


10. Consider regions or volumes in space. Show that there are regions in which 
some circuits cannot be shrunk away to nothing ; also regions in which all circuits 
may be shrunk away but not all closed surfaces. 


46. First partial derivatives. Let ^ — /(a?, y) be a single valued 
function, or one branch of a multiple valued function, defined for (a, h) 
and for all points in the neighborhood. If y be given the value h, 
then z becomes a function /(a?, h) of x alone, and if that function has a 
derivative for x = a, that derivative is called the partial derivative of 
z —/(x, y) with respect to x at (a, h). Similarly, if x is held fast and 
equal to a and if /(a, y) has a derivative when y = that derivative is 
called the partial derivative of ^ with respect to-y at (a, h). To obtain 
these derivatives formally in the case of a given function /(cc, y) it is 
merely necessary to differentiate the function by the ordinary rules, 
treating y as a constant when finding the derivative with respect to x 
and cc as a constant for the derivative with respect to y. Notations are 

df dz ^ ^ /dz\ 


derivatives are the limits of the quotients 

^ /(a, b + k) -f{a, h) ^ 

A 1=0 A ^ ' 

provided those limits exist. The application of the Theorem of the 
Mean to the functions f(x, b) and f(a, y) gives 

f(a + h,b)—f(a,b) = hf'^{a + e^h,h), 0 < < 1 , 

f(a, b + k)- f{a, b) = hf; (a, b + $Jc), 0<$^<1, 

under the proper but evident restrictions (see § 26). 

Two comments may tie made. First, some writers denote the partial derivatives 
hy the same symbols dz/dx and dz/dy as if z were a function of only one variable 
and were differentiated with respect to that variable ; and if they desire especially 
to call attention to the other variables which are held constant, they affix them as 
subscripts as shown in the last symbol given (p, 93). This notation is particularly 
prevalent in thermodynamics. As a matter of fact, it would probably be impos- 
sible to devise a simple notation for partial derivatives which should be satisfac- 
tory for all purposes. The only safe rule to adopt is to use a notation which is 
sufficiently explicit for the purposes in hand, and at all times to pay careful atten- 
tion to what the derivative actually means in each case. Second, it should be noted 
that for points on the boundary of the region of definition of /(x, y) there may he 
merely right-hand or left-hand partial derivatives or perhaps none at all. For it 
is necessary that the lines y = h and x = a cut into the region on one side or the 
other in the neighborhood of (a, 6) if there is to be a derivative even one-sided ; 
and at a comer of the boundary it may happen that neither of these lines cuts 
into the region. 

Theorem. If f(x, y) and its derivatives and /' are continuous func- 
tions of (x, y) in the neighborhood of (a, h), the increment A/ may be 
written in any of the three forms 

V = /(» + A, 6 + A) — /(a, h) 

= A/'(a. + b) + {a + h,b + Ojc) . 

= hf,{a + eh,b + ek) + kfy(a + eh,h + $k) 

— + fiA + fjA, 

where the 6’s are proper fractions, the ^’s infinitesimals. 

To prove the first form, add and subtract /(a + ^, &) ; then 

Af=: If {a -f- h, b) -./(«, &)] + [/{a. ^ h, b k) ^ f (a + h, b)] 

= hfx {<^ + (a -h b + $jc) 

by the application of the Theorem of the Mean for functions of a single variable 
(§§ 7, 26). The application may be made because the function is continuous and 
the indicated derivatives exist. Now if the derivatives are also continuous, they 
may be expressed as 

/;(a + Ofi, b) :=f'(a, b) /;(a + b + h) + 



Hence the third form follows from the first. The second form, which is symmetric 
in the increments /i, A:, may be obtained by writing x — a-\-ih and 2 / = 6 + i/c. 
Then /(x, y) = As / is continuous in (x, y), the function 4> is continuous in i 

and its increment is 

= f{a + t Ath, 5 + i + Atk) —f{a + i/i, & + tk). 

This may be regarded as the increment of / tahen from the point (x, y) with At • h 
and At-k as increments in x and y. Hence A4> may be written as 

= At • hf^ (a + & + tk) + At • kf' {a + 6 + tk) -f- j^iAt • h + ^^At • k. 

Now if A^ be divided by At and At be allowed to approach zero, it is seen that 

liin^ = hf'(a + th,b + tk) + kf'(a + & + tk) = 

The Theorem of the Mean may now be applied to ^ to give »i» (1) — ^ (0) = 1 • 
and hence 

(1) - ^ (0) =:/(a + h,h + k) -f(a, h) 

= A/ = hf^ {a + 6 4 - Ok) -f kf' {a + 6 + Ok), 

47 . The partial differentials of /may be defined as 

dff = so that dx = Ax, 

so that dy = Ay, 

where the indices x and y introduced in dff and dff indicate that x and 
y respectively are alone allowed to vary in forming the corresponding 
partial differentials. The total differential 

df=dj+dj^^£dx + ^^dy, ( 6 ) 

which is the sum of the partial differentials, may be defined as that 
sum ; but it is better defined as that part of the increment 

which is obtained by neglecting the terms f^Ax + f^Ay, which are of 
higher order than Ax and Ay. The total differential may therefore be 
computed by finding the partial derivatives, multiplying them respec- 
tively by dx and dy^ and adding. 

The total differential of » = /(x, y) may be formed for (x^, y^) as 

where the values x — x^ and y — y^ are given to the independent differ- 
entials dx and dy, and df = d^ is written as ^ — z^. This, however, is 


dx dx 
dy dy 


( 5 ) 


A/ — df which measures the distance from the plan e to the s urface 
along a parallel to the ^j-axis is of higher order than VaxM^Ta^ ; for 


^f-df 


+ iAy 

VAx^ + Ay^ 


VAx^ + Ay"^ 


<li,l+l4l = o. 


Hence the plane (8) will be defined as the tangent plane at 
to the surface ^ = /(», y). The normal to the plane is 


y-Jk 






-1 


( 9 ) 


which will be defined as the normal to the s^ivface at z^. The 

tangent plane will cut the planes y = y^ and x = in lines of which 
the slope is and The surface will cut these planes in curves 
which are tangent to the lines. 

In the figure, PQSR is a portion of the 
surface z =/(», y) and PT^TT'^ is a cor- 
responding portion of its tangent plane 
at P(x^y y^, ^q). Kow the various values 
may be read off. 

P^Q - A,/, 

P"R == \f, 

P"T" = d,f, 

N'S = A/, 


PP' = Ax, 
p’r'/pp' =/;, 
PP" = Ay, 
p"T"/pp" =/;, 
P'T' + P"T" — N'T, 


N'T^df=^dJ+dJ. 



48.J[f the variables x and y are expressed as x = ff)(t) and y = 
so that /(x, y) becomes a function of t, the derivative of f with respect 
to t is found from the expression for the increment of f. 


or 


A/ ^ y Ax a/ Ay Ax Ay 
A^ dx At dy At ' A^ ^ Af 

lim ^ = ^ = + 

At dt dx dt dy dt 


( 10 ) 


The conclusion requires that x and y should, have finite derivatives with 
respect to U The differential of / as a function of t is 


df 


' dt^~ dx dt^^ ^ dy dt ~ dx^ ^ dy ^ 


and hence it appears that the differential has the same form as the total 
differential This result will be generalized later. 



ljUO TWO, uy = OllJ. TU,if V'*'""/ 


df dx , df dy „ . 

df.s* oy ds " 


The derivative (13) is called tlie directional dcrlmtlvc of/ in the direc- 
tion of the line. The partial derivatives /^, /,' are the particular direc- 
tional derivatives along the directions of the a*-axis and 2/-axis. The 
directional derivative of/ in any direction is the rate of increase of 
/ along that direction ; if ?: = f{Xy y) be inter- 
preted as a surface, the directional derivative is 
the slope of the curve in which a plane through 
the line (12) and perpendicular to the a^y-plane 
cuts the surface. If /(ic, y) be represented by 
its contour lines, the derivative at a point 
(x, y) in any direction is the limit of the ratio 

— AC /As of the increase of /, from one contour line to a neigh- 
boring one, to. the distance between the lines in that direction. It is 
therefore evident that the derivative along any contour line is zero and 
that the derivative along the normal to the contour line is greater than 
in any other direction because the element dn of the normal is less than 
ds in any other direction. In fact, apart fiom infinitesimals of higher 




Hence it is seen that the derivative along any direction may he found 
by multiplying the derivative along the normal by the cosine of the angle 
between that direction and the normal. The derivative along the normal 
to a contour line is called the normal derivative of / and is, of course, 
a function of (x, y). 

49. IsText suppose that u =f(Xj y, • • •) is a function of any number 
of variables. The reasoning of the foregoing paragraphs may be 
repeated without change except for the additional number of variables. 
The increment of / will take any of the forms 

+ h,h c^l, •) —fia, ^ c, . • •) 

== c, • • 0 + ^/izX^ “f ^ 4- • . •) 

4 If'z (a hy h 1c, c ^gZ, . . .) -p . . . 

= U^fx 4 hfy + lfz-\- ’• Oa + tfA.ft + tfr'.c+W,... 

= hfx 4 ¥; 4 z/' 4 • •• 4 f/ 4 Qc -f CgZ -f 


( 16 ) 




and finally if Xyy^^y "• be functions of t, it follows that 

a/% a/^ 

dt dx dt dy dt dz dt 


(17) 


and the differential of / as a function of t is still (16). 

If the variables Xy yyZy • • • were expressed in terms of several new 
variables ?•, 5, • • •, the function / would become a function of those vari- 
ables. To find the partial derivative of / with respect to one of those 
variables, say r, the remaining ones, 5 , • • •, would be held constant and 
/ would for the moment become a function of r alone, and so would x, 
Vy^y"'* Hence (17) may be applied to obtain the partial derivatives 


and 


r I I 

dr dx dr dy dr dz dr 


ds dx ds dy ds d» ds 


etc. 


(18) 


These are the formulas for change of variable analogous to (4) of § 2. 
If these equations be multiplied by Ar, A^, • ♦ • and added, 




OX \ or os 


or 






for when r, s, . • • are the independent variables, the parentheses above 
are dxy %, dzy • • • and the expression on the left is df 

Theorem. The expression of the total differential of a function of 

Xy y, Zy - as df=^f^dx -f fydy + f'^dz -f is the same whether x, y, 

3^, • • • are the independent variables or functions of other independent 
variables r, 5 , • • • j it being assumed that all the derivatives which occur, 
whether of / by cc, y, • • • or of x, y, • by r, s, • • •, are continuous 
functions. 

Ey the same reasoning or by virtue of this theorem the rules 


d (c^C) = cdUy d(%i -\-v — tv) du dv — dwy 

j/ \ j i 7 7 /w\ vdu’—udv 

a (uv) =5 udv vdUy ~ I == 5 j 

\vj ir 


(19) 


of the differential calculus will apply to calculate the total differential 
of combinations or functions of several variables. If by this means, or 
any other, there is obtained an expression 



( 21 ) 


c._2/ 

For in the equation r//= Pulr i^ds Tdt-\ f'dS'^-fidt-] , 

the variablevS s, t, • • •, being independent, may be assigned increments 
absolutely at pleasure and if the particular choice c?r = 1, cZs = dif = • • • = 0, 
be made, it follows that R z=f'- and so on. The single equation (20) is 
thus equivalent to the equations (21) in number equal to the number of 
the independent variables. 

As an example, consider the case of the function tan-^ (y/x). By the rules (19) 

y . 


Then 


dtan“i^ ^ ^ (y/^) ^ ^y/^ - ^ 

X 1 + {y/xY 

dx 


1 + {y/xY xP- + 1/2 

dy X x2 + 1/2 


X x2 4- 1/5 

If y and x were expressed as y = sinh rsi and x = cosh rst^ then 

d tan- ~b d- rsdt] [cosh^rst — sinh^rst] 
X x2 + 1/2 cosh2r8t + sinh2rst 

df _ St df_ rt df __ rs 


by (20)-(21). 


and 


dr cosh 2 rst 


ds cosh 2 rst 


dt cosh 2 rst 


EXERCISES 

1 . Eind the partial derivatives f', f' or /^, f', f' of these functions : 
(or) log(x2 + i/2), (/3) cos 2/ sin (7) x2+3xi/ + i/®, 


(«) 


(>j) sin- 


xy 

5C+ 2/' 

1^. 


(0 


4- 6 


z ^ 


(f) log (sin X 4“ sin22/ 4 . siiPz), 

(0 tanh-iV2 (^ -y±I f± ^)^. 

W 4-^2 4. 22/ 


2. Apply the definition (2) directly to the following to find the partial deriva- 
tives at the indicated points ; 

(“) 1), 


(«) 


X 4 y 

x—y 


(/3) x2 4- 3 xy 4- at (0, 0), and (7) at (1, 1), 
at (0, 0); also try differentiating and substituting (0, 0), 


x^y 

3. Find the partial derivatives and hence the total differential of ; 


(^) 


X2 4. 1/2 


()3) xlogyz, 


(7) Va2 — x 2 — 2/2, 


^ / TT \ 

(5) 6-* sin 2 /, (c) es'^sinhxy, (0 logtanfx 4- jyj> 

/3x . /r7^\ 


iv) 




X— y 
X 4 - 


surfaces and find the equations of the plane and line foi the indicated (®o, y ^) : 


(or) the helicoid z = k tan- ^ {y/x)^ 
(j3) the paraboloid 4pz = {x^ + y^)y 
(7) the hemisphere z = Va^ — x* — 
(6) the cubic xyz = 1, 


( 1 , 0 ), ( 1 , - 1 ), ( 0 , 1 ), 

(0,p), (2p, 0), (p, -p), _ 

(0, - Ja), (Ja, Jo), (jVSa, 0), 
(1, 1, 1), (- i, - J, 4), (4, J, J). 


5. Find the derivative with respect to i in these cases by (10) : 

(a) / = x® + X = a cos y = 6 sin (p) tan- ^ , y = cosh i, x = sinh 

(7) sin- ^ (x — p), X = 3 y = 4 (5) cos 2 xp, x = tan- ^ 3/ = cot- ^ t. 


6 . Find the directional derivative in the direction indicated and obtain its 
numerical value at the points indicated : 

(a) xV, r = 46°, (1, 2), (/3) sin^xp, r = 60°, (Vs, - 2). 

7. (a) Determine the maximum value of df/ds from (13) by regarding r as 
variable and applying the ordinary rules. Show that the direction that gives the 


maximum is 


T= tan->:p^, 

Jx 




(/3) Show that the sum of the squares of the derivatives along any two perpen- 
dicular directions is the same and is the square of the normal derivative, 

8 . Show that (4' + and {f^y' “4')/’^^ + 2''“ are the deriva- 

ives of /along the curve 2/ = ^ (x) and normal to the curve. 


9. If df/dn is defined by the work of Ex. 7 (<ar), prove (14) as a consequence. 

10. Apply the formulas for the change of variable to the following cases : 

(a) r = Find 

' ' * ex dy Wdx/ \ByJ 


(/3) X = r cos y = r sin 0. 


Find 


dr 00 
du 


\0r/ r2\00/ 


(7) X = 2r — 3s + 7, y =— r 4* 8s — 9r Find — = 4x -|- 2y if it = x® — y2. 

dr 


lx = X' cosnr- 2,'ain cr, 

= « snia + y'cosor. \ex/ \dy/ \Sx'/ \By') 

(e) Prove = 0 if f{u, v) =f{x-y,y-x). 

OX oy 

(^) Let X = ox' + + cz\ y = a'x' + h'y' + c'z% z = a"x' + 6"y' + where 

6, c, a\ b'j c', a'% b'% c" are the direction cosines of new rectangular axes with 
respect to the old. This transformation is called an orthogonal tran^ormation. Show 



11 . Define directional derivative in space j also normal derivative and estab- 
lish (14) for this case. Find the normal derivative of /= xyz at (1, 2, 3). 

12 . Find the total differential and hence the partial derivatives in Exs. 1, 3, and 

{a) log(x2 + y2 + 2;a)^ (/3) y/x, (7) x^y(^y\ (5) xyzlogxy^:. 



\7}) a = X z= lug vr-* i- 2/ = vAii- ^ \s/r). 


i^ma w,., Ug. 


13. If ^ 


c>!7 „ . 8/ S'? , 8/ 1 aff , 1 3 / 83 ^ , 

~ and — = ^7 show — z= — - and - — = ^ if r. <pd,vQ polar 

dx dy dy dx dr r r d<t> dr 


codrdiTiates and /, g are any two functions. 


14. If j>(z, y, z, t) is the pressure in a fluid, or p{x, y, z, t) is the density, depend- 
ing on the position in the fluid and on the time, and if u, 1 ?, w are tlie velocities of 
the particles of the fluid along the axes, 


dp dp dp ^ dp dp , dp dp , dp ^ Sjo , dp 
dt dx dy dz dt dt dx dy dz dt 


Explain the meaning of each derivative and prove the formula. 


15. If z = xy^ interpret z as the area of a rectangle and mark d^z^ t^yZ^ Az on the 
figure. Consider likewise u = xyz as the volume of a rectangular parallelepiped. 

16. Small errors. If /(x, y) be a quantity determined by measurements on x 
and y, the error in / due to small errors cix, dy in x and y may be estimated as 
df = f^dx fydy and the relative error may be taken as d/ -7- / = d log/. Why 
is this ? 

(a) Suppose iS = ^ a6 sin C be the area of a triangle with a = 10, 6 = 20, (7 = 30°. 
Find the error and the relative error if a is subject to an error of 0.1. Ans. 0.5, 

{^) In (a) suppose C were liable to an error of 10' of arc. Ans, 0.27, 1%, 

(y) If a, b, C are liable to errors of 1%, the combined error in 5 may be 3.1%. 

(5) The radius r of a capillary tube is determined from 13.67rr^i = lo by find- 
ing the weight w of a column of mercury of length I, If w = 1 gram with an error 
of 10- ® gr. and I = 10 cm. with an error of 0.2 cm., determine the possible error 
and relative error in r, Ans, 1.05%, 6 x 10-^, mostly due to error in 1. 

(c) The formula — 2 06 cos O is used to determine c where a — 20, 

6 = 20, C = 60° with possible errors of 0.1 in a and b and 30' in C. Find the possible 
absolute and relative errors in c. Ans. I, 1\%, 

(f) The possible percentage error of a product is the sum of the percentage 
errors of the factors. 

(ij) The constant g of gravity is determined from gf = 2 si-® by observing a body 
fall. If s is set at 4 ft. and t determined at about J sec., show tliat the error in g 
is almost wholly due to the error in i, that is, that s can be set very much more 
accurately than t can be determined. For example, find the error in t which would 
make the same error in g as an error of J inch in. s. 

(d) The constant g is determined by gi® = tH with a pendulum of lengtli I and 
period t. Suppose t is determined by taking the time lOO sec. of 100 beats of the 
pendulum with a stop watch that measures to J sec. and that I may be measured 
as 100 cm. accurate to J millimeter. Discuss the errors in g. 


17. Let the coordinate aj of a particle be x q^) ^^-rid depend on two 

variables q^. Show that the velocity and kinetic energy are 


Jgi 


dt 


T = J mv^ = ajiVi® + 2 + ‘^22^2^ 


Show — = — , 1 = 1,2, and similarly for any number of variables q. 
dqi 

18. The helix x = a cosi, y = a sin s 5 = ai tan a cuts the sphere x® + + 2^ = 

a* sec^jS at sin- ^ (sin (x sin /3) . 


19. Apply the Theorem of the Mean to prove that /(x, 2 /, z) is a constant if 
f' = 0 is true for all valne.s of x, y, z. Compare Theorem 16 (§ 27) and 
make the statement accurate. 


coordinates (§ 40). 


to (a) cylindrical and (p) polar 


21. Find the angle of intersection of the helix x =: 2 cosi, y 2 sin z = t and 
the surface xyz = 1 at their first intersection, that is, with 0 < t J tt. 


22. Let/, g^hhQ three functions of (x, y,z). In cylindrical coordinates (§ 40) 
form the combinations F = /cos ^ sin 0, (? = — /sin <f> + g cos <f>^ H zz h. Trans- 

^ ' dx dy dz dy dz ^ ^ dx dy 

to cylindrical coordinates and express in terms of F, (?, JT in simplest form. 


23. Given the functions and (zy)^ and z^y^. Find the total differentials and 
hence obtain the derivatives of and (x=*)^ and 


50. Derivatives of higher order. If the first derivatives be again 
differentiated, there arise four derivatives /^, fy^ of the second 

order, where the first subscript denotes the first differentiation. These 
may also be written 



dydx ’ 




where the derivative of df/dy with respect to x is written dyjdxdy 
with the variables in the same order as required in DJDyf and opposite 
to the order of the subscripts in /y'. This matter of order is usually of 
no importance owing to the theorem : If the derivatives fy have 
derivatives f'^yy f'^ which are continuoiis in (x, y) in the neighborhood 
of any point {x^y the derivatives f^y and fy^ are equal, that is, 

=jQ(»o> ^o)- 


The theorem may be proved by repeated application of the Theorem of the 
Mean. For 


[/(lo + A, ^0 + Va + *:)]-[/(®o + ^ yo)-/(*o. yo)] = [^(2'o + *^)-^(yo)] 

= [/(«o + *! Vo + *)-/(a:o + ft, yo)]~[/(®o> yo + *^)-/(®o. yo)] = [\<'(®o + *)-^(®o)] 
•where ^(y) stands for/(Xt,+ h, y)— /(®o, y) and <li{x) for/(x, y„ + h)-f(x, y,). 
Now 

4> (yo + *) - <t,(y^) = fc0'(yo + eh) = fc[/y(x, + A, y,, + Ok) y^ + Sfc)], 

jf- (x, + h) - i/'(Xo) = W(Xa + e'h) = fc[/'(x, + 6% yj + fc) -/'(x# + 0% y,,)] 


single variable and then substituting. The results obtained are necessarily equal 
to each other ; but each of these is in form for another application of the theorem. 

+ K Vn + ^Ic) Vo + = kkf^{x„ + nh, y„ + dk), 

/‘[/:c'(*o + Vo + *) -/i(*o + Vo)] = Wxyi^o + Vo + v'k). 
Hence /",(x„ + V', Vo + (•^o + Vo + v'k). 

As the derivatives f^y are supposed to exist and be continuous in the variables 
(x, y) at and iji the neigliborhood of (x^,, y^^)^ the limit of each side of the ecjuation 
exists as A = 0, /c = 0 and the equation is true in the limit. Hence 

2^0) 2^0) • 


The differentiation of the three derivatives /^, = /y', /" vrill give 
six derivatives of the third order. Consider and These may 
be written as and {fx)yx are equal by the theorem just proved 

(provided the restrictions as to continuity and existence are satisfied). 
A similar conclusion holds for fy^y and ; the number of distinct 
derivatives of the third order reduces from six to four, just as the 
number of the second order reduces from four to three. In like manner 
for derivatives of any order, the value of the derivative depends not on 
the order in lohioh the individual differentiations with respect to x and 
y are performed, hut only on the total number of differentiations with 
respect to each, and the result may be written with the differentiations 
collected as 

£ / _ Wm + n) 

rt •/ x”‘i 




dx^df 


xniytt 7 


etc. 


( 22 ) 


Analogous results hold for functions of any number of variables. If 
several derivatives are to be found and added together, a symbolic 
form of writing is frequently advantageous. For example, 

{DlD^Dl + Dl)f= ^ 

or (B, + i),)y = (pl + 2 DJ)^ + 2)*)/=/« + 2/" +/"• 

51. It is sometimes necessary to change the variable in higher deriv- 
atives, particularly in those of the second order. This is done by a 
repeated application of (18). Thus ff. would be found by differentiat- 
ing the first equation with respect to r, and by differentiating the 
first by s or the second by r, and so on. Compare p. 12. The exercise 
below illustrates the method. It may be remarked that the use of higher 
differentials is often of advantage, although these differentials, like the 
higher differentials of functions of a single variable (Exs. 10, 16~19, 
p. 67), have the disadvantage that their form depends on what the 
independent variables are. This is also illustrated below. It should be 
particularly borne in mind that the great value of the first differential 



Then 


dy^ 0r2 r dr d4>’^' \ r = V + v\ <i> = tan- ^ {y/x) . 

0u __ 0u dr ^ dy) d(j> dX) cr ^ dxt d<t> 

dx dr dx dip dx dy dr dy d<p dy 


by applying (18) directly with a, y taking the place of r, «, • • • and r, (p the place 
of X, 2/, z, • • • . These expressions may be reduced so that 


Next 


Sl3 

dx 

dZ^ 


dv z _^dv — y _^d\)X ^dv — y 
dr Vx‘-2 + 2^ 


dx dx 


d dv dr ^ d dv 
dr dx dx dp dx 


dx 


[ dHx ^ dv d X 
0y2 Y dr dr r 

r 


dH —ydvd—yl 

+ - - ' -2 a^ar J 


+ 


dr dp r^ dp 
dv d X , d^v , dv 


dH ^ ^ 

\_dpdr r dr dp r dp'^ 


- + 


dp dp r 


?] 


-y 

Y‘2 


The differentiations of x/r and -* y/r^ maybe performed as indicated with respect to 
r, p^ remembering that, as r, p are independent, the derivative ofrhyp is 0. Then 

^ — 4, 2 — 


In like manner dH/dy*^ may be found, and the sum of the two derivatives reduces 
to the desired expression. This method is long and tedious though straightforward. 

It is considerably shorter to start with the expression in polar coordinates and 
transform hy the same method to the one in rectangular coordinates. Thus 


dvdx dvdy dv , , ^ 1 /S'W . dv \ 

dxdr dydr dx dy r\dx dy J 


m 


d^v dH . 

— cosA 4- sm 

,dx^ dydx 


dv ^dv dx ^ dv dy _ 
dp dx dp dy dp 


IdH 

r V 


Then 


=(: 


dh . 

— sm p - 
,aaj2 


dx 


COS0 ■ 


dH 

dydx 

dv 


in 0^® + 

^ ^ 

- r sm 

X 

'#')y + ( 


dH ^ \ , dv 

CO&P+ sm0 2 / + — 

dy^ / dx 


dxdy 

dv ... dv dv 

— rsin<^ H rcos0 = y a;, 

dx dy dx dy 

dH . ^ , dH \ 

dxdy dy^ / 


COS0 H sm0, 

dy 


dy 


sin0. 


0r\ dr) T dp^ \dx^~^ dy^^ 
Sx^ dy^ r 0r \ dr) r* 8<t>^ 


gj .2 ^ ^ ,,2 


(23) 


The definitions d^f = f^dx^, d^dyf — f^y^xdy^ ^yf —fyy^V^^ would naturally be 
given iov partial differentials of the second order, each of which would vanish if/ 
reduced to either of the independent variables ®, y or to any linear function of 
them. Thus the second differentials of the independent variables are zero. The 


( 24 ) 




but 


and 


= ddf = d ( — dx + — di/ ) = 
\dx dy / 

dx dx^ dydx 


d^Idx ^ d^-^dy + ; 

dx dy dx dy 


d?l= 

dV 


dxdy dy^ 


dy = !^ d®2 + 2^dxdv + ^dy^ + ^ld?x + ^d2j^. 
dx^ dxdy dy^ dx dy 


The last two terms vanish and the total differential reduces to the first three tenns 
if X and y are the independent variables ; and in this case the second derivatives, 
f^^fxy’ifyy’t coefficients of dx^, "2, dxdy ^ dy‘^, which enables those derivatives 

to be found by an extension of the method of finding the first derivatives (§ 49). 
The method is particularly useful when all the second derivatives are needed. 

The problem of the change of variable may now be treated. Let* 


(Pw = da:2 + 2 ^ dxdy + dy^ 

ax2 ax^ ay2 ^ . 

= ^ dr-2 + 2 drd0 + ^d^^ + ~ d‘h + — d^<i>, 
dr^ drd(p d<f>^ dr d<f> 


where x, y are the independent variables and r, </> other variables dependent on 
them — in this case, defined by the relations for polar coordinates. Then 


dx = cos 0dr — r sin 0d<^, dy — sin 0dr + r cos 0d0 
or dr = cos 0dx -|- sin <f>dy^ rd(p = — sin 0dx -f cos <f>dy. (26) 

Then dV = (— sin <pdz + cos ^dy) d<f> = rd0d0 = rd02, 

drdfj) + rd20 = — (cos 0dx + sin <f)dy) d 4 > — drd<l>^ 


where the differentials of dr and rd<p have been found subject to d'-^x = d^y — 0. 
Hence dh = rd<p'^ and rd20 = — 2drd<p, These may be substituted in dH which 
becomes 


d2v = ^dr2 + 2 
dr^ 


/ d^v 1 dv\ 
\3r30 r 30/ 


drdff) *4" 


+ r^)d02. 

drj 


Next the values of dr^, drd0, d02 may be substituted from (25) and 


dH 




dr'^ 
+ 2 


2/ o^x> 


r \0r30 r 30 


1 3r\ . fd^'o , 3y\sm20n 

) cos 0 sm 0 + I — - 4- r — ) — ^ 

r d<p I \d4>^ drJ J 


dx2 


sin 0 + 


1 SvX 008^0 — sin20 dH cos 0 sin ^ 


VdH 

— - cos 0 SI 
Idr^ 

1 0t\ . , (oH 0r\cos20] 

\_dr^ r \3r30 r 30/ \302 dr/ r- J 


(- 

\drd(p r 30/ 


dxdy 


dyK 


Thus finally the derivatives are the three brackets which are the 

coefficients of dx^, 2 dxdy ^ dy^. The value of + v'y is as found before. 


52. The condition /^' = which subsists in accordance with the 
fundamental theorem of § 50 gives the condition that 


M (xy y) dx + Nix, y)dy =^^dx -\-^dy df 


and 


(26; 


dy dx dy dx ox dy 
dy ^ dx ° \ dy )~ V dx / 


The second form, where the variables which are constant during th( 
diiferentiatioa are explicitly indicated as subscripts, is more common ii; 
works on thermodynamics. It will be proved later that conversely i: 
this relation (26) holds, the expression Mdx + Ndy is the total differ 
ential of some function, and the method of finding the function wil 
also be given (§§ 92, 124). In case Mdx -{*- Ndy is the differential o: 
some function /(x, y) it is usually called an exact differential. 

The application of the condition for an exact differential may b( 
made in connection with a problem in thermodynamics. Let S and I 
be the entropy and energy of a gas or vapor inclosed in a receptacle o: 
volume V and subjected to the pressure i) at the temperature T. Tin 
fundamental equation of thermodynamics, connecting the differential! 
of energy, entropy, and volume, is 


dU ^ TdS — pdv ; 



(27; 


is the condition that dU he Si total differential. Now, any two of th( 
five quantities U, S, v, r, p may be taken as independent variables. Ir 
(27) the choice is Sj v] if the equation were solved for dS^ the choic( 
would be Uy V] and 77, 5 if solved for dv. In each case the cross differ 
entiation to express the condition (26) would give rise to a relatioi 
between the derivatives. 


If p, T were desired as independent variables, the change of variable 

- (S) * + 

should be made. The expression of the condition is then 



where the differentiation on the left is made with p constant and that on the righ 
with T constant and where the subscripts have been dropped from the seconc 
derivatives and the usual notation adopted. Everything cancels except two teriui 
which give 


The importance of tlie test for an exact differential lies not only in the relations 
obtained between the derivatives as above, but also in the fact that in applied 
mathematics a great many expressions are written as differentials which are not 
the total differentials of any functions and which must be distinguished from exact 
differentials. For instance if dll denote the infinitesimal portion of heat added 
to the gas or vapor above considered, the fundamental equation is expressed as 
dB = dt/ + jpdv. That is to say, the amount of heat added is equal to the increase 
in the energy plus the work done by the gas in expanding. Now dH is not the dif- 
ferential of any function n{U^ v) ; it is dS = dll/T which is the differential, and 
this is one reason for introducing the entropy S. Again if the forces JT, T act on a 
particle, the wor/c done during the displacement through the arc d.i = -f 
is wi’itten dW = Xdx -h Fdy. It may happen that this is the total differential of 
some function ; indeed, if 

diV=-dr(x,y), Xdz + rdp = - dV, X=-— , r=-—, 


where the negative sign is introduced in accordance with custom, the function V is 
called the potential energy of the particle. In general, however, there is no poten- 
tial energy function T, and d VT is not an exact differential ; this is always true 
when part of the work is due to forces of friction. A notation which should dis- 
tinguish between exact differentials and those which are not exact is much more 
needed than a notation to distinguish between partial and ordinary derivatives ; 
but there appears to be none. 

Many of the physical magnitudes of thermodynamics are expressed as deriva- 
tives and such relations as (26) establish relations between the magnitudes. Some 
definitions : 


specific heat at constant volume 
specific heat at constant pressure 
latent heat of expansion 
coefficient of cubic expansion 
modulus of elasticity (isothermal) 
modulus of elasticity (adiabatic) 


is 

is 

is 

is 

is 

is 



53. A polynomial is said to be homogeneous when each of its terms 
is of the same order when all the variables are considered. A defini- 
bion of homogeneity which includes this case and is applicable to more 
general cases is : A function f(xy Zy • • •) of any number of variables is 
^jailed homogeneous if the function is multiplied by some power of A when 
all the variables are multiplied by A; and the power of A which factors 


±vo 


X/XJ-’ X’ XliXXrJJJi'N J.XJVJIJ 4J x; n 


out is Ccalled the order of homogeneity of the function. In symbols 
condition for homogeneity of order n is 


Thus 


/(Xk, \y, X«, • • •) = X"/(a:, y, • •)• 


V , 7/^ 
Xcx -j- Ji- , 

X 


xy 


+ tan“^ - > 




are homogeneous functions of order 1, 0,-1 respectively. To te 
function for homogeneity it is merely necessary to replace all the ^ 
ables by X times the variables and see if A factors out completely, 
homogeneity may usually be seen without the test. 

If the identity (29) be differentiated with respect to with 

^ ^ \ 


A second differentiation with respect to X would give 






dx"' 






dx'dti' 


■>+(: 


yx 


„ W' ^ 

dy'dx' ■*' ■ 


or 


2a;y^ + y^^+ • • .j/= -l)X’‘-y(*, y, • 


Now if X be set equal to 1 in these equations, then cc' = a; and 

O J? Q /> 

+ 2*y ^ + y^ ^ ^ + . . . = n(« -l)/(x, y, . 

In words, these equations state that the sum of the partial deriva 
each multiplied by the variable with respect to which the differe 
tion is performed is n times the function if the function is homogen 
of order n ; and that the sum of the second derivatives each multi] 
by the variables involved and by 1 or 2, according as the variab 
repeated or not, is 9^ (?i — 1) times the function. The general for ■ 
obtained by differentiating any number of times with respect to X 
be expressed symbolically in the convenient form 


{xD^ -f 7jDy + d )*/= n(n — l)-^{n^k + l)f. 

This is known as Euler^s Formula on homogeneous functions. 


It is worth while noting that in a certain sense every equation which reprt 
a geometric or physical relation is homogeneous. Tor instance, in geometr 


Xli aULlJlllg (VJllU DUUlii tCXUlO XllLlOb UC XXXS.C; \.|U(XillUil;XX;0 f iCXXglfllO O/UUCU l/U 

lengths, areas to areas, etc. The /wndamenia/ unit is taken as length. The units of 
area, volume, and angle are derived therefrom. Thus the area of a rectangle or 
the volume of a rectangular parallelepiped is 

ul = a ft. X ft. = db ft.2 = ab sq ft., F= a ft. x 6 ft. x c ft. = abc ft.® = a6c cu. ft., 

and the units sq. ft., cu. ft. are denoted as ft.^, ft.^ just as if the simple unit ft. 
had been treated as a literal quantity and included in the multiplication. An area 
or volume is therefore considered as a compound quantity consisting of a number 
which gives its magnitude and a unit which gives its quality or dimensions. If L 
denote length and [Z] denote "of the dimensions of length," and if similar nota- 
tions be introduced for area and volume, the equations [A] = [i]2 and [F] = [L]^ 
state that the dimensions of area are squares of length, and of volumes, cubes of 
lengths. If it be recalled that for purposes of analysis an angle is measured by the 
ratio of the arc subtended to the radius of the circle, the dimensions of angle are 
seen to be nil, as the definition involves the ratio of like magnitudes and must 
therefore be a pure nu7nba\ 

When geometric facts are represented analytically, either of two alternatives is 
open : 1^, the equations may be regarded as existing between mere numbers ; or 
2°, as between actual magnitudes. Sometimes one method is preferable, sometimes 
the other. Thus the equation x'^ y'^ = of a circle may be interpreted as the 

sum of the squares of the coordinates (numbers) is constant ; or 2*^, the sum of the 
squares on the legs of a right triangle is equal to the square on the hypotenuse 
(Pythagorean Theorem). The second interpretation better sets forth the true 
inwardness of the equation. Consider in like manner the parabola Gen- 

erally y and x are regarded as mere numbers, but they may equally be looked 
upon as lengths and then the statement is that the square upon the ordinate equals 
the rectangle upon the abscissa and the constant length 4p ; this may be inter- 
preted into an actual construction for the parabola, because a square equivalent 
to a rectangle may be constructed. 

In the last interpretation the constant p was assigned the dimensions of length 
so as to render the equation homogeneous in dimensions, with each term of the 
dimensions of area or [Z]2. It will be recalled, however, that in the definition of 
the parabola, the quantity p actually has the dimensions of leiigtli, being half the 
distance from the fixed point to the fixed line (focus and directrix). This is merely 
another corroboration of the initial statement that the equations which actually 
arise in considering geometric problems are homogeneous in their dimensions, and 
must be so for the reason that in stating the first equation like magnitudes must 
be compared with like magnitudes. 

The question of dimen.sions may he carried along through such processes as 
differentiation and integration. For let y have the dimensions [?/] and x the dimen- 
sions [x]. Then Ay, the difference of two y's, must still have the dimensions [y] 
and Ax the dimensions [cc]. The quotient Ay /Ax then has the dimensions [?/]/[«]. 
For example the relations for area and for volume of revolution. 



and the dimensions of the left-hand side check with tlio.se of the right-hand side. 
As Integration is the limit of a sum, the diinen.sion.s of an integral are the product 


of the dimensions ot tne lunction to ne iniegratea ana oi i-ue uuieiouw 
Thus if 


^=ra- 


dx 




= - tan-1 - + c 


were an integral arising in actual practice, the very fact that and are 
would show that they must have the same dimensions. If the dimension 
be [L], then 

[X’sfs-.] = [siT?] W = ji-. = [VI • 


and this checks with the dimensions on the right which are since an^ 

no dimensions. As a rule, the theory of dimensions is neglected in pure i 
matics ; but it can nevertheless be made exceedingly useful and instructive. 
In mechanics the fundamental units are length, mass, and time ; and are 
by [L], [AT], [T]. The following table contains some derived units : 


velocity 

m 

[T]’ 

acceleration 

[i] 

ITf’ 

force 

[M][L] 

IT? 

areal velocity 

[i]^ 

[T]’ 

density 

[Jtf] 

[i]»’ 

momentum 

m [i] 
[T] 

angular velocity 

1 

[r]’ 

moment 

[r]2 ’ 

energy 

[M][L] 

[T]i 


With the aid of a table like this it is easy to convert magnitudes in one 
units as ft., lb., sec., to another system, say cm., gm., sec. All that is neces 
to substitute for each individual unit its value in the new system. Thus 


:82jx 30.48^= 980i2 


EXERCISES 

1. Obtain the derivatives/^, f^, f", f"^ and verify/^' =/". 

(cr) sin-1 -1 (fi) log , (7) 0(-W^(sy). 

X xy \x/ 

2. Compute dH/dy^ in polar coordinates by the straightforward method. 

3 . Show that a^—z= — ifv =zf{x at) <p {x — at). 

4 . Show that this equation is unchanged in form by the transformation 

^ + 2 X//- ^ 4- 2 (y — 2/3) ~ = 0 ; u= xy, v- \/y. 

dX‘^ ox dy 

5. In polar coordinates « = cos $,x^r sin 8 cos <i>, y := r sin 8 sin (f> in s 

dx^ dy'^ dz^ r^LsrX dr/ sin^8 8(p^ sin^d^V 

The work of transformation may be shortened by substituting successively 
x=: cos 0, y — r^ sin and z = r cos 8, = r sin 8. 

6. Let X, y, z, t be four independent variables and x = r cos0, y — r sin . 
the equations for transforming x, y, z to cylindrical coordinates. Let 
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in 


dydz dx'^ dy'^ ' dydi ’ dxdt ’ 

Bh#w Z = ---, Acos0 + Fsin0 = — i — , Fsin 0 — (? cos (^ = i , 

?’ 0 r r 02 r dt 


where r-^Q = 0//0r. (Of importance for the Hertz oscillator.) Take cf/dtp = 0. 

7. Apply the test for an exact differential to each of the following, and write 
by inspection the functions corresponding to the exact differentials ; 


(a) 3 xdx + y^dy^ 
xdx-^ydy 


(jS) 3 xydx + xHy, 
xdx — ydy 


(0 


(7) xhjdx + y^dy, 
ydx — xdy 


x2 4- ^2 


(rt 


( 7 }) (4x^ + Sx^y + y'^)dx + + 2x?/ + Sy^)dy, 


x2 + y^ 

(0) x^y'^(dx dy). 


8 . Express the conditions that P(x, y, z)dx + Q(x, 2)^2/ + R(x, 2/, 2)0^2 be 
an exact differential dF(x, 2/, z). Apply these conditions to the differentials : 

(q:) 3 x^y'^zdx + 2 x^yzdy + x^yHz^ (j9) ( 2 / + 2 ) dx + (x + 2 ) dy + (x + ?/) dz. 


9. Obtain (g)^and (g)^= (27) with proper variables. 

10. If three functions (called thermodynamic potentials) be defined as 

ypz=iU-TS, X = ^ + pv, ^=U-TS-^pv, 

show d^i/ = — iSdT — pdr, dx = TdS + vdp, df = — 5dr + vdp, 
and express the conditions that d\^', dx, d^ be exact. Compare with Ex. 9. 

11. State in words the definitions corresponding to the defining formulas, p. 107 

12 . If the sum (Mdx + Ndy) + (Pdx + Qdy) of two differentials is exact and one 
of the differentials is exact, the other is. Prove this. 

13. Apply Euler’s Formula (31), for the simple case A; = 1, to the three func- 
tions (29') and verify the formula. Apply it for fc = 2 to the first function. 

14. Verify the homogeneity of these functions and determine their order : 


(a) y^/x + x(logx - log 2 /), 
(5) xye^ + 


xmyti 


Va:^ + y 
(c) Vxcot 


1?, 

2 


(7) 


(f) 


xyz 


ax -{^ by + cz 
Vx — 'Vy ^ 


'^x 4- -^y 

15. State the dimensions of moment of inertia and convert a unit of moment of 
inertia in ft.-lb, into its equivalent in cm.-gm. 

16. Discuss for dimensions Peirce’s formulas Nos. 93, 124-125, 220, 300. 

yrt ry X' r> t >r ini j. u d BX BV , d BT . BX BT 

17. Continue Ex. 17, p. 101, to show = — ajnd — — =: mu 

’ dt Bqi Bqi dt Bqi Bqi Bqi 
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19. If (a:^, 7 /j) and y^) are the coordinates of two moving particles and 
^-Y 

— ^ A -I, 


^ di^ ^ di^ 


d^Xo ^ -- 

m„ - Xo, mo = Yo 


di2 




are the equations of motion, and if Xj, y^ ^-re expressible as 

a^i=/i(Q'u Q'a, ^8)i ^2 =f2(Qv ^2^ Qsh 2/2 = fait ^2 t ^/s) 

in terms of three independent variables q^y q^, show that 

Qj = X, ^ + Fi ^ + Xj ^ ^ i , 

^ ^ dq^^ ® ^ 0^1 dt ag^ 0g^ 

where T= i + m 2 V 2 ) = T(q^^ gg, q^, q^) and is homogeneous of the 
second degree in g^, gg, gg. The work may be carried on as a generalization of 
Ex. 17, p. 101, and Ex. 17 above. It may be further extended to any number of 
particles whose positions in space depend on a number of variables g. 

20. In Ex. 19 if pi = — , generalize Ex. 18 to obtain 

% 

dPi * dqi dqi * ^ dt dq^ 

m, ^ ddT dT . ^ dpi . dT' .. T T 

The equations Qi = and = — 4 are respectively the Lagran- 

^ ^ dt dqi dqi ^ dt dqi ^ ^ 

gian and Hamiltonian equations of motion. 

21. If r?’' = and <f)' = 4> andr'(r', tp') =ii(r, g>), show 

dH' . 1 1 sv _ I ^ I ^ 

dr'^ r'^ r'^ \dr^ r dr ^ d4>V ’ 


22. If rr' = {/>^ = 0 , 0' =: and v'{r% 0 ', 0'} = — ^), show that the 

r' 

expression of Ex. 5 in the primed letters is kr^fr'^ of its value for the unprimed 
letters. (Useful in § 198.) 


d^z 


dH 


,dH 


23. If z = x<IjI-] + show — -+ 2xy \-y^ — = 0. 


0®2 


dxdy dy^ 


24. Make the indicated changes of variable : 
d^V dW 
0x2 0ys 


(«) ^+~ = e-"“/'- 


’!!E 

\ 0m2 dv^ 




dW , 02F _ /02F . 02Y 


0lt2 




51)2 Ksx.^'^'dy^ 


•) if * = e“ cos t), V = e“ sin v, 


X=f(u,v), y = 4,(u,v), ^ = ? = 

du dv dv du 


25. For an orthogonal transformation (Ex. 10 (^), p. 100) 





\>(t) = t^xo) + - <I>"(0) + - 

Dhe expressions for and <E>'(0) may 


" be found as follows by (10) : 


^'(t) = ¥: + % «>'(0) = i¥^ -h /c/;].= ,, 

hen ^"(i) = H¥z. +¥;:.) +¥¥:;+¥;) 

= jiY" + 2 hkf^ + hr;, = {hD, +kD,)r 
¥\t) = {hD, + hD,)r ¥'->(0) = l(hD, + kD,yn.^^. 

ind f(a + h,h + 7c) ~f{a, h) = ^f=:^ 4.(1) - 4.(0) = {hD^ + kD;f(a, h) 
+ ^ {hD^ + kD,yf(a, 6 ) + . • . + {hD^ + kD,ma, h) 

+ ~ (hD,: + kD,)”f(a + e?i, b + 6k). (32) 


In this expansion, the increments h and h may be replaced, if de- 
ired, hj x — a and y — b and then /(a?, y) will be expressed in terms 
if its value and the values of its derivatives at (u, h) in a manner 
sntirely analogous to the case of a single variable. In particular if the 
)oint (a, h) about which the development takes place be (0, 0) the 
levelopment becomes Maclaurin’s Formula for /(a;, y). 

f(Xy y) =/(0, 0) + (xD^ + yi>y)/(0, 0) + ~ {xD^ -f yZ>y)y(0, 0) H 

+ (ro- 1) i y-Oi/)"~V(0) ^ {^i>x+yDyTf{^Xy ^y)- (32') 

IVhether in Maclaurin’s or Taylor’s Formula, the successive terms are 
lomogeneous polynomials of the 1st, 2d, • • •, (n — l)st order in x, y or 
n X — <x, 7/ — The formulas are unique as in § 32. 


Suppose Vl — _ ^2 is iQ ije developed about (0, 0). The successive deriva- 


/I _ a;2 - ^2 


/^( 0 , 0 ) = 0 , /;(o,o) = o, 


f" ~ + 




(l„a;2_^2)t (l_a;2_2/V 

V lT-gg--^ = 1 + (Ox 4- 02 /) 4- K— a ;2 4- 0x7/ ~ y^) 4- ^(Ox^ + •••) + ' 
Vl — x2 — 2/2 =: 1 — (aj2 -I- 2 /^) 4 - terms of fourth order + • • • . 


n this case the expansion may be found by treating x2 + 2 /^ as a single term and 
xpanding by the binomial theorem. The result would be 







That the development thus obtainea is laenticai with tae Maciaurin aeveiopmen 
that might be had by the method above, follows from the uniqueness of the devel 
opinent. Some such short cub is usually available. 

55. The condition that a function z=f(x, y) haye a minimum o 
maximum at (a, b) is that A/ > 0 or A/ < 0 for all values of h — A; 
and k — Ay which are sufficiently small. From either geometrical o 
analytic considerations it is seen that if the surface = f(x, y) has i 
minimum or maximum at (ct, h), the curves in which the planes y = 
lind a cut the surface have minima or maxima x = a and y = 
fespectively. Hence the partial derivatives and f'j must both vanis] 
lit {a, provided, of course, that exceptions like those mentioned oi 
page 7 be made. The two simultaneous equations 

/=: = o, /; = o, (33 

corresponding to f\x) = 0 in the case of a function of a single varia 
ble, may then be solved to find the positions (cc, y) of the minim; 
and maxima. Frequently the geometric or physical interpretation o 
z:=z f(xj y) or some special device will then determine whether ther 
is a maximum or a minimum or neither at each of these points. 

For example let it be required to find the maximum rectangular parallelepipe 
which has three faces in the coordinate planes and one vertex in the plan 
x/a + y/h + ;j:/c = 1. The volume is 

V = xyz = cxy 

^ = ^ 2-xy — ^2/2 + cy = 0 ~ — +caj = 0. 

dx a h dy h a 

The solution of these equations is ic = J a, y == J 5. The corresponding « is | c an 
the volume Y is therefore abc/'il or ^ of the volume cut off from the first octant b 
the plane. It is evident that this solution is a maximum. There are other solutioi 
of = Fy = 0 which have been discarded because they give F = 0. 

The conditions/^ =// = 0 may be established analytically. For 

ISTow as are infinitesimals, the signs o) Mie parentheses are dete: 
mined by the signs of f'y f' unless these derivatives vanish j and henc 
unless f' = 0 , the sign of A/ for Ax sufficiently small and positive an 
Ay = 0 would be opposite to the sign of A/ for Ax sufficiently small an 
negative and Ay = 0, Therefore for a minimuTn or maximicm /^ = C 
and in like manner f' = 0. Considerations like these will serve i 
establish a criterion for distinguishing between max^ima and minina 


by Taylor’s Formula to two terms. Now if the second derivatives are 
continuous functions of (x, y) in the neighborhood of (a, h), each deriv- 
ative at (a -f Oh, h + Oh) may be written as its value at (a, h) plus an 
iniinitesimal. Hence 


A/= \ m:. + 2 + h {h\ + 2 

Now the sign of A/ for sufficiently small values of li, k must be the 
same as the sign of the first parenthesis provided that parenthesis does 
not vanish. Hence if the quantity 




> 0 for every (Ji, k), a minimum 
< 0 for every (li, k), a maximum. 


As the derivatives are taken at the point (a, b), they have certain constant 
values, say A, B, C, The question of distinguishing between minima and maxima 
therefore reduces to the discussion of the possible signs of a quadratic form 
Ah^ + 2 Bhk + Ck^ for different values of h and k. The examples 

h^-^k% ±(h-kf 

show that a quadratic form may be : either 1®, positive for every (h, k) except (0, 0) ; 
or 2°, negative for every {h, k) except (0, 0) ; or 3°, positive for some values (h, k) 
and negative for others and zero for others ; or finally 4°, zero for values other than 
(0, 0), but either never negative or never positive. Moreover, the four possibilities 
here mentioned are the only cases conceivable except 6°, that A = 5 = (7 = 0 and 
the form always is 0. In the first case the form is called a definite positive form, in 
the second a definite negative form, in the third an indefinite form, and in the fourth 
and fifth a singular form. The first case assures a minimum, the second a maxi- 
mum, the third neither a minimum nor a maximum (sometimes called a minimax) ; 
but the case of a singular form leaves the question entirely undecided just as the 
condition /"(x) = 0 did. 

The conditions which distinguish between the different possibilities may be ex- 
pressed in terms of the coefficients A, B, G. 

1° pos. def., B^<AC, A, C> 0 ; 3° indef., B^ > AC ] 
2‘^neg.def., B^ < AC, A, O<0; 4° sing., 15^ = AC. 

The conditions for distinguishing between maxima and minima are : 


= 0 1 fu f i'vy > 0 minimum ; 

/; = 0 / < 0 maximum ; 

minimax ; =J'^fy'y (?)• 


(84) 


It may be noted that in applying these conditions to the case of a definite form it 
is sufficient to show that either or fyy is positive or negative because they neces- 
sarily have the same sign. 





1. Write at length, without symbolic shortening, the expansion of /(», y) by 
Taylor’s formula to and including the terms of the third order in x — a, y — 6. 
Write the formula also with the terms of the third order as the remainder. 

2. Write by analogy the proper form of Taylor’s Formula for/{x, y, z) and 
prove it. Indicate the result for any number of variables. 

3. Obtain the c|uadratic and lower terms in the development 

(or) of xi/ 4* sinxy at (1, \ tt) and (^) of (y/x) at (1, 1). 

4. A rectangular parallelepiped with one vertex at the origin and three faces 
in the coordinate planes has the opposite vertex upon the ellipsoid 

x^/a^ + + z^/c^ = 1 . 

Find the maximum volume. 

5. Find the point within a triangle such that the sum of the squares of its 
distance.? to the vertices shall be a minimum. Note that the point is the intersec- 
tion of the medians. Is it obvious that a minimum and not a maximum is present ? 

6. A floating anchorage is to be made with a cylindrical body and equal coni- 
cal ends. Find the dimensions that make the surface least for a given volume. 

7. A cylindrical tent has a conical roof. Find the best dimensions. 

8. Apply the test by second derivatives to the problem in the text and to any 
of Exs. 4-7. Discuss for maxima or minima the following functions : 

(cr) xhj + xy^ — x, (/3) x® + 2/^ — 4* 2/^), 

(7) x* 4- 2/^ -h X + 2/, (5) ^2/® — 4- ~ x, 

(e) X® 4“ 2/® — 9x2/ 4- 27, (f) 4* 2/“^ — 2x2 + ixy — 2y^, 

9. State the conditions on the first derivatives for a maximum or minimum of 
function of three or any number of variables,. Prove in the case of three variables. 

10. A wall tent with rectangular body and gable roof is to be so constructed as 
to use the least amount of tenting for a given volume. Find the dimensions. 

11. Given any number of masses mg, • • •, win situated at (Xj, 2/1), (Xg, 2^2)5 * *' > 
(Xr, ^n)* Show that the point about which their moment of, inertia is least is their 
center of gravity. If the points were (x^, 2/1, s:^), • • • in space, what point would 
make I>mr^ a minimum ? 

12. A test for maximum or minimum analogous to that of Ex. 27, p. 10, may 
be given for a function /(x, y) of two variables, namely : If a function is positive 
all over a region and vanishes upon the contour of the region, it must have a max- 
imum within the region at the point for which f^=f' = 0, If a function is finite 
all over a region and becomes infinite over the contour of the region, it must have 
a minimum within the region at the point for which =/' = 0, These tests are 
subject to the proviso that/^ = 0 has only a single solution. Comment on the 
test and apply it to exercises above, 

13. If a, 5, c, r are the sides of a given triangle and the radius of the inscribed 
circle, the pyramid of altitude h constructed on the triangle as base will have its 
maximum surface when the surface is J (a 4- 5 4- c) Vr^ 4- 



CHAPTER V 


PARTIAL DIFFERENTIATION; IMPLICIT FUNCTIONS 


56. The simplest case ; F(x, y) = 0. The total differential 
dF = F'^dx + Fydy = dO = 0 


indicates 


^ = _ S 

dx F' ’ dy F^ 


( 1 ) 


as the derivative of y by cc, or of x by y, where y is defined as a function 
of x, or a? as a function of y, by the relation F(x, y) = 0 ; and this method 
of obtaining a derivative of an implicit function without solving expli- 
citly for the function has probably been familiar long before the notion 
of a partial derivative was obtained. The relation F{x^ y) = 0 is pictured 
as a curve, and the function y = {x), which would be obtained by solu- 

tion, is considered as multiple valued or as restricted to some dehnite 
portion or branch of the curve F(x^ y) = 0. If the results (1) are to 
be applied to find the derivative at some point 
y^j) of the curve F(x, y) = 0, it is necessary ^ 
that at that point the denominator F^ or F'^ should 
not vanish. 

These pictorial and somewhat vague notions 
may be stated precisely as a theorem susceptible 
of proof, namely : Let be any real value of x ^ 
such that 1®, the equation F(x^^ y) = 0 has a real solution y^ ; and 2®, the 
function F(x, y) regarded as a function of two independent variables 
(x, y) is continuous and has continuous first partial derivatives F^ in 
the neighborhood of (x^, y^ ; and 3®, the derivative F^ (x^, y^) ^ 0 does 
not vanish for (x^^ y^ j then F{x, y) = 0 may be solved (theoretically) 
as y~<f} {x) in the vicinity of x = x^ and in such, a manner that 
y^j == <^ (sCq), that (x) is continuous in cc, and that (x) has a derivative 
<f>\x) = — F'^fFy] and the solution is unique. This is the fundamental 
theorem on implicit functions for the simple case, and the proof follows. 



By the conditions on F', the Theorem of the Mean is applicable. Hence 

F (X, y)-F (Xq, yo) = F (x, y) = {hF'^ + qh, y, + sk- (2) 

Furthermore, in any square |^|<5, |ifc|<5 surrounding (Xg, y^) and sufficiently 
small, the continuity of F' insures | F^ | < and the continuity of F^ t?.ken with 
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the fact that F^{Xq^ y^) 0 insures \F'\>m, Consider the range of x as furthei 

restricted to values such that |x — XQ\<md/M if m<M. Now consider the value 


of F{x^ y) for any x in the peimissible interval 
and for y =: ^ or y y^-' S, As \kFy\>7nd 

but I (x — Xq) F^ I < TO?, it follows from (2) that 
^(x, Vq + 5) has the sign of 5F' and F(x, y^ — 6) 
has the sign of — ^Fy ; and as the sign of Fy does 
not change, F(x^ 2/y + 5) and F{x, — S) have 
opposite signs. Hence by Ex. 10, p. 45, there is 
one and only one value of y between yQ — d and 
+ 5 such that jp’(x, y) = 0. Thus for each x in 
the interval there is one and only one y such 
that E(x, y) = 0. The equation E{x, y) — 0 has a 



unique solution near (Xg, y^). Let y — <t>(x) denote the solution. The solution is 


continuous at x = x^ because | y — | < 5. If (x, y) are restricted to values y z= 0 (x) 

such that E'(x, y) = 0, equation (2) gives at once 


^- V-yo -.^y - y + dy_ f^(Xo, y,) 

h x-x^ A® F'{x+ffh,y+ek)’ dx F'(Xa,yo)' 

As F^, F' are continuous and F' 5^ 0, the fraction k/h approaches a limit and the 
derivative <^'{*0) exists and is given by (1). The same reasoning would apply to 
any point x in the interval. The theorem is completely proved. It may be added 
that the expression for <p'(x) is such as to show that 4>'{x) itself is continuous. 


The values of higher derivatives of implicit functions are obtainabl© 
by successive total differentiation as 

F' + Fy:^0, 

F- + 2 F-y' + F^y^ + f;,/ = 0, (3) 

etc. It is noteworthy that these successive equations may be solved for 
the derivative of highest order by dividing by Fy which has been assumed 
not to vanish. The question of whether the function y = <jE» (x) defined 
implicitly by F(x, y) = 0 has derivatives of order higher than the first 
may be seen by these equations to depend on whether F(xj y) has 
higher partial derivatives which are continuous in (x, y). 

57. To find the maxima and minima of y = ^ (a;), that is, to find the 
points where the tangent to F(xy y) = 0 is parallel to the x-axis, observe 
that at such points y' = 0. Equations (3) give 

= ( 4 ) 



3(x2— ay) + 3(^2 _ = 0, 


U/f/ 


dx — ax* 

6x - 6ay' + Qyy''^ + 3(j/2 _ ax)y" = 0, = “ 7T~^4»’ 

cla:“ (j/^ — ox)* 

To find the maxima or minima of 2/ as a function of x, solve 

= 0 = x2 — ay, JP =r 0 = X® + y® — 3 axy, Fy 0. 

The real solutions of = 0 and F = 0 are (0, 0) and (J/2 a, a) of which the 
first must be discarded because jPy(0, 0) = 0, At (^2 a, '^4 a) the derivatives 
Fy and J’'' are positive ; and the point is a maximum. The curve JP = 0 is the 
folium of Descartes. 

The r61e of the variables x and 9 / may be interchanged if 0 and 
the equation F(Xj y) = 0 may be solved for x = «^(y), the functions </> 
and if/ being inverse. In this way the vertical tangents to the curve 
F = 0 may be discussed. For the points of F = 0 at which both F^= 0 
and Fy = 0, the equation cannot be solved in the sense here defined. 
Such points are called singular points of the curve. The questions of 
the singjfiar points of F = 0 and of maxima, minima, or minimax (§ 55) 
of the surface z = F(x, y) are related. For if F^ = Fy =: 0, the surface 
has a tangent plane parallel to = 0, and if the condition js; = F = 0 is 
also satisfied, the surface is tangent to the xy-plane. Now if = F(x, y) 
has a maximum or minimum at its point of tahgency with z ^ 0, the 
surface lies entirely on one side of the plane and the point of tangency 
is an isolated point of F(cc, y) = 0 ; whereas if the surface has a- mini- 
max it cuts through the plane and the point of tangency is not 

an isolated point of F(x^ y) = 0. The shape of the curve F = 0 in the 
neighborhood of a singular point is discussed by developing F (x, y) 
about that point by Taylor’s Formula. 

Tor example, consider the curve F(x, 3/) = x^ + — x^y^ — J -f- y^) = 0 and 

the surface 2: = F(x, y). The common real solutions of 

F^ = 3 x2 — 2 xy2 — X = 0, F' = 3 y^ — 2 x^y — y = 0, F(x, y) = 0 

are the singular points. The real solutions of F' = 0, = 0 are (0, 0), (1, 1), 

(i, I) and of these the first two satisfy F(x, y) = 0 but the last does not. The 
singular points of the curve are therefore (0, 0) and (1, 1). The test (34) of § 55 
shows that (0, 0) is a maximum f or 2; = F (x, y) and hence an isolated point of 
F(x, y) = 0. The test also shows that (1, 1) is a minimax. To discuss the curve 
F(x, y) =: 0 near (1, 1) apply Taylor’s Formula. 

0 = F (x, y) = i (3 /i2 - 8 AJfc + 3 A:2) + J (6 AS - 12 h^k - 12 hk^ -f 6 + remainder 

= J (3 cos2 0 — 8 sin 0 cos 0 + 3 sin^ 0) 

4* r(cos*0 — 2cos2 0sin0 — 2cos^sin2 0-f- sin®^) 4 , 
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if polar coordinates /i = r cos^, fc = rsin0 be introduced at (1, 1) and be can- 
celed. Now for veiy small values of r, the equation can be satisfied only when 
the first parenthesis is very small. Hence the solutions of 

3 — 4sin20 = O, sin2<?i = |, or ^ = 24° 17 J', 65° 42 J", 
and 0 + TT, are the directions of the tangents to E(x, y)— 0. The equation F = 0 is 
0 = (1 J — 2 sin 2 0) + r (cos 0 + sin <p) (1 — IJ sin 2 0) 

if only the first two terms are kept, and this will serve to sketch F (x, y) = 0 for 
very small values of r, that is, for 0 very near to the tangent directions. 


58. It is important to obtain conditions for the maximum or minimum 
of a function z =f(xj y) where the variables x, y are connected by a 
relation F(x^ ?/) = 0 so that really becomes a function of x alone or y 
alone. For it is not always possible, and frequently it is inconvenient, 
to solve JP(a', y) = 0 for either variable and thus eliminate that variable 
from z y) by substitution. When the variables x, ymz^ /(.r, y) 

are thus connected, the minimum or maximum is called a comtndned 
mirvlmmii or maximum ; when there is no equation y') ~ 0 between 
them the minimum or maximum is called fvex if any designation is 
needed.* The conditions are obtained by differentiating z = y) 
and F(x^ y) = 0 totally with respect to x. Thus 


and 


dx dx dy dx ’ 

dx dy dy dx ’ 


dx dx 


dx^ 


; 0 , 


— 0 
dy dx ’ 

F=0, 


( 6 ) 


where the first equation arises from the two above by eliminating dy /dx 
and the second is added to insure a minimum or maximum, are the con- 
ditions desired. Note that all singular points of F(x^ y) = 0 satisfy the 
first condition identically, but that the process by means of which it 
was obtained excludes such points, and that the rule cannot be expected 
to apply to them. 

Another method of treating the problem of constrained maxima and 
minima is to introduce x multiplier and form the function 


z—^(x, y) y) -h XF(x, y), X a multiplier. (6) 

Now if this function z is to have a free maximum or minimum, then 

K =-fL + xK = 0, =/; + \f; = o. (7) 

These two equations taken with = 0 constitute a set of three from 



raethod also rejects the singular points. That this method really deter- 
nines the constrained maxima and minima of f(x, y) subject to the 
constraint F{x, y) = 0 is seen from the fact that if A be eliminated from 
'J) the condition f'^Fy — fyF'^ = 0 of (5) is obtained. The new method 
s therefore identical with the former, and its introduction is more a 
natter of convenience than necessity. It is possible to show directly 
hat the new method gives the constrained maxima and minima. For 
he conditions (7) are those of a free extreme for the function ^ (ac, y) 
w^hich depends on two independent variables (x, y), Now if the equa- 
tions (7) be solved for (ir, y), it appears that the position of the maximum 
31* minimum will be expressed in terms of A as a parameter and that 
consequently the point {x (A), y (A)) cannot in general lie on the curve 
F(x,y) — 0] but if A be so determined that the point shall lie on this 

curve, the function y) has a free extreme at a point for which 

F = 0 and hence in particular must have a constrained extreme for the 
particular values for which F(x, y) = 0. In speaking of (7) as the con- 
iitions for an extreme, the conditions which should be imposed on 
:he second derivative have been disregarded. 

I'D! example, suppose the maximum radius vector from the origin to the folium 
)f Descartes were desired. The problem is to render /(x, y) = maximum 

juhject to the condition F(x, y) = x® + y® — Soxy = 0. Hence 

2 X + 8 X (x2 — ay) = 0, 2 y + 8 X (y^ — ox) = 0, x® + y® — 3 oxy = 0 

3r 2 X • 8 (y2 ~ ox) — 2 y • 3 (x2 — ay) = 0, x^ + y® — 3 oxy = 0 

ire the conditions in the two cases. These equations may be solved for (0, 0), 
[IJ a, a), and some imaginary values. The value (0, 0) is singular and X cannot 
oe determined, but the point is evidently a minimum of x^ + y^ by inspection. The 
point (1 J a, 1 J a) gives X = — 1 J a. That the point is a (relative constrained) maxi- 
mum of x^ + y2 is also seen hy inspection. There is no need to examine d^f. In 
most practical problems the examination of the conditions of the second order 
may be waived. This example is one which may be treated in polar coordinates 
by the ordinaiy methods ; but it is notevt^orthy that if it could not be treated that 
rt^ay, the method of solution by eliminating one of the variables by solving the 
3ubic F(x, y) = 0 would be unavailable and the methods of constrained maxima 
pvould be required. 

EXERCISES 

1. By total differentiation and division obtain dy/dx in these cases. Do not 
substitute in (1), but use the method by which it was derived. 

[a) 0x2 + 2 bxy + cy2 i — o, (^) x^ + y^ = 4 a^xy, ( 7 ) (cosx)^' — (sin y)* = 0, 
(5) (x2 + y2j2 _ ^2(3.2 _ + ey = 2xy, (f) = tau~ixy. 

2. Obtain the second derivative d^yfdx^ in Ex. 1 (fr), (/3), (c), (^ by differen- 
tiating the value of dy/dx obtained above. Compare with use of (3). 


3 Prove — = — ^ 

(ix2 J?»^8 

4. Pind the radius of curvature of these curves : 

(or) pjt + 'ifi ~ al, jR = 3 (axy)^^ (|8) a;^ + = ai, K = 2 V(x + y)^/a, 

(7) W 4- (^252^ (5) ^y 2 = (a — x), (e) (ax)^ + {hy)^ — 1. 

5. Piud y% y'\ y"' in case x^ + 2/^ — 3 a%y — 0, 

6. Extend equations (3) to obtain and reduce by Ex. 3. 

7. Pind tangents parallel to the x-axis for (x^ + 2/^)2 = 2 (x^ ~ 2/2). 

8. Pind tangents parallel to the y-axis for (x^ + y^^ + ax)2 = a?- (x® + y’^). 

9. If < 0 . 0 . in 0x2 ^ 2 bxy + 4- /x + gf?/ + = 0, circumscribe about the 

curve a rectangle parallel to the axes. Check algebraically. 

10. Sketch X® 4- 2/® = xV 4. ^ 4_ ^ear the singular point (1, 1). 

11 . Pind the singular points and discuss the curves near them : 

(a) X® + y® = 3 0X3/, (j3) = 2 o2 (x^ — y^)^ 

(r) X^ 4- = 2(x — 2/)^ (5) y® “f 2x2/2 = x^ 4- 2/^. 

12. Make these functions maxima or minima subject to the given conditions. 
Discuss the work both with and without a multiplier ; 

(^cc) ( , 0 tanx 4 - 0 tan 2 / = c. Arts, = 

wcosx vcQsy siny v 

(^) x*^ 4- 2/^ cue® + 26x2/ + C2/2 =/. Pind axes of conic, 

(7) Find the shortest distance from a point to a line (in a plane). 

13. Write the second and third total differentials of P(x, 2/) = 0 and compare 
with (3) and Ex. 5. Try this method of calculating in Ex, 2, 

14. Show that F^dx 4- F^dy = 0 does and should give the tangent line to 
P(x, ^) = 0 at the points (x, y) if dx — x and dy =: 7 }^ where 7 } are the 
co5rdinates of points other than (x, y) on the tangent line. Why is the equation 
inapplicable at singular points of the curve ? 

59. More general cases of implicit functions. The problem of 
implicit functions may be generalized in two ways. In the first place 
a greater number of variables may occur in the function, as 

F(x,i/,e) = 0, F(x,y,«,---,u) = 0-, 

and the question may be to solve the equation for one of the variables 
in terms of the others and to determine the partial derivatives of the 
chosen dependent variable. In the second place there may be several 
equations connecting the variables and it may be required to solve the 
equations for some of the variables in terms of the others and tc 
determine the partial derivatives of the chosen dependent variables 


differentiation and attempted formal solution of the equations for the 
derivatives will indicate the results and the theorem under which the 
solution is proper. 

Consider the case F(x, = 0 and form the differential. 

dF{x^ y, z) = F'^dx + F'^dy -f F'^dz = 0. (8) 

If z is to be the dependent variable, the partial derivative oi zhj x is 
found by setting c?y == 0 so that y is constant. Thus 



are obtained by ordinary division after setting c?y = 0 and dx = re- 
spectively. If this division is to be legitimate, F'^ must not vanish at 
the point considered. The immediate suggestion is the theorem: If, 
when real values are chosen and a real value z^ is obtained 

from F{zy y^) = 0 by solution, the function F(x, y, z) regarded as 
a function of three independent variables (x, y, z) is continuous at 
and near y^, z^ and has continuous first partial derivatives and 
F'z{x^i ^ 0 ? ^) = 0 may be solved uniquely for 

/s: = ^(Xj y) and <j!> (a?, y) will be continuous and have partial derivatives 
(9) for values of (a?, y) sufficiently near to y^). 

The theorem is again proved by the Law of the Mean, and in a similar manner, 

F{x, y, z) - F{x^, yo, z^) = F{x, y, z) = QiF'^ + hFy + lF'^):c^^9Kyo-\-BKzo + et- 

As F^^ F', F' are continuous and F'(Xq^ yo, Zq) ^ 0, it is possible to take 5 so 
small that, when | /i| < 5, | A;| < 5, | < 5, the derivative | F '^\ > m and [ < m, [F' [< /tx. 
Now it is desired so to restrict \ k that ± SF^ shall determine the sign of the 
parenthesis. Let 

Iv- then + fcF'[<wS 

and the signs of the parenthesis for (x, y, Zq + 5) and (x, y, Zq — 5) Will be opposite 
since |F^'|>m. Hence if (x, y) be held fixed, there is one and only one value of z 
for which the parenthesis vanishes between jJq + 5 and Zq — 5. Thus z is defined as a 
single valued function of (x, y) for sufficiently small values of 4 = x — x^, & = y — yo* 

Also ^ ^ F^^(Xo + ^^yo + 6>A;, Zo+<^Q 

h F'{Xq + yo 4- Ok, z^ 01)' k F'(- • •) 

when k and h respectively are assigned the values 0. The limits exist when ^ == 0 or 
A: == 0. But in the first case I — Az = Aj^ is the increment of z when x alone varies, 
and in the second case I = Az z=AyZ, The limits are therefore the desired partial 
derivatives of « by x and y. The proof for any number of variables would be 
similar. 


may be solved for any one of the variables, and formulas like (9) will 
express the partial derivatives. It then appears that 


and 


/^\ dz dx F' F' 

^dx/X^^/p~~ K K ^ 

'dz\ / dx\ / d]/\ dz dx dy ^ 
dx JXdy JXdz dx dy dz 


( 10 ) 

( 11 ) 


in like manner. The first equation is in this case identical with (4) 
of § 2 because if y is constant the relation F(x, y, z) = 0 reduces to 
G(xj z) = 0. The second equation is new. By virtue of (10) and simi- 
lar relations, the derivatives in (11) may be inverted and transformed 
to the right side of the equation. As it is assumed in thermodynamics 
that the pressure, volume, and temperature of a given simple substance 
are connected by an equation F(jp, v, T) = 0, called the characteristic 
equation of the substance, a relation between different thermodynamic 
magnitudes is furnished by (11). 

60. In the next place suppose there are two equations 

F(XyyyU,v) = 0, G(x, 7j,u,v) = 0 (12) 

between four variables. Let each equation be differentiated. 

dF =: 0 = F^dx -}- Fydy -f- F^du + F'dvj 

^ 0 = G;,dx + Gydy +• G^^du -f G',dv, (13) 

If it be desired to consider u, v as the dependent variables and x, y as 
independent, it would be natural to solve these equations for the differ- 
entials du and dv in terms of dx and dy ; for example. 


du = - - KG^) dx + iKo;, - f:o:.) du 

f'm: - p'a:. 


(13') 


The differential dv ■would have a different numerator but the same de- 
nominator. The solution requires F'^ G'^ — F'^ G^ =jfc 0. This suggests the 
desired theorem ; If v^) are solutions of JP = 0, (7 = 0 corresponding 
(^o> %) ^oes not vanish for the values (x^, y^j u^, v^), 

the equations JP = 0, (? = 0 may be solved for = <^(x, y), v = \l/{Xj y) 
and the solution is unique and valid for (x, y) sufficiently near (Xq, y^ 
— it being assumed that F and G regarded as functions in four variables 
are continuous and have continuous first partial derivatives at and near 
{^ 0 ? ^ 0 ? '^o) j iiioreover, the total differentials du, dv are given by (13') 

and a similar equation. 



y) v) dx{uiy) 

dx ^ dx ^ du ^ du ^ ^ 

ofuhj X or ot X hj u will naturally depend on whether the solution 
for u is in terms of (x., y) or of (x, -y), and the solution for x is in (w, v) 
or y). Moreover, it must not be assumed that du/dx and dx/du are 
reciprocals no matter which meaning is attached to each. In obtaining 
relations between the derivatives analogous to (10), (11), the values of 
the derivatives in terms of the derivatives of F and G may be found or 
the equations (12) may first be considered as solved. 


Thus if 

M = 0(x, y), 

du = 4>^dx •+ <f>'ydy, 


v = f{x,y). 

dv = ^'Jtx + xf/ydy. 

Then 


- f'Ju + 

t'ji'v - ‘(‘yi'x 

and 

SX _ Vy 

dx_ ^ 

’t’xi'y - ’Py'Px 


Hence 

0X ^ 
dx du 

dv dx 
dx dv ”” 


as may be seen by direct substitution. Here w, v are expressed in terms of x, y for 
the derivatives ; and x, y are considered as expressed in terms of m, v for the 
derivatives x', x'. 


61. The questions of free or constrained maxima and minima, at any 
rate in so far as the determination of the conditions of the first order is 
concerned, may now be treated. If F(x, y^ z) = 0 is given and the max- 
ima and minima of ^ as a function of (x, y) are wanted, 

y, «) = 0, F' (x, y, z) = 0, Fix, y, «) = 0 (16) 

are three equations which may be solved for x, y, If for any of these 
solutions the derivative P' does not vanish, the surface ^ (x, y) has 

at that point a tangent plane parallel to :$; = 0 and there is a maximum, 
minimum, or minimax. To distinguish between the possibilities further 
investigation must be made if necessary ; the details of such an investi- 
gation will not be outlined for the reason that special methods are 
usually available. The conditions for an extreme of w as a function of 
(x, 2/) defined implicitly by the equations (13') are seen to be 

j’X-W=o, = f=o, g = o. (ir) 

The four equations may be solved for x, y, u, v or merely for x, y. 


aujjpuat; uiiciu uiitj iiiiiiiiuct, ijuiiu. mmjMttwv ux tt. = ^ y, H'j au.u- 

ject either to one equation F(x, y,z)^0 or two equations F(Xj y, z) = 0, 
G(Xj 7j, = 0 of constraint are desired. Note that if only one equation 

of constraint is imposed, the function u ==/( 2 r, y, z) becomes a function 
of two variables ; whereas if two equations are imposed, the function u 
really contains only one variable and the question of a minimax does 
not arise. The method of miiltipliers is again employed. Consider 

^(a;, y, =/+XF or <& = / -f A.F + yu ( 18 ) 

as the ease may be. The conditions for a free extreme of 0 are 

= a>; = o, < = o. (19) 

These three equations may be solved for the coordinates cc, y, z which 
will then be expressed as functions of X or of A, and fi according to the 
case. If then X or X and /-t be determined so that (a;, y, z) satisfy = 0 
or JP = 0 and G == 0, the constrained extremes oiu=z f(x, y, z) will be 
found except for the examination of the conditions of higher order. 


As a problem in constrained maxima and minima let the axes of the section of 
an ellipsoid by a plane through the origin be determined. Form the function 

^ = x2 + y2 ^ 2:2 + ^ 4- ~ + my + nz) 

by adding to -f which is to be made extreme, the equations of the ellipsoid 

and plane, which are the equations of constraint. Then apply (19) . Hence 

x+\~ + !^l = 0, y + \p + ^m = 0, 2+\^ + |n = 0 


taken with the equations of ellipsoid and plane will determine x, y, z, X, ft. If the 
equations are multiplied by x, y, z and reduced by the equations of plane and 
ellipsoid, the solution for X is X = — = — (x^ + y2 -f 'pjig three equations 

then become 


1 fjilaP' _ 1 }xmb^ 

2 7-2 — a® ’ ^ 2 r2 — 62 ' 


^ _ 1 /*nc2 
*~2r2-c2’ 


with te + my 4- 712 = 0. 


Hence 


7.2 _ a2 r2 — 52 r2 — 


determines r2. 


(20) 


The two roots for r are the major and minor axes of the ellipse in which the plane 
cuts the ellipsoid. The substitution of x, y, 2 above in the ellipsoid determines 


^ ^ ^ Y i / Y 

4 \r2 — a^J \r2 — hV \r2 — c^/ 


, w" z^ 

since — {- — H — = 1. 

_o ' to • o • 


( 21 ) 


Now when (20) is solved for any particular root r and the value of \i. is found by 
(21), the actual coordinates x, y, 2 of the extremities of the axes may be found. 


1. Obtain the partial derivatives of 2: by x and y directly from (8) and not by 
substitution in (9). Where does the solution fail ? 

(«) - + ^ + -; = 1 . x+v + z = — . 

a" 0 ^ c2 xyz 

(7) (x2 + 2/^ + + bV + (5) xyz = c. 

2. Find the second derivatives in Ex. 1 (or), (jS), (S) by repeated differentiation. 

3. State and prove the theorem on the solution of jP(x, 2/, z, u) = 0. 

4. Show that the product apEr of the coefficient of expansion by the modulus 
of elasticity (§ 62) is equal to the rate of rise of pressure with the temperature if 
the volume is constant. 


5. Establish the proportion Eg: Et=^ Cpi Cv (see § 62). 


6 . 


If F(x, y, u) = 0, show 


du dx By Bz 
Bx By Bz Bu 


= 1 , 


Bx Bu 


1 . 


7. Write the equations of tangent plane and normal line to F(x, y, 2) = 0 and 
find the tangent planes and normal lines to Ex. 1 (/3), (5) at x = 1, j/ = 1. 

8. Find, by using (18), the indicated derivatives on the assumption that either 
X, y or u^v are dependent and the other pair independent : 

(cr) u® + + x^ — 32/ = 0, u® + v* + 2 /® + 3x = 0, it', 

(/3) ® + 2/ + w 4- V = a, x2 + 2 /^ + = 6, v', 

(7) Find dy in both cases if x, v are independent variables. 

~ ® ~ 


10. Find du and the derivatives u' in case 

x^ + y^ z^ = wr, X2/ = u 2 + 1)2 -p w^y xyz = uvw. 

11. If F(x, 2/, z) = 0, G{Xy 2/, 2) = 0 define a curve, show that 

^ y- Vo _ g-gp 
(F'G' - F'G'\ (F'^G^ - F^G'^\ (F^G^ - F'G^\ 

is the tangent line to the curve at (x^, Zq), Write the normal plane. 

12. Formulate the problem of implicit functions occurring in Ex. 11. 

13. Find the perpendicular distance from a point to a plane, 

14. The sum of three positive numbers isz + y z — Ny where N is given. 
Determine x, 2/, z so that the product xpy^z^ shall be maximum if p, g, r are given. 

Ans, X : y : z : N — p : q : r : (p i- q + r), 

15. The sum of three positive numbers and the sum of their squares are both 
given. Make the product a maximum or minimum. 

16. The surface (x2+ 2^2.^ 2-2^2 ^^2 ^2,^,2 .^^2^2 jg by the plane lx+my+nz=0, 

S 22 

= 0. 

a 
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17. In case F{x^ y, w, u) = 0, G (x, w, v) = 0 consider the differentials 

- , dx . , dx - , dy , by ^ 

dv = — dec H dy. dx ^ — du -f — dv, d^/ = — dit H dv. 

ox dy du dv du dv 

Substitute in the first from the last two and obtain relations like (15) and Ex, 9. 

18. If f{x^ z) is to be maximum or minimum subject to the constraint 
F(x, 1 /, z) = 0, show that the conditions are that dx:dy :dz — 0 :0 :0 are indeter- 
minate when their solution is attempted from 

f^dx + fydy -f f'^dz = 0 and F^dx -j- F'^dy + F'dz = 0. 

From what geometrical considerations should this be obvious ? Discuss in connec- 
tion with the problem of inscribing the maximum rectangular parallelepiped in 
the ellipsoid. These equations, 

dx:dy:dz =/;F' -/X '.f^K-fxK -fLK 'f'yK = 0:0:0, 
may sometimes be used to advantage for such problems. 

19. Given the curve F(x^ y, z) = 0, G{x, y, z) = 0. Discuss the conditions for 
the highest or lowest points, or more generally the points where the tangent is 
parallel to « = 0, by treating u =/(x, y, «:) = 2 : as a maximum or minimum sub- 
ject to the two constraining equations F = 0, G? = 0. Show that the condition 
F^Gy = FyG^ which is thus obtained is equivalent to setting d^; = 0 in 

F^dx -f Fydy + F^dz = 0 and G^dx + (?'dy -f G'dz = 0. 

20. Find the highest and lowest points of these curves : 

(a) *2 + j(2 = + 1 , x + y + '2z = 0, {^) ^ + ^ lx + my + nz = 0. 

21. Show that F^dx -f F^dy + F'dz = 0, with dx = ^ — x^ dy = v — y, dz = ]*— 2, 
is the tangent plane to the surface F(x, y, 2) = 0 at (x, y, 2). Apply to Ex. 1. 


22. Given F(x, y, w, v) = 0, (?(x, y, w, u) = 0. Obtain the equations 


dx du dx dv dx 
dG ^ dG du ^ dG dv 
.dx du dx dv dx 


By du dy dv By 
dy du dy dv dy 


and explain their significance as a sort of partial-total differentiation of F = 0 
and G = 0. Find n' from them and compare with (13'). Write similar equations 
where x, y are considered as functions of (u, r). Hence prove, and compare with 
(16) and Ex. 9, 

dudy ^ dv^_ ^ dudx ^ dv dx ^ 
dy du dy dv ’ dy du dy dv 


23. Show that the differentiation with respect to x and y of the four equations 

nni^oT TT.Tr Q9. 1 I-A oirrlrf’ Ckrtii Q f.irk'nc! ■f-rnrY^ fVko £»?rrVi+ /I dYTiTTO+YTTiao 


ana oi bxieir nrsu aenvauves is assumea Liiruugiiuub mis aisaussiuu 
and will not be mentioned again. Suppose that there were a relation 
F{it^ v) = 0 or tj/) — 0 between the- functions. Then 

The last two equations arise on differentiating the first with respect to 
X and y. The elimination of F'^ and F' from these gives 




<f>i 


'Pi, 


d(xyy) \z,yj 


(24) 


The determinant is merely another way of writing the first expression ; 
the next form is the customary short way of waiting the determinant 
and denotes that the elements of the determinant are the first deriva- 
tives of 'll and V with xesj^ect to x and y. This determinant is called the 
functional determinant or Jacobian of the functions tr, v or ij/ witli 
respect to the variables x, y and is denoted by J. It is seen that : If 
there is a functional relation i/f) = 0 between two functions ^ the 
Jacobian of the functions vanishes identically, that is^ vanishes for all 
values of the variables (x, y) under consideration. 

Conversely, if the Jacobian vanishes identically over a two-dimensional 
region for (x, yf the functions are connected by a functional relation, 
Tor, the functions u, v may be assumed not to reduce to mere constants 
and hence there may be assumed to be points for which at least one of 
the partial derivatives 4>xj vanish. Let <f>^ be the 

derivative which does not vanish at some particular point of the region. 
Then == <^ (x, y) may be solved as x = x ?/) vicinity of that 

point and the result may be substituted in v. 


But 


dx du dx 

dy dy du 


and 




(24') 


by (11) and substitution. Thus dv/dy ^ and if / = 0, then 

dv/dy = 0 . This relation holds at least throughout the region for which 
= 5 ^ 0, and for points in this region dv jdy vanishes identically. Hence 
V does not depend on y but becomes a function of u alone. This es- 
tablishes the fact that v and u are functionally connected. 



( 26 ) 


M = <^(a:, y, «), v ^ y, s), w = x(a:, y, s). 
If there is a functional relation F{n, v, w) = 0, differentiate it. 


f :^'„ + F„v; + Kx; = 0. 
j’„'^(+k>a;+kx; = o, 




fx Xx 
'I'v 

'/'» x» 


= 0 , 


^( 4 >, 4 ', x) ^ = j == 0 

d(x,y,z) d(x,y,z) 


(26) 


The result is obtained by eliminating jP', F', F'^ from the three equations. 
The assumption is made, here as above, that F^, F^, do not all vanish ; 
for if they did, the three equations would not imply J = 0. On the 
other hand their vanishing would imply that F did not contain u, v, 

— as it must if there is really a relation between them. And now con- 
versely it may be shown that if J vanishes identically, there is a func- 
tional relation between Uj v, w. Hence again the necessai^y and sufficient 
conditions that the three functions (25) he functionally connected is that 
their Jacobian vanish. 


The proof of the converse part is about as before. It may be assumed that at 
least one of the derivatives of v, w or % by aJ, z does not vanish. Let 
7 ^ 0 be that derivative. Then u = ^ (x, y, z) may be solved as x = w (it, y, z) 
and the result may be substituted in v and w as 

» = ^ (». V, *) = f (<», V, z), w = X {*, y,x) = x (", y, *)• 

Next the Jacobian of v and w relative to y and z may be written as 


dv dw 

dy dy 



dv dw 


x:|+x: 

dz dz 





x'z 


+ fx 


— •i'zhx Xz 



+ K 

L X.Z 







I* Xx 


rz 


-Kh'x 


4'z Vz 


As J vanishes identically, the Jacobian of v and w expressed as functions of y, 
also vanishes. Hence by the case previously discussed there is a functional rela- 
tion T’(v, w) = 0 independent of y, 2 ; and as v, w now contain w, this relation ma^ 
he considered as a functional relation between u, n, w. 


63 . If in (22) the variables u, v be assigned constant values, the 
equations define two curves, and if tc, v be assigned a series of such 
values, the equations (22) define a network of curves in some part of the 



for which ii is constant ; the set of v-curves coincides with the set of 
z^-curves and no true network is formed. This 
case is uninteresting. Let it be assumed that y 
the Jacobian does not vanish identically and 
even that it does not vanish for any point (cc, y) 
of a certain region of the a;y-plane. The indi- 
cations of § 60 are that the equations (22) may 

then be solved for x, y in terms of ic, v at any 

point of the region and that there is a pair of ^ 
the curves through each point. It is then proper to consider v) as 
the coordinates of the points in the region. To any point there corre- 
spond not only the rectangular coordinates (x, y) but also the curvi- 
linear coordinates (u, v). 

The equations connecting the rectangular and curvilinear coordinates 
may be taken in either of the two forms 

U=<f>(x, y), v = <l/(x, y) or a; v), y=g(u, v), (22') 

each of which are the solutions of the other. The Jacobians 




(27) 


are reciprocal each to each ; and this rela- 
tion may be regarded as the analogy of 
the relation (4) of § 2 for the case of 
the function y = <j>(x) and the solution 
X =f(y) = in the case of a single 

variable. The differential of arc is 


I {x+dvx, V'^dyV) 

\ (w, v+dv) 

(a;+da?, y+dy) 
v^-dv) 
v-\‘dv 



’{x+dux, v^'duv) 


ds^ == dx^ + dy'^ = Edi^ -f 2 Fdudv -f- Gdv"^, (28) 



dxdx dy dy 
du do du dv ’ 



The differential of area included between two neighboring w-curves and 
two neighboring v-curves may be written in the form 


dA = J 



dudv = dudv -r- J 



These statements will now be proved in detail. 


( 29 ) 



du ^ 
dx dx 
du dv 
dy dy 


dx dy 
du du 

— 

dv dv 


dx du dx dv dx du dx dv 
du dx ^ dv dx du dy ^ dv dy 
dy du dy dv dy du dy dv 


1 0 


0 1 


= 1 , 


where the rule for multiplying determinants has been applied and the reduction 
has been made by (15), Ex. 9 above, and similar formulas. If the rule for multi- 
plying determinants is unfamiliar, the Jacobians may be written and multiplied 
without that notation and the reduction may be made by the same formulas as 
before. 

To establish the formula for the differential of arc it is only necessary to write 
the total differentials of dx and dy^ to square and add, and then collect. To obtain 
the differential area between four adjacent curves consider the triangle determined 
by (Uy u), (u + dUj v), (u, v + dv), which is half that area, and double the result. 
The determinantal form of the area of a triangle is the best to use. 


d = 2 . - 
2 


duX 



dx - 
— du 



dx 



du 

du 


du 

du 

dyx 

d„y 


dx , 
— dv 



dx 



au 

dv 


dv 

dv 


dudv. 


The subscripts on the differentials indicate which variable changes ; thus duX, d^y 
are the coordinates of (u + du, v) relative to (w, v). This method is easily extended 
to determine the analogous quantities in three dimensions or more. It may be 
noticed that the triangle does not look as if it were half the area (except for infin- 
itesimals of higher order) in the figure ; but see Ex. 12 below. 


It should be remarked that as the differential of area dA is usually 
considered positive •when du and dv are positive, it is usually better to 
replace J in (29) by its absolute value. Instead of regarding (uj v) as 
cuivilinear coordinates in the xy-plane, it is possible to plot them in 
their own tw-plane and thus to establish by (22') a transformation of 
the jjy-plane over onto the -z^i^-plane. A small area in the ccy-plane then 
becomes a small area in the wv-plane. If / > 0, the transformation is 
called direct ; but if / < 0, the transformation is called perverted. The 
significance of the distinction can be made clear only when the ques- 
tion of the signs of areas has been treated. The transformation is called 
conformal when elements of arc in the neighborhood of a point in the 
xy-plane are proportional to the elements of arc in the neighborhood of 
the corresponding point in the -ui^-plane, that is, when 

ds^ = dx^ -f- dy^ = k (du^ 4- dv^) = hd<f. 


(30) 



angle similar to it, and hence angles will be unchanged by the transfor- 
mation. That the transformation be conformal requires that F = 0 and 
E — G. It is not necessary that E = G — k be constants ; the ratio of 
similitude may be different for different points. 

64 . There remains outstanding the proof that equations may be solved 
in the neighborhood of a point at which the Jacobian does not vanish. 
The fact was indicated in § 60 and used in § 63. 

Theorem. Let jp equations in n p variables be given, say, 

= 0, = 0, . . ., j;, = 0. (31) 

Let the p functions be soluble for x^, when a particular set 

^(p+Do? " ^(n+p)o other n variables are given. Let the functions 

and their first derivatives be continuous in all the n-\-p variables in the 
neighborhood of x^, • • «, Let the Jacobian of the functions 

with respect to x^y • • •, x^, 



fail to vanish for the particular set mentioned. Then the p equations 
may be solved for the p variables x^y * * * j and the solutions will be 
continuous, unique, and differentiable with continuous first partial 
derivatives for all values of x^^-^y •••, sufficiently near to the 

values x^p^iy^j •••, 

Theorem. The necessary and sufficient condition that a functional 
relation exist between p functions of p variables is that the Jacobian 
of the functions with respect to the variables shall vanish identically, 
that is, for all values of the variables. 


The proofs of these theorems will naturally be given by mathematical induction. 
Each of the theorems has been proved in the simplest cases and it remains only to 
show that the theorems are true for p functions in case they are for p — 1. Expand 
the determinant J, 




‘axi 


' dXn 


+ j 


Ji» ' • * » minors. 


Eor the first theorem J ^ 0 and hence at least one of the minors Jj, • • •, Jp must 
^all to vanish. Let that one be Jj, which is the Jacobian of F^, * Fp with respect 
to Xj, ’ * Xj,. By the assumption that the theorem holds for the case p — 1, these 
p — 1 equations may be solved for Xg, • • •, Xj, in terms of the n + 1 variables x^, 


a5p +1 , • • • , , and the results may be substituted in F^. It remains to show that 

= 0 is soluble for Now 


dx^ dx^ 

For the derivatives of Xg, 


+ + + = J/J. ^ 0. 

riv.. Pinr.. Plnr ^ 


(32') 


0X2 dXi ' ' dXjp dZi 

, Xp with respect to are obtained from the equations 


aXj 0X2 dXi BXjt 0Xi 0X^ 0X2 0Xi dXp dx^ 

resulting from the differentiation of F^z=i0^ . . .^ = 0 with respect to x^. The 

derivative dXi/dx^ is therefore merely Ji/J ^ , and hence dF^/dx^ = J/J^ and does 
not vanish. The equation therefore may be solved for in terms of X;> + i, ■ 
Xji^p^ and this result may be substituted in the solutions above found for X2, • • •, Xp. 
Hence the equations have been solved for Xj^, Xg, • • •, Xp in terms of Xp +1, • • • , Xn+p 
and the theorem is proved. 

For the second theorem the procedure is analogous to that previously followed. 
If there is a relation w^,) = 0 between the p functions 

(^ 1 » * ' ' j * * 'j ^ (^ij * * ■ ? ^ 1)^1 

differentiation with respect to x^, • • Xp gives equations from which the deriva- 
tives oi F hy ‘ , Up may be eliminated and iJ^2\ — 0 becomes the con- 

dition desired. If conversely this Jacobian vanishes identically and it be assumed 
that one of the derivatives of w,* by xj , say does not vanish, then the solution 

Xj = w(xt^, Xg, • • •, Xj,) may be effected and the result may be substituted in 
• • Up. The Jacobian of Wg, • * Wp with respect to Xg, • • •, Xp will then turn out 
to be J -H 0itj^/0x^ and will vanish because J vanishes. Now, however, only p — 1 
functions are involved, and hence if the theorem is true for p — 1 functions it must 
be true for p functions. 


EXERCISES 


1. If it = ax-f6p + c and v = a'x + Fy + c' are functionally dependent, the 
lines w = 0 and v = 0 are parallel ; and conversely. 

2. Prove x -j- y + z, xy + yz + zx^ functionally dependent. 

3. If u =z ax + by + cz + d, r = a'x -f Fy + c'z + d', w = a"x + V'y + c"z + d" 
are f imctionally dependent, the planes a = 0, u = 0, t(> = 0 are parallel to a line. 

4. In what senses are — and of (24') and and —1 of (32') partial or total 
rivatives ? Are not the 

5. Given (25), suppose 


derivatives ? Are not the two sets completely analogous ? 

, / 1 7^ 0, Solve 1? =: and ly =: x f or p and 2;, substi- 

Xy 

x; ’ 

6. If w = w (X, y),v = v (x, y), and x = x (f, 17), p = p (^, >?), prove 

(27') 


Xz, 

tute in w = ^, and prove du/dx = J -h 


Vx, p/ \0, 17/ 1 J/ 


State the extension to any number of variables. How may (27') be used to prove 


iO UUO Ui. 


f, JTIUVOUK = wl I UtMXUUW ~ U,U<U,UU.W T* W 1 I 

\m, V, Wl \a;, z} 

volume in space ’with curvilinear coordinates w, v, w; = consts. 

8. In what parts of the plane can v — xy not be used as curvi- 

linear cobrdinates ? Express for these coordinates. 

9. Prove that 2u = v ^ xy is & conformal transformation. 


10. Prove that x — » y = r is a conformal transformation. 

+ u2 + v2 

11. Define conformal transformation in space. If the transformation 

X = au 4- + ciu, y = a'u -f- Vv + c'ly, z — a"u + + c"w 

la conformal, is it orthogonal ? See Ex. 10 (f*), p. 100. 

12. Show that the areas of the triangles whose vertices are 

(w, v), (u + du, v), (a, V 4- dv) and (w + du, v + dv), (u 4- du, r), (u, v 4- dv) 
are infinitesimals of the same order, as suggested in § 63. 


13. Would the condition E = 0 in (28) mean that the set of curves u = const, 
were perpendicular to the set v = const. ? 


14. Express JP, G in (28) in terms of the derivatives of u, v by x, y. 

15. If a; = 0(s, i), 2 ^ = ^(s, i), z = x(«, t) are the parametric equations of a 
surface (from which s, t could be eliminated to obtain the equation between 
X, y, z)i show 

^ = andfind 

dx \s,t/ \s,t/ 


ay* 


65. Envelopes of curves and surfaces. Let the equation F(x, t/, a) = 0 
be considered as representing a family of curves where the different 
curves of the family are obtained by assigning different values to the 
parameter a. Such families are illustrated by 

(cc — a:)® + y* = 1 and ax + y/a = 1, (33) 

which are circles of unit radius centered on the cc-axis and lines which 
cut off the area ^ 0 ^ from the first quadrant. As a changes, the circles 
remain always tangent to the two lines 2/ = ± ^ and 
the point of tangency traces those lines. Again, as ^ 
a changes, the lines (33) remain tangent to the hyper- 
bola xy = k, owing to the property of the hyperbola 
that a tangent forms a triangle of constant area with 
the asymptotes. The lines y = ± 1 are called the - 
envelope of the system of circles and the hyperbola 
xy = k the envelope of the set of lines. In general, if there is a curve 
to which the curves of a family F(Xy y, tr) = 0 are tangent and if the 
point of tangency describes that curve as a varies, the curve is called 
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the envelojye (or part of the envelope if there are several such eiu'ves) 
of the family F{x, y, a) — 0. Thus any cui've may be regarded as the 
envelope of its tangents or as tlie envelope of its circles of curvature. 

To find the equations of the envelope note that by definition the 
enveloping curves of the family y, ct) = 0 are tangent to the envelope 
and that the point of taiigency moves along the envelope as a varies. 
The equation of tlie envelope may therefore be written 

(a), with a) = 0, (34) 

where the first equations express the dependence of the points on the 
envelope upon the parameter a and the last equation states that each 
point of the envelope lies also on some curve of the family F(x^ y, a) = 0. 
Differentiate (34) with respect to a. Then 

F'<^'(«^) + W^) + f;==0. (36) 

?fow if the point of contact of the envelope with the curve F == 0 is an 
ordinary point of that curve, the tangent to the curve is 

- ®o) + ~ yo) = ^ > + K'P' = 

since the tangent direction dy : dx ==: xj/* : <jf>' along the envelope is by 
definition identical with that along the enveloping curve j and if the 
point of contact is a singular point for the enveloping curve, F^ == Fy = 0. 
Hence in either case = 0. 

Thus for points on the envelope the two equations 

F{x, y, a) = 0, y, «) = 0 (36) 

are satisfied and the equation of the envelope of the family F =: 0 ma'ij 
he found hy solving (36) to find the parametric equations x = <j>(cc), 
y = ^^(a;) of the envelope or hy eliminating a between (36) to find the 
equation of the envelope in the form (x, y) = 0. It should be remarked 
that the locus found by this process may contain other curves than the 
envelope. For instance if the curves of the family F = 0 have singular 
points and if cc = (<r), y^\l/(a) be the locus of the singular points 

as a varies, equations (34), (36) still hold and hence (36) also. The 
rule for finding the envelope therefore finds also the locus of singular 
points. Other extraneous factors may also be introduced in performing 
the elimination. It is therefore important to test graphically or analyt- 
ically the solution obtained by applying the rule. 



I3ut as a second example consider orx + ?//a = 1. Here 

F(x, y, cx) = a:c + y/a —1 = 0, = x — y/a- = 0. 


The solution is y = a/2, x = 1/2 a, wliicli gives xy = J. This is the envelope; it could 
not be a locus of singular points of F = 0 as there are none. Suppose the elimina- 
tion of a be made by Sylvester’s method as 


-y/<F 

+ 0/a 

4- ic + Oa = 0 

-y 

0 

X 

0 

O/ct^ 

- y/a 

+ 0 -1- xo: = 0 

r. rv and 

-1- X -f- Oa = 0 

0 

-y 

0 

X 

y/a^ 

- \/a 

V 

- 1 

X 

0 

0/a- 

+ y/a 

— 1 + xa = 0 

0 

V 

- 1 

X 



tlie reduction of the determinant gives xy(4^xy — 1) = 0 as the elirainant, and con- 
tains not only the envelope 4x?/ = 1, but the factors x = 0 and y := G which are 
obviously extraneous. 

As a third problem hiul the envelope of a line of which the length intercepted 
between the axes is constant. The necessary equations are 


- + ^ = a^ + p^ = Ki, ^da + ^dp-0, ada: + pdp = 0. 
a ^ 


Two parameters a, /3 connected by a relation have been introduced; both equations 
have been differentiated totally with respect to the parameters ; and the problem 
is to eliminate a, da, from the equations. In this case it is simpler to carry 
both parameters than to introduce the radicals which would be required if only 
one parameter were used. The elimination of da, d^ from the last two equations 
gives X : 2/ = : /33 or •^x ; = a : j9. I’rom this and the first equation, 


1 _ 1 1 _ 1 
^ xKx^' + y^) ^ y^{x^ + 


and hence . 


66. Consider two neighboring curves of F(x, y, a) = 0. Let (x^j 
be an ordinary point of a = and + ax^ + dij) of + d,a. Then 

+ dx, + dy, + da) - F{x^, 

= F;,dx + F'ydy + F^da = 0 (37) 

holds except for infinitesimals of higher order. The distance from the 
point on -f da to the tangent to at (x^, is 

F'jix -f F/ly ^ ±Fada ^ 

±-/Ff+F;^ + f;^ ^ ^ 

except for infinitesimals of higher order. This distance is of the first 
Drder with da, and the normal derivative daldn of § 48 is finite except 
when F'a = 0. The distance is of higher order than da, and dafdn is 
infinite or dnjda is zero when F'^— 0. It appears therefore that the 
mvelojye is the locus of •points at which the distance between two neigh- 
boring curves is of higher order than da. This is also apparent geotnet- 
dcally from the fact that the distance from a point on a curve to the 


curves of the family and is not an envelope but an extraneous tact 
in exceptional cases this locus is an envelope. 

If two neighboring curves JP(x, a) = 0, oc Aa) = 0 ini 

sect, their point of intersection satisfies both of the equations, and hei 
also the equation 

^ y,« + i^a)—F{x, y, «)'\ = F'„(x, y, a + 6\«) = 0. 

If the limit be taken for ^ 0, the limiting position of the intere 
tion satisfies = 0 and hence may lie on the envelope, and will lie 
the envelope if the common point of intersection is remote from singu 
points of the curves F(x, y, a) = 0, This idea of an envelope as 
limit of points in which neighboring curves of the family intersect 
valuable. It is sometimes taken as the definition of the envelope. I 
unless imaginary points of intersection are considered, it is an ina 
quate definition ; for otherwise y ^ (x — af would have no enveL 
according to the definition (whereas ?/ = 0 is obviously an envelope) £ 
a curve could not be regarded as the envelope of its osculating circL 

Care must be used in applying the rule for finding an envelope. Otherwise 
only may extraneous solutions be mistaken for the envelope, but the envelope i 
be missed entirely. Consider 

y — smax = 0 or a — = 0, ' 

where the second form is obtained by solution and contains a multiple val 
function. These two families of curves are identical, and it is geometrically c 
that they have an envelope, namely y = d: 1, This is precisely what would 
found on applying the rule to the first of (39) ; but if the rule be applied to 
second of (39), it is seen that = 1, which does not vanish and hence indicates 
envelope. The whole matter should be examined carefully in the light of imp! 
functions. 

Hence let F(x, y, a) = 0 be a continuous single valued function of the tl 
variables (x, y, a) and let its derivatives F', F^ exist and be continuous. C 
sider the behavior of the curves of the family near a point (x^,, y^) of the curve 
a — (Xq provided that (x^, yo) is an ordinary (nonsingular) point of the curve 
that the derivative ^^(Xo, y^, (Xq) does not vanish. As F' 9^ 0 and either F' 
OT Fy^O for (Xp, y^,, u:^), it is possible to surround (Xq, y^,) with a region so si 
that F(x, y, a) = 0 may be solved for a =/(x, y) which will be single valued 
differentiable ; and the region may further be taken so small that F' or F' remj 
different from 0 throughout the region. Then through every point of the re^ 
there is one and only one curve a =/(x, y) and the curves have no singular po 
within the region. In particular no two curves of the family can be tangen 
each other within the region. 


traverses the region be x = 0 (t), y = f (t). Then 

=/(0 W, f W), «'W = />'(0 +4V'W^ 

Along any curve a =/(a;, 2/) the equation /^dx +/ydy = 0 holds, and if x = 0(i), 
/ = 0 (i) be tangent to this curve, = dx = 0' : 0' and a'{t) = 0 or a = const. 
Hence the only curve which has at each point the direction of the curve of the 
[amily through that point is a curve which coincides throughout with some curve 
the family and is tangent to no other member of the family. Hence there is no 
envelope. The result is that an envelope can be present only when = 0 or when 
= F ' = 0, and this latter case has been seen to be included in the condition 
P^ = 0. If jP(x, 2/, «) were not single valued but the branches were separable, the 
same conclusion would hold. Hence in case J’(x, y, a) is not single valued the loci 
)ver which two or more values become insepar^le must be added to those over 
vhich jP^ = 0 in order to insure that all the loci which may be envelopes are taken 
nto account. 


67 . The preceding considerations apply with so little change to other 
3ases of envelopes that the facts will merely be stated without proof. 
Consider a family of surfaces F(x, z, /8) = 0 depending ou two 
parameters. The envelope may be defined by the property of tangency 
IS in § 65 ; and the conditions for an envelope would he 

F(x, y, r., a, /?) = 0, = 0, = 0. (40) 

rhese three equations may be solved to express the envelope as 

parametrically in terms of or, /? ; or the two parameters may be elimi- 
lated and the envelope may be found as y, z) = 0. In any case 
jxtraneous loci may be introduced and the results of the work should 
herefore be tested, which generally may be done at sight. 

It is also possible to determine the distance from the tangent plane 
)f one surface to the neighboring surfaces as 


F'dx + F',dy + F'^dz _ F'Ja + F'^dfi ^ 


ind to define the envelope as the locus of points such that this distance 
s of higher order than \da\'\’\dp\. The equations (40) would then also 
bllow. This definition would apply only to ordinary points of the sur- 
'aces of the family, that is, to points for which not all the derivatives 
Fy, F' vanish. But as the elimination of a, p from (40) would give 
m equation which included the loci of these singular points, there 
vould be no danger of losing such loci in the rare instances where they, 
00 , happened to be tangent to the surfaces of the family. 


i 


ana wouia snow tnat no envelope couia exist in regions wnere no singular pt 
occurred and where either or failed to vanish. This work could be b 
either on the first definition involving tangency directly or on the second defini 
which involves tangency indirectly in the statements concerning infinitesima 
higher order. It may be added that if F(x, 2 /, z, cr, jS) = 0 were not single val 
the surfaces over which two values of the function become inseparable shoul 
added as possible envelopes. 

A family of surfaces F(xj y, Zj a) = 0 depending on a single pai 
eter may have an envelope, and the envelope is found from 

F(x, y, a) = 0, F'J^x, y, «, a) = 0 

by the elimination of the single parameter. The details of the deduc 
of the rule will be omitted. If two neighboring surfaces intersect, 
limiting position of the curve of intersection lies on the envelope 
the envelope is the surface generated by this curve as a varies, 
surfaces of the family touch the envelope not at a point merely 
along these curves. The curves are called characteristics of the far 
In the case where consecutive surfaces of the family do not infcei 
in a real curve it is necessary to fall back on the conception of in 
naries or on the definition of an envelope in terms of tangenc; 
infinitesimals; the characteristic curves are still the curves a 
which the surfaces of the family are in contact with the envelope 
along which two consecutive surfaces of the family are distant \ 
each other by an infinitesimal of higher order than da, 

A particular case of importance is the envelope of a plane w 
depends on one parameter. The equations (42) are then 

Ax -}- ily + -f* T) == 0, A'x B^y + C'z -f- = 0, 

where A, JB, C, D are functions of the parameter and differentia 
with respect to it is denoted by accents. The case where the j 
moves parallel to itself or turns about a line may be excluded as tri 
As the intersection of two planes is a line, the characteristics oJ 
system are straight lines, the envelope is a ruled surface, and a % 
tangent to the surface at one point of the lines is tangent to the sm 
throughout the whole extent of the line. Cones and cylinders are e: 
pies of this sort of surface. Another example is the surface envel 
by the osculating planes of a curve in space ; for the osculating \ 
depends on only one parameter. As the osculating plane (§ 41) ma 
regarded as passing throngh three consecutive points of the curve, 
consecutive osculating planes may be considered as having two com 
tive points of the cui’ve in common and hence the characteristic! 


plane which depends on a single parameter are called developable surfaces. 

A family of curves dependent on two parameters as 

F{x, y, z, a, /?) = 0, G{x, y, z, a, /?) = 0 (44) 

lS called a congr uence of curves. The curves may have an envelope, that 
[S, there may be a surface to which the curves are tangent and which 
nay be regarded as the locus of their points of tangency. The envelope 
LS obtained by eliminating a, p from the equations 

F=0, F',g;- f;g^=:0. (45) 

lo see this, suppose that the third condition is not fulfilled. The equa- 
dons (44) may then be solved as a =/(cc, y, z), ^ = y (a;, y, z). Eeason^ 
ing like that of § 66 now shows that there cannot possibly be an 
envelope in the region for which the solution is valid. It may therefore 
be inferred that the only possibilities for an envelope are contained in 
uhe equations (45). As various extraneous loci might be introduced in 
jhe elimination of a, ^ from (45) and as the solutions should therefore 
be tested individually, it is hardly necessary to examine the general 
question further. The envelope of a congruence of curves is called the 
focal surface of the congruence and the points of contact of the curves 
(vith the envelope are called the focal points on the curves. 

EXERCISES 

1 . Find the envelopes of these families of curves. In each case test the answer 
3r its individual factors and check the results by a sketch : 

(a) y = 2cex-^ a\ (/ 3 ) y^ = a(X’- a), (y) y — ax k/a, 

{d) a(y + a)2 = (c) y = a{x + ar)% {^) 

2. Find the envelope of the ellipses x^/a^ + y^/b^ = 1 under the condition that 
(or) the sum of the axes is constant or (p) the area is constant. 

3 . Find the envelope of the circles whose center is on a given parabola and 
fvhich pass through the vertex of the parabola. 

4 . Circles pass through the origin and have their centers on x^ — Find 

their envelope. Aria. A lemniscate. 

5 . Find the envelopes in these cases : 

(or) X + xya — sin~i»y, (p) x + g = v ers-^y + V2 y — 

( 7 ) y + or = Vl — 1/x. 

6 . Find the envelopes in these cases : 

{a) ax + py + apz = 1 , (/S) - + 1 | — - = 1, 

W ^ S ^ ^ ~ 

or 7® 

7. Find the envelones in Ex. 6 (or), {/*) if or = or if a = — j8. 


the whole characteristic by snowing that tne normal to y, 2;, a) =: u ana t( 
eliminant of F = 0, JF' = 0 are the same, namely 


F' :F' :F' 

^ X * p ' ^ z 


and 


J?’' + i?’' ^ : F' + F' — : F' + F' 

" 0 x “02/ " " 02: 


where a:(x, y, z) is the function obtained by solving Fa = 0. Consider theprol 
also from the point of view of infinitesimals and the normal derivative. 


9 . If there is a curve x = y = ^(cr), z^xi^) tangent to the curve 
the family defined by F(x, y, z, a) = 0, C? (x, 2/, z, a) = 0 in space, then that c 
is called the envelope of the family. Show, by the same reasoning as in § 6{ 
the case of the plane, that the four conditions F = 0, (? = 0, F^ = 0, (?a = 0 J 
be satisfied for an envelope ; and hence infer that ordinarily a family of curvi 
space dependent on a single parameter has no envelope. 


10 . Show that the family F(x, y, z, a) = 0, F^(x, y, z, a) = 0 of curves w 

are the characteristics of a family of surfaces has in general an envelope givei 
the three equations F = 0, Fa = 0, = 0. 

11 . Derive the condition (45) for the envelope of a two-parametered fami] 
curves from the idea of tangency, as in the case of one parameter. 

12 . Find the envelope of the normals to a plane curve y =/(x) and show 
the envelope is the locus of the center of curvature. 

13 . The locus of Ex. 12 is called the eoolute of the curve y =/(x). In these < 
find the evolute as an envelope : 

(a) y = x^, (^) X = a sin t, y = b cos i, (y) 2 xy = ct‘ 

(5)2/2 = 27nx, (c) x= sin^), 2/ = a(l— cos^), (^) y = cosh 

14 . Given a surface z —/(x, 3/). Construct the family of normal lines and 
their envelope. 

15 . If rays of light issuing from a point in a plane are reflected from a cur 
the plane, the angle of reflection being equal to the angle of incidence, the envc 
of the reflected rays is called the caustic of the curve with respect to the p' 
Show that the caustic of a circle with respect to a point on its circumference 
cardioid. 


16 . The curve which is the envelope of the characteristic lines, that is, oi 
rulings, on the developable surface (43) is called the cuspidal edge of the suri 
Show that the equations of this curve may be found parametrically in terms ol 
parameter of (43) by solving simultaneously 

Jlx + F2/ + Cz + D = 0, A'x + B'y + C'z + IT = 0, A"x + B"y + C"z + D" 
for X, 2/, z. Consider the exceptional cases of cones and cylinders. 

17. The term " developable ” signifies that a developable surface may be devel 
or mapped on a plane in such a way that lengths of arcs on the surface become i 
lengths in the plane, that is, the map may be made without distortion of siz 
shape. In the case of cones or cylinders this map may be made by slitting the 
or cylinder along an element and rolling it out upon a plane. What is the ana 
statement in this case ? In the case of any developable surface with a cus] 
edge, the developable surface being the locus of all tangents to the cuspidal 6 


ices for which the radius of curvature R of the cuspidal edge is the same function 
f 5 without regard to the torsion ; in particular the torsion may be zero and the 
evelopable may reduce to a plane. 

18. Let the line cc = az + b, y = cz + d depend on one parameter so as to gen- 
rate a ruled surface. By identifying this form of the line with (43) obtain by 
ibstitution the conditions 

-4ct -f Be + (7 = 0, A'a 4- R'c G' = 0 Aa' + Be' = 0 | 1 q 

s the condition that the line generates a developable surface. 

68. More differential geometry. The representation 

y, s) = 0 , ov « =/(a:, y) (46) 

r x~^{u,v), y = ,{,(u,v), z = x(u, v) 

f a surface may be taken in the unsolved, the solved, or the parametric 
orm. The parametric form is equivalent to the solved form provided 
, V be taken as x, y. The notation 

dz dz ^z d^z d^z 

^ dx^ ^ dy^ ^ ^ dxdy ^ dy^ 

} adopted for the derivatives of z with respect to x and 3 /. The applica- 
Lon of Taylor^s Formula to the solved form gives 

= ph qk \ (rh^ -f ^ -f H (47) 

dth h = Aa?, ^4= Ay, The linear terms ph + qk constitute the differ- 
ntial dz and represent that part of the increment of z which would be 
btained by replacing the surface by its tangent plane. Apart from 
afinitesimals of the third order, the dist^ince from the tangent plane up 
r down to the surface along a parallel to the «-axis is given by the 
uadratic terms \(rh^ - 1 - 2 slik -f tk^. 

Hence if the quadratic terms at any point are a positive definite form 
5 55), the surface lies above its tangent plane and is concave up ; but 
f the form is negative definite, the surface lies below its tangent plane 
ad is concave down or convex up. If the form is indefinite but not 
ingular, the surface lies partly above and partly below its tangent 
lane and may be called concavo-convex, that is, it is saddle-shaped. If 
le form is singular nothing can be definitely stated. These statements 



tangenb plane is parallel to the xy-plane. It will be assumed in the 
further work of these articles that at least one of the derivatives r, s, t 
is not 0, 

To examine more closely the behavior of a surface in the vicinity of 
a particular point upon it, let the cc^-plane be taken in coincidence with 
the tangent plane at the point and let the point be taken as origin. 
Then Maclaurin’s Formula is available. 


J (7'x^ 4" 2 sx?/ -b t?/^) + terms of higher order 

cos^ 0 + 2 s sin 6 cos 0 t siii^ 0) -h higher terms, ^ ^ 

where (p, 0) are polar coordinates in the xy-plane. Then 

1 r 

-r = r cos^ ^ -b 2 5 sin ^ cos ^ -b ^ siii^ ^ = -ri -5- 1 -f 
R dp^ L 

is the curvature of a normal section of the surface. The sum of the 
curvatures in two normal sections which are in perpendicular planes 
may be obtained by giving 6 the values B and ^ ^ tt. This sum 

reduces to v t and is therefore independent of B, 

As the sum of the curvatures in two perpendicular normal planes is 
constant, the maximum and minimum values of the curvature will be 
found iiL perpendicular planes. These values of the curvature are called 
the principal values and their reciprocals are the principal radii of 
curvature and the sections in which they lie are the principal sections. 
If s = 0, the principal sections are ^ = 0 and ^ J tt ; and conversely 
if the axes of x and y had been chosen in the tangent plane so as to be 
tangent to the principal sections, the derivative s would have vanished 
The equation of the surface would then have taken the simple form 



z = ^{rx^ -b t'lf') + higher terms. (60) 

The principal curvatures would be merely r and t, and the curvature 
in any normal section would have had the form 


1 

R 


gos^B , sin^B 


R. 


R. 


r cos^ B t sin^ B. 


If the two principal curvatures have opposite signs, that is, if the 
signs of r and t in (50) are opposite, the surface is saddle^haped. 
There are then two directions for which the curvature of a normal sec- 
tion vanishes, namely the directions of the lines 

B — ± tau-^ V— RJR^ or V|rja: =± VjTjy. 


These are called the asymptotic directions. Along ‘these directions the 
surface departs from its tangent plane by infinitesimals of the third 



I,- 1 , orrlpr If a curve is drawn on a surface so that at eac 
order, or higher orde . asymp- 

point of the curve the tange asymptotic curve or line of the 

'the «f:f7rir;or. ie ly tr. p.,.« 

ol the point The indioeto .s the 


4 - y" 


:1, Of. » = + 


( 61 ) 


Which has the principal ““ f 

square ihe conic m!y be regarded as similar to 

as the magnitudes of its axes, x the 

the conic in which a plane inhn tdy ne^ ^ 

surface when infinitesimals _ of ^ ig ^ hyper- 

lected. In case the sur ace is co conj’U'ste 

bola and should be conside ^^ositive or negative r 

hyperbolas that would arise rom g ^ hyperbolic, or 
in (61). The point on the surfac a hyperbola, or a pair 

parabolic according as the indmato^^ curvatures vanishes. 

of lines, as happens w ciistinctions definite, indefinite, 

Thoo. daose. of point, ootre.pond to 
and singular applied to the qua ra ic 

Two further results are notewor y. J ^ ^tth the surface by 
differs from the section of p-or as the osculating 

infinitesimals of higher order than tnter- 

plane passes through three — tl^ce consecutive 
Lction with the surface passes ^^nd order. It follows 

points and the two curves have con ^ siirface is identical 

Lt the radius of plane cuts the surface, 

with that of the curve in w radius of curvature of an 

The other result is Meusm^s T eore . projection upon the 

oblique section of the surface a any ^ normal section 

plane of that section of the radius Ws, if the 

which passes through the same of the oblique 

radius of curvature of a norma ^ obtained by multiplying 

sections through the fame tengen J ^ the surface 


x-axis in the tangent plane be taken along the intersection with the oblique plai 
Neglect infinitesimals of higher order than the second. Then 

y = <j>{x)= I ox®, z — -I (rx^ + 2 sxy + iy^) = J rx^ (i 

will be the equations of the curve. The plane of the section is — n/ = 0, as n 
be seen by inspection. The radius of curvature of the curve in this plane may 
found at once. Tor if u denote distance in the plane and perpendicular to 
x-axis and if y be the angle between the normal plane and the oblique ph 
az — ry — 0, 

u = X sec y = y CSC V = J r sec • X® = i a CSC • x^. 

The form w = | r sec • x^ gives the curvature as r sec v. But the curvature in 
normal section is r by (48'). As the curvature in the oblique section is seci' tii 
that in the normal section, the radius of curvature in the oblique section is ci 
times that of the normal section. Meusnier’s Theorem is thus proved. 

69 . These investigations with a special choice of axes give geometric proj 
ties of the surface, hut do not express those properties in a convenient anal] 
form ; for if a surface z =/(x, y) is given, the transformation to the special a 
is difficult. The idea of the indicatrix or its similar conic as the section of 
surface by a plane near the tangent plane and parallel to it will, however, del 
mine the general conditions readily. If in the expansion 

Az-- dz = i (rh^ + 2 ahk + tk^) = const. ( 

the quadratic terms be set equal to a constant, the conic obtained is the project 
of the indicatrix on the xj/-plane, or if (62) be regarded as a cylinder upon 
xy-plane, the indicatrix (or similar conic) is the intersection of the cylinder v 
the tangent plane. As the character of the conic is unchanged by the projecti 
ike point on the surface is elliptic if < rt, hyperbolic if > rt, and paraJbolu 
8* = rU Moreover if the indicatrix is hyperbolic, its asymptotes must project into 
asymptotes of the conic (52), and hence if dx and dy replace h and A:, the equal 

rdx^ + 2 sdxdy + tdty* = 0 { 

may be regarded as the differential equation of the projection of the asymptotic i 
on the xy-plane. If r, s, t be expressed as functions/^, ^ of (x, y) and (63] 
factored, the integration of the two equations (x, y) + A" (x, y)dy thus foi 
will give the finite equations of the projections of the asymptotic lines and, ta 
with the equation z =/(x, y), will give the curves on the surface. 

To find the lines of curvature is not quite so simple ; for it is necessary to de 
mine the directions which are the projections of the axes of the indicatrix, i 
these are not the axes of the projected conic. Any radius of the indicatrix i 
be regarded as the intersection of the tangent plane and a plane perpendicula 
the xj/-plane through the radius of the projected conic. Hence 

21 - Zo - ®o) + yo)i («- = (y - vo) ^ 

are the two planes which intersect in the radius that projects along the direct 
determined by h, k. The direction cosines 


h\kzph + qk . 

■ - — and 

V/t2 -p + {ph + qky 


h:k:0 


( 


( 66 ) 


j tatjreiore Lne square oi tne corresponamg radius in the indicatrix. To deter- 
liiie the axes of the indicatrix, this radius is to be made a maximum or minimum 
nbject to (62). With a multiplier X, 

A + + gffc -4- X (r/i -f sfc) = 0, k+ph + {sh 4- tfc) = 0 

re the conditions required, and the elimination of X gives 

[s (1 + _ pgr] + hk [t (1 + p2) ~ r (1 + g2)] - [t (1 + q^) - pqt] = 0 

8 the equation that determines the projection of the axes. Or 
(1 -f p^) dx H- pqdy _ pqdx + (1 + q^) dy 
rdx H- sdy sdx + tdy 

t the differential equation of the projected lines of curvature. 

In addition to the asymptotic lines and lines of curvature the geodesic or shortest 
nes on the surface are important. These, however, are better left for the methods 
E the calculus of variations (§ 159). The attention may therefore be turned to 
nding the value of the radius of curvature in any normal section of the surface. 
A reference to (48) and (49) shows that the curvature is 

1 _ 2 « _ rX® 4- 2 shk 4- tk^ _ rA* 4- 2 shk 4- 

i the special case. But in th e general ca se the normal distance to the surface is 
\z — dz) cos 7, with sec 7 = Vl 4- ^2^ instead of the %zot the special case, and 

le radius p 2 Qf special case becomes p 2 qqqZ ^ = a® + 4- (ph 4 qk)^ in the 

ingent plane. Hence 

— — ^ ~ cos 7 _ rl2 4 2 sZm 4- tm ^ 

a h^ -{• k^ {ph 4 Qk)^ "y/ 1 4“ p^ 4 q^ 

here the direction cosines i, m of a radius in the tangent plane have been intro- 
aced from (64), is the general expression for the curvature of a normal section, 
he form 

1 _ rh^ 4 2 shk 4 tk^ 1 

It h^ k^ {ph 4 Qk)^ "n/I 4 4 

here the direction A, k of the projected radius remains, is frequently more con- 
mient than (66) which contains the direction cosines m of the original direction 
the tangent plane. Meusnier’s Theorem may now be written in the form 

cos v _ rP 4 2 slm 4 
__ , 


, - ( 57 ) 

Vi4p^4e^ 

here y is the angle between an oblique section and the tangent plane and where 
m are the direction cosines of the intersection of the planes. 

The work here given has depended for its relative simplicity of statement upon 
e assumption of the surface (46) in solved form. It is merely a problem in 
iplicit partial differentiation to pass from p, q^ r, s, i to their equivalents in terms 
F' or the derivatives of 0, x ^7 <^7 


1 7* i 7* t 

1. In (49) show — = cos 2 ^ + s sin 2 ^ and find tlie directions of 

' ^ E 2 2 

maximum and minimum R, It and R^ maximum and minimum values 

of 5, show 

1,1 ,11 


R* Rn 


and — --- z= — s*. 
R^ R^ 


Half of the sum of the curvatures is called the mean curvature ; the product of the 
curvatures is called the total curvature. 


2. Find the mean curvature, the total curvature, and therefrom (by construct- 
ing and solving a quadratic equation) the principal radii of curvature at the origin : 

(a) a; = xy, (/3) + a:j/ + (y) z-x(x-\-y). 

3. In the surfaces (a) z = xy and (/8) z = 2x^ + find at (0, 0) the radius of 
curvature in the sections made by the planes 

(a) X 4- y = 0, (/3) X + 2/ + 2: = 0, (7) X + 2^ + 22 = 0, 

(5) X — 2y = 0, (c) X — 22/ 4 2 : = 0, (f) » + 22/ 4 i « = 0. 

The oblique sections are to be treated by applying Meusnier’s Theorem, 

4 . Find the asymptotic directions at (0, 0) in Exs. 2 and 3. 

5. Show that a developaJble surface is everywhere parabolic, that is, that rt — = 0 

at every point ; and conversely. To do this consider the surface as the envelope of 


its tangent plane z^-p^^q^yzr: Zq — i?o»o where Po, Xq, 2/0, func- 

tions of a single parameter a. Hence show 


= 0 = and = Vo 

The first result proves the statement ; the second, its converse. 

6. Find the differential equations of the asymptotic lines and lines of curvature 
on these surfaces ; 


(ur) z = X2/, (jS) z = tan-i(2//x), (7) aj® ^ ^2 _ coshx, (5) xyz = 1. 

7. Show that the mean curvature and total curvature are 

l/I i\ r(i 4. g2)-f t(l 4j)^) — 2pg8 1 _ rf — s2 

2\R^ rJ 2 (1 4 q. g2)| (1 + p® 4 q^)^ 

8. Find the principal radii of curvature at (1, 1) in Ex. 6. 

9 . An umbilio is a point of a surface at which the principal radii of curvature 
(and hence all radii of curvature for normal sections) are equal. Show that the 

conditions are - — - — - = ~ for an umbilic, and determine the umbilics of 

14P‘^ pq' 14g2 

the ellipsoid with semiaxes a, 6, c. 



CHAPTER VI 


COMPLEX NUMBERS AND VECTORS 


70. Operators and operations. If an entity u is changed into an 
entity v by some law, the change may be regarded as an operation per- 
formed upon Uj the operand^ to convert it into v ; and if f be introduced 
as the symbol of the operation, the result may be written as v =fu. 
For brevity the symbol f is often called an operator. Various sorts 
of operand, operator, and result are familiar. Thus if w is a positive 
number w, the application of the operator V gives the square root j if u 
represents a range of values of a variable the expression /(a?) or fx 
denotes a function of cr ; if be a function of the operation of dif- 
ferentiation may be symbolized by D and the result Du is the deriva- 


tive ; the symbol of definite integration ^ (*) 


converts a function 


u (cc) into a number ; and so on in great variety. 

The reason for making a short study of operators is that a consider- 
able number of the concepts and rules of arithmetic and algebra may 
be so defined for operators themselves as to lead to a calculus of operas 
tions which is of frequent use in mathematics j the single application to 
the integration of certain differential equations (§ 95) is in itself highly 
valuable. The fundamental concept is that of a product : If u is oper-> 
ated upon by f to give fu = v and if v is operated upon by g to give gv = Wj 
so that ^ 


then the operation indicated as gf which converts u directly into w is 
called the product off by g. If the functional symbols sin and log be 
regarded as operators, the symbol log sin could be regarded as the 
product. The transformations of turning the ajy-plane over on the 
x-axis, so that x' = ic, y' = — y^ and over the y-axis, so that a?' = — ic, 
^yy may be regarded as operations ; the combination of these opera- 
tions gives the transformation a?' = ~ cc, 3^^ = — 2/? wiiich is equivalent 
to rotating the plane through 180® about the origin. 

The products of arithmetic and algebra satisfy the commutative law 
gf== fgy that is, the products of g by /and of / by g are equal. This 
is not true of operators in general, as may be seen from the fact that 


log sin X ana sxiiiogic are umtjreiio, vr Aitsutjvtji uuc uiuci ux bu^ 
is immaterial, as in the case of the transformations just considered, the 
operators are said to be commutative* Another law of arithmetic and 
algebra is that when there are three or more factors in a product, the 
factors may be grouped at pleasure without altering the result, that is, 

( 2 ) 

This is known as the associative law and operators which obey it are 
called associative* Only associative operators are considered in the 
work here given, 

For the repetition of an operator several times 

ff=f, (3) 

the usual notation of powers is used. The law of indices clearhj holds ; 
fQ^ym+n ixieans that y* is applied m + n times successively, whereas 
/”/” means that it is applied n times and then m times more. hTot 
applying the operator / at all would naturally be denoted by so that 
= u and the operator would be equivalent to multiplication by 1; 
the notation /^ = 1 is adopted. 

If for a given operation / there can be found an operation g such 
that the product /y = = 1 is equivalent to no operation, then g is 

called the inverse of / and notations such as 


fg^l, g =/ 




//'■ 


./i.i 


w 


are regularly borrowed from arithmetic and algebra. Thus the inverse 
of the square is the square root, the inverse of sin is sin’"^ the inverse 

of the logarithm is the exponential, the inverse of Z) is ^ Some oper- 
ations have no inverse; multiplication by 0 is a case, and so is the 
square wJtien applied to a negative number if only real numbers are 
considered. Other operations have more than one inverse; integra- 
tion, the inverse of D, involves an arbitrary additive constant, and the 
inverse sine is a multiple valued function. It is therefore not always 
true that/~y= 1, but it is customary to mean by that particular 
inverse of f for which = 1. Higher negative powers are 

defined by the equation and it readily follows that 

= 1, as may be seen by the example 

/•/-'=//(/•/- =/(/•/- =//-*= 1 - 
The law of indices f”'f^ ^ also holds for negative indicesy except 
in so far as f~ ^f may not be equal to 1 and may be required in the 
reduction of /"*/" to 


If M, v, and u V are operands for the operator / and if 


f{u Jr v)^fu-\- fv, (6) 

that the operator applied to the sum gives the same result as the 
m of the results of operating on each operand, then the operator 
is called linear or distributive. If / denotes a function such that 
[x -j- y) =/(a:‘) -h fiy), it has been seen (Ex. 9, p. 45) that f must he 
uivalent to multiplication by a constant and fx = Cx. For a less 
ecialized interpretation this is not so; for 


D ('i6 4- -y) = Du + Dv 


and 



ic 4 - V 


>-/“+/ 


e two of the fundamental formulas of calculus and show operators 
rich are distributive and not equivalent to multiplication by a constant. 
Bvertheless it does follow by the same reasoning as used before (Ex. 9, 
45), that fnu = nfu if / is distributive and if is a rational number. 
Some operators have also the property of addition. Suppose that u 
an operand and /, g are operators such that/i^ and gu are things that 
ay be added together as fii 4- gii^ then the sum of the operators, /4~ y, 
defined by the equation (/4- y)-?^ ==//t 4- yw. If furthermore the 
»erators /, g^ li are distributive, then 


^ (y* + </) = + ^9 (/ + 5^) ^ = .A + 9^i (^) 

id the multiplication of the operators becomes itself distributive. To 
ove this fact, it is merely necessary to consider that 


/^[(/+ g)u'] = h(fu + gu) = hfu 4- hgu 

if + 9) + 9^^- 

Operators which are associative^ commutative, distributive, and which 
Imit addition may he treated algebraically, in so far as polynomials are 
ncerned, by the ordinary algorisms of algebra j for it is by means 
the associative, commutative, and distributive laws, and the law of 
dices that ordinary algebraic polynomials are rearranged, multiplied 
t, and factored. Kow the operations of multiplication by constants 
d of differentiation or partial differentiation as applied to a functicm 
one or more variables x, y, z, do satisfy these laws. For instance 

c{Du) — D(cu), D^DyU — DyD^u, (D^ + Dy) D^u — + D^D^u, (7) 

ence, for example, if y be a function of x, the expression 

Dy 4- afy^^^y 4 p a„_i% + 

lere the coeiSicients a are constants, may be written as 


where ttg, • • •, are the roots of the algebraic polynomial 


x’ 4- 4 h a„_iX 4 - a„ = 0. 


EXERCISES 


1, Show that {fgh)~^ = Is, that the reciprocal of a produci 

operations is the product of the reciprocals in inverse order, 

2. By definition the operator is called the transform of / by g. SI 
that (a) the transform of a product is the product of the transforms of the fad 
taken in the same order, and (p) the transform of the inverse is the inverse of 
transform. 


3. If 5 ^ 1 but = 1, the operator s is by definition said to be involutory. SI 
that [a) an involutory operator is equal to its own inverse ; and conversely (/£ 
an operator and its inverse are equal, the operator is involutory ; and (7) if 
product of two involutory operators is commutative, the product is itself inv 
tory ; and conversely (5) if the product of two involutory operators is involut( 
the operators are commutative. 

4. If /and g are both distributive, so are the products /j/ and gf, 

5. If /is distributive and n rational, show/nw = nfu, 

6 . Expand the following operators first by ordinary formal multiplication 
second by applying the operators successively as indicated, and show the res 
are identical by translating both into familiar forms. 




(a) 

(P) {D-l)D{I> + l)v, (y) I>{D-2)iD + l){D + 3)y. 

7. Show that (D — a)j^e“/ = X, where JT is a function of z, 


'J 

hence infer that e®* j e-^(iti)dx is the inverse of the operator (Z> — a) (#). 


8. Show that D(e«^) = e<^(D + a) y and hence generalize to show tlia 
P (P) denote any polynomial in JD with constant coefficients, then 


P (P) • eP^y = e«^P (P + a) y. 

Apply this to the following and check the results. 

(or) (»* - 3 D + 2 ) 4 - -D)y = 

\dx2 dxf 

(iS) (P2 - 3P~ 2) &=y, ( 7 ) (P» - 8 P + 2)e^. 

9. If y is a function of x and x = e* show that 
B^y = Dly (A - 1) i/, • • D^y = e-P^Bt{Bt- 1) • • • (A + : 

10. Is the expression iJiBx + ^Py)”, which occurs in Taylor’s Formula {§ 
the nth power of the operator hBx + hJDy or is it merely a conventional syml 
The same question relative to [xBx + yBy)^ occurring in Euler’s Formula (§ 6^ 


tions for the equality, addition, and multiqjUcation of complex num- 
bers are . ^ . n . p 

a hi = c (h II and only ii a ■= c,h ^ d, 

[a + hr\ [c 4- c///] = (ji + (■) + (J> + d) i) (9) 

[^a + hi'] [c di'] (a 0 — hd) + (ad -|- he) i. 

It readily follows that the commutative, associative, and distributive 
laws hold in the domain of complex numbers, namely, 

<2: + ^ + or, (o:-\- p)-\-y^a^(p-\^y), 

a/3 = ^a, (a^) y = a (^y), 

+ y) ay, (a + ;8) y = ay + jSy, 

where Greek letters have been used to denote complex numbers. 
Division is accomplished by the method of rationalization. 

a + bl __^a hi c ~ di ^ (ac + bd) -f- (ho — ad) i 

c di c die — di + 0 ? 

This is always possible except when ^ = 0, that is, when both c 
and d are 0, A complex number is defined as 0 when and only when 
its real and pure imaginary parts are both zero. With this definition 0 
has the ordinary properties that a; -f 0 = and aO = 0 and that ocj^ is 
impossible. Furthermore if a product ap vanishes, either a or ^ vanishes. 
For suppose 

[a + hi] [c + di] = (ac — hd) + (ad -f- ^ = 0. 

Then ac — hd=i0 and ad -^-hc^ 0, (12) 

from which it follows that either a ^h = 0 or c = c?=0. From the 
fact that a product cannot vanish unless one of its factors vanishes 
follow the ordinary laws of cancellation. In brief, all the elementary 
laws of real algebra hold also for the algebra of complex numbers. 

By assuming a set of Cartesian coordinates in the icy-plane and asso- 
ciating the number a -{-hi to the point (a, h), a graphical representation 
is obtained which is the counterpart of the number scale for real num- 
bers. The point (a, h) alone or the directed line from the origin to the 
point (a, h) may be considered as representing the number a -f- hi. 
If OP and OQ are two directed lines representing the two numbers 
a 4- hi and c 4 • di, a reference to the figure shows that the line which 


( 10 ) 


( 11 ) 



^(a+c,]!)+dl 


magnitude, the length AB^ and direction, the 
direction of the line AB from ^ to J5. A 
quantity which has magnitude and direction is 
called a vector ; and the parallelogram law is 
called the law of vector addition. Complex num- 
bers may therefore be regarded as vectors. 

From the figure it also appears that 0(2 and PR have the same mag- 
nitude and direction, so that as vectors they are equal although they 
start from different points. As OF + PR will be regarded as equal to 
OP + 0(2, the definition of addition may be given as the triangle law 
instead of as the parallelogram law ; namely, from the terminal end P 
of the first vector lay off the second vector PR and close the triangle 
by joining the initial end 0 of the first vector to the terminal end R of 
the second. The absolute value of a comp lex num ber a + hi is the 
magnitude of its vector OP and is equal to the square root of 

the sum of the squares of its real part and of the coefficient of its pure 
imaginary part. The absolute value is denoted by [^3^ + as in the case 
of reals. If a and p are two complex numbers, the rule |«^] + |/3|^|ar4-/5| 
is a consequence of the fact that one side of a triangle is less than the 
sum of the other two. If the absolute value is given and the initial end 
of the vector is fixed, the terminal end is thereby constrained to lie 
upon a circle concentric with the initial end. 

72. When the complex numbers are laid off from the origin, polar 
coordinates may be used in place of Cartesian. Then 


and 


= tdai^^b/a*y a cos <f>, b sin 
a = r(cos <{} A- i sin (/>). 


(13) 


The absolute value r is often called the modulus or magnitude of the 
complex number; the angle <l> is called the angle or argument of the 
number and suffers a certain indeteriuination in that 2 nrr, where n is 
a positive or negative integer, may be added to without affecting the 
number. This polar representation is particularly useful in discussing 
products and quotients. For if 


a = r^(cos 4- ^ sin yS = ^^(cos A i sin 

then a 13 = r^r^[cos + <(> 2 ) + ^ sin A <^3)], 


( 14 ) 


♦ As ’both cos ^ and sin <f> are known, the quadrant of this angle is determined 



as may oe seen i)y inuiiiipiicaDion accoramg lo me rme. jnence me 
magnitude of a product is the product of the magnitudes of the factors j 
and the angle of a product is the sum of the angles of the factors; the 
general rule being j^roved by induction. 

The interpretation of multiplication hy a complex number as an ogyer- 
at ion is illnminating. Let /3 be the multiplicand and a the multiplier. 
As the product a/? has a magnitude equal to the product of the magni- 
tudes and an angle equal to the sum of the angles, the factor a: used as 
a multiplier may be interpreted as effecting the rotation of ^ through 
the angle of cc and the stretching of ^ in the ratio \cc \ : 1. From the 
geometric viewpoint, therefore, multiplication hy a complex number is 
an operation of rotation and stretching in the plane. In the case of 
a = cos <l> + i sin with r — 1, the operation is only of rotation and 
hence the factor cos <l> + i sin <j5» is often called a cyclic factor or versor. 
In particular the number i = V~ 1 will effect a rotation through 90° 
when used as a multiplier and is known as a quadrantal versor. The 
series of powers ij — 1, i^ =— i, i* = 1 give rotations through 90®, 
180®, 270®, 360®. This fact is often given as the reason for laying off 
pure imaginary numbers hi along an axis at right angles to the axis 
of redls. 

As a particular product, the nth power of a complex number is 

a" = (a -f- ihf = [r (cos <f> -h i sin <^)]” = r” (cos n<l> -f- 'i sin n<l>) ; (15) 
and (cos ^ sin <l>y = cos ntj) 4- i sin (15') 

which is a special case, is known as Be Moivre^s Theorem and is of use 
in evaluating the functions of ; for the binomial theorem may be 
applied and the real and imaginary parts of the expansion may he 
equated to cos n<f> and sin n<^. Hence 


n(n — l) 


cos == cos”<^ 


2! 


cos”"'^<^ sin®^ 


n{n — l)(7i ■— 2){n — 3) 
4! 




(16) 


sin = n sin sin®<^ H 

o ! 


As the nth root "Va of a must be a niunber which when raised to the 
nth power gives cr, the nth root may he written as 

-Va = ”^(008 <f>fn ■i' isin <f>/n). 

The angle however, may have any of the set of values 

<6. <f>4-2 7r. d>4~4 7r. A4-2('n--lW. 


( 17 ) 
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<#> 
— 3 

n 


71 



^ 4 TT 

1 3 

n n 


^ ^ ^ fa — TT 
n n 


(18) 


Hence there may be found just n diiferent ^^th roots of any given com- 
plex number (includingj of course, the reals). 

The roots of unity deserve mention. The equation x” = 1 has in the real domain 
one or two roots according as n is odd or even. But if 1 be regarded as a complex 
number of wliich the pure imaginary part is zero, it may be represented by a point 
at a unit distance from the origin upon the axis of reals ; the magnitude of 1 is 1 
and the angle of 1 is 0, 2 tt, • • • , 2 (n — 1) x. The nth roots of 1 will therefore have 
the magnitude 1 and one of the angles 0, 2 x/n, • • • , 2 (n — 1) ir/n. The n nth roots 
are therefore 

. 2x ...2x ~ 4x...4x 

1, cr = cos l-i8in — , = cos h ism — , •••, 

n n n n 

2 (n — 1) X . . 2 (n — 1) X 

= cos— ^ h isin— —> 

n n 

and may be evaluated with a table of natural functions. Now x” — 1 =0 is factor^ 

able as (x — l)(x»~i + -i _p ^ + 1) = 0, and it therefore follows that the 

nth roots other than 1 must all satisfy the equation formed by setting the second 
factor equal to 0. As or in particular satisfies this equation and the other roots are 
. . . , it follows that the sum of the n nth roots of unity is zero. 


EXERCISES 


1. Prove the distributive law of multiplication for complex numbers. 

2. By definition the pair of imaginaries a hi and a — hi are called conjugate 
imaginaries. Prove that (cr) the sum and the product of two conjugate imaginaries 
are real ; and conversely (/3) if the sum and the product of two imaginaries are both 
real, the imaginaries are conjugate. 

3. Show that if P(x, y) is a symmetric polynomial in x and y with real coeffi- 
cients so that P(x, y) = P(y^ x), then if conjugate imaginaries be substituted for x 
and 2/, the value of the polynomial will be real. 

4. Show that if a + hi is a root of an algebraic equation P(x) = 0 with real 
coefficients, then a — hi is also a root of the equation. 


5. Carry out the indicated operations algebraically and make a graphical repr©« 
sentation for every number concerned and for the answer : 

(a) (1 + if, 0) (l + Vs i) {1 - i), (y) (3 + -/Ti) (4 + V=^, 

l+iVi 


1- + t 


iv) 


(1-y 

(1 + if 


(0 

w 


l-iVs 

1 


1 


({•) 


(0 


V2 — i Vi 


(^1^. 


(1 + i)2 (1 - i)2 

6. Plot and find the modulus and angle in the following cases: 

{a) - 2, tfl) - 2 V^, (7) 3 + 4 i, (S) i - i V- S. 


8 . !^aiTy out the indicated operations trigonometrically and plot; 

(^) The examples of Ex. 6, (/3) Vl + i Vl — i, {7) \/ — 2 + 2 Vs (, 

(8) (Vl + i + vr^)2, («) V Vi + vCrl, (f) -72 + 2V3i, 

(ij) Vl6(oos200“ + isin200°), ((?) -v^TT, (,) -ifi, 

9. Eind the equations of analytic geometry which represent the transfonnar 
tion equivalent to multiplication bya = — 1 + V— 3. 

10. Show that \z— a| = r, where z is a variable and a a fixed complex number, 

is the equation of the circle (x ~ a)^ + (2/ — = r^. 

11. Eind cos 6 a; and cos8 x in terms of cosx, and sin 6 x and sin 7 x in terms of 
sinx, 

12. Obtain to four decimal places the five roots Vl. 

13. If 2: = X + iy and 2' = x' + iy\ show that z' = (cos 0 — i sin 2; — or is the 
formula for shifting the axes through the vector distance cr = a + to the new 
origin {a, b) and turning them through the angle 0. Deduce the ordinary equa- 
tions of transformation. 

14. Show that (2: — a\ — k\z — where k is real, is the equation of a circle ; 
specify the position of the circle carefully. Use the theorem : The locus of points 
whose distances to two fixed points are in a constant ratio is a circle the diameter 
of which is divided internally and externally in the same ratio by the fixed points. 

15. The transformation 2' = , where a, 6, c, d are complex and ad^bcjtO. 

is called the general linear transformation of z into z\ Show that 

\z' — a'\ = k]z ' becomes |2; — u:| = A; 

Hence infer that the transformation carries circles into circles, and points which 
divide a diameter infernally and externally in the same ratio into points which 
divide some diameter of the new circle similarly, but generally with a different ratio. 

73, Functions of a complex variable. Let ^ = a; + t?/ be a complex 
variable representable geometrically as a variable point in the a;y-plane, 
which may be called the complex plane. As z determines the two real 
numbers x and y, any function F{x^ y') which is the sum of two single 
valued real functions in the form 

F(x^ y) ^ X (x, y) + iY (x, y) — R (cos -f ^ sin (19) 

will be completely determined in value if z is given. Such a fimction 
is called a complex function (and not a function of the complex variable, 
for reasons that will appear later). The magnitude and angle of the 
function are determined by 

H = Vx^ -i^ cos ~ , sin 

Ji R 


( 20 ) 



additive 2 tvtt) unless i? = 0, in wliich. case X and Y also vanish and the 
expression for ^ involves an indeterminate form in two variables and 
is generally neither determinate nor continuous (§ 44). 

If the derivative of F with respect to z were sought for the value 
z = a lb, the procedure would be entirely analogous to that in the 
case of a real function of a real variable. The increment Az = it^y 
would be assumed for z and AF would be computed and the quotient 
^Fj^z would be formed. Thus by the Theorem of the Mean (§ 46), 

AF_ AX + ^Ar __ (X- + ^rOAa^+(Z; + ^F;)Ay 

Ais: Lx + iLy Lx + iLy ^ ^ 


where the derivatives are formed for (a, b) and where ^ is an infinitesi- 
mal complex number. When Az approaches 0, both Ax and Ay must 
approach 0 without any implied relation between them. In general the 
limit of AF/Az is a double limit (§ 44) and may therefore depend on 
the way in which Ax and Ay approach their limit 0. 

IS’ow if first Ay 0 and then subsequently Ax == 0, the value of the 
limit of AF/Az is X^ + iY^ taken at the point (a, b) ; whereas if first 
Ajc S3 0 and then Ay == 0, the value is — iX^ + Y', Hence if the limit 
of fkF/Az is to be independent of the way in which Az approaches 0, it 
is surely necessary that 


or 


Mn. _ -Mm?! 

dx ^ dx ^ dy dy ^ 

dx dy dy dx 


( 22 ) 


And conversely if these relations are satisfied, then 



and the limit is 4- -iF' = Fy — iZ' taken at the point (ot, 5), and is 
independent of the way in which Az approaches zero. The desirability 
of having at least the ordinary functions differentiable suggests the 
definition; A complex function F(Xf y) =Z(a;, y) + ^F(a;, y) is con- 
sidered as d function of the complex variable z^x •^-iy when and only 
when X and Y are in general differentiable and satisfy the relations (22). 
In this case the derivative is 



, dF dX , .BY BY 

^ ~ dz Bx'^''Bx~ By 

These conditions may also be expressed in polar coordinates (Ex. 2). 


.dX 


( 23 ) 


A few words about the function y). This is a multiple valued function of 
the variables (x, y)^ and the difference between two neighboring branches is the con- 
stant 2 TT. The application of the discussion of § 45 to this case shows at once that, 
ill any simply connected region of the complex plane which contains no point (a, 6) 
such that R (a, h) = 0, the different branches of ^ (x, y) may be entirely separated 
so that the value of 4* must return to its initial value when any closed curve is de- 
scribed by the point (x, y). If, however, the region is multiply connected or contains 
points for which R = 0 (which makes the region multiply connected because these 
points must be cut out), it may happen that there will be circuits for which 
although changing continuously, will not return to its initial value. Indeed if it can 
be shown that ^ does not return to its initial value when changing continuously as 
(x, y) describes the boundary of a region simply connected except for the excised 
points, it may be inferred that there must be points in the region for which = 0 
An application of these results may be made to give a very simple demonstration 
of the fundamental theorem of algebra that every equation of the nth degree has at least 
one root Consider the function 


F{z) = «« + + • • • + On^iz + an = X(x, y) -h ir(x, y), 

where X and Y are found by writing z ss x + iy and expanding and rearranging. 
The functions X and Y will be polynomials in (x, y) and will therefore be every- 
where finite and continuous in (x, y). Consider the angle ^ of F. Then 

$ = ang. of = ang. of x” ( 1 + ^ -1 1- + — ) = ang. of z^ + ang. of (1 +• • •). 

\ z 


Next draw about the origin a circle of radius r so large that 


h 

z 




. 4. 


2:n~l 


+ 



+ I^I + W<,. 

y«n — 1 


Then for all points z upon the circumference the angle of F is 


^ = ang. of F=n (ang. of z) + ang. of (1 + 1 ;), |i 7 |< e. 

Now let the point (x, y) describe the circumference. The angle of z will change by 
2 t for the complete circuit. Hence $ must change by 2 nn and does not return to 
its initial value. Hence there is within the circle at least one point (a, 6) for which 
R (a, &) = 0 and consequently for which X (a, 5) = 0 and Y (a, 6) = 0 and F (a, h) =0. 
Thus if a = a + then F{a):=Q and the equation F{z) = 0 is seen to have at 
least the one root a. It follows that — a is a factor of F {z) ; and hence by induc- 
tion it may be seen that 2^(«) = 0 has just n roots. 


74 . The discussion of the algebra of complex numbers showed how 
the sum, difference, product, quotient, real powers, and real roots of 
such numbers could be found, and hence made it possible to compute 
the value of any given algebraic expression or function of z for a given 



really a function of in the sense that it has a derivative witii respect 
to and to find the derivative. Now the differentiation of an algebraic 
function of the variable x was made to depend upon the formulas of dif- 
ferentiation, (6) and (7) of § 2. A glance at the methods of derivation 
of these formulas shows that they were proved by ordinary algebraic 
manipulations such as have been seen to be equally possible with imagi- 
naries as with reals. It therefore may be concluded that an algebraic 
expression in z has a derivative with resiwct to z and that derivative 
may he found just as if z were a real variable. 

The case of the elementary functions log z., sin cos • other 
than algebraic is different ; for these functions have not been defined 
for complex variables. Now in seeking to define these functions when z 
is complex, an effort should be made to define in such a way that : 1° 
when z is real, the new and the old definitions become identical ; and 
2° the rules of operation with the function shall be as nearly as possi- 
ble the same for the complex domain as for the real. Thus it would be 
desirable that = £#*' and e^^'^ — e^e^^^ when z and w are complex. 
With these ideas in mind one may proceed to define the elementary 
functions for complex arguments. Let 

= R (x^ y) [cos (x., y) i sin <E> (Xy y)]. (24) 

The derivative of this function is, by the first rule of (23), 

3 d 

De* = ^ ^ ^ 

= (i?' cos ^ — R sin • 4>') -f- i (7? ' sin ^ + 7^ cos ^ 
and if this is to be identical with above, the equations 

R^ cos — R^^ sin 4> = 72 cos R^ = R 

R^ sin ^ -f R% cos^ — R sin ^ = 0 

must hold, where the second pair is obtained by solving the first. If 
the second form of the derivative in (23) had been used, the results 
would have been 72^ = 0, = 1. It therefore appears that if the 

derivative of e"®, however computed, is to be then 

72 ^ = 72 , 72 ; = 0 , = 1 

are four conditions imposed upon 72 and 4>. These conditions will be 
satisfied if 72 =: 6® and ^ = y.* Hence define 

e* =z ^ ^ (cos y + ism y). 


(25) 
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exponential law c{^ + “' == holds. 

For the special values ^ 7ri, ttzI, 2 Trt of ^ the value of is 

Hence it appears that if 2 riTri he added to z, e* is unchanged j 

^2 + 2n7rt _ period 2 7 rt. (26) 

Thus in the cow.plex domain has the period 2 ttIj just as cos x and 
sin aj have the real period 2 tt. This relation is inherent ; for 

ey^ = cos ?/ -f- ^ sin ?/, = cos ?/ — i sin 

and 


^ ^Vi ^~yi 

cos y = ; sm y ■ 


2i 


(27) 


The trigonometric functions of a real variable y may be expressed in 
terms of the exponentials of yl and — yi. As the exponential has been 
defined for all complex values of Zy it is natural to use (27) to define 
the trigonometric functions for complex values as 


cos z = 


e- 


sin z — 



(270 


With these definitions the ordinary formulas for cos {z + ^6*); D sin • 
may be obtained and be seen to hold for comj)lex argiunents, just as the 
corresponding formulas were derived for the hyperbolic functions (§5). 

As in the case of reals, the logarithm log z will be defined for com- 
plex numbers as the inverse of the exponential. Thus 

if e* = Wy then log w ^-.z 2 nm, (28) 

where the periodicity of the function shows that the logarithm is not 
uniquely determined hut admits the addition of 2 mri to any one of its 
values, just as tan"*^ x admits the addition of titt. If w is written as a 
complex number u iv with modulus r == -b and with the angle 
it follows that 


w -\-iv = r (cos cf> -i-i sin <l>) = ; (29) 

and log IV = log r <l>i = log + i' tan”^ (^/^) 

is the expression for the logarithm of w in terms of the modulus and 
angle of w ; the 2 mri may be added if desired. 

To this point the expression of a power a^, where the exponent b is 
imaginary, has had no definition. The definition may now be given in 
terms of exponentials and logarithms. Let 

QJ, :=zb log CL 


J.D tnis way tne problem or computing a" is reduced to one already 
solved. From the very definition it is seen that the logarithm of a 
power is the product of the exponent hy the logarithm of the base, as 
in the case of reals. To indicate the path that has been followed in 
defining functions, a sort of family tree may be made. 


real numbers, » 

real powers and 
roots of reals, 

1 

exponentials, logarithms 
of reals, e®, logx 


real angles, x 

real trigonometric functions, 
cosx, sinic, tan- lx, . • • 


real powers and roots 
of imaginaries, x" 


exponentials of imaginaries, 


logarithms of imaginaries, log z 
imaginary powers, 


trigonometric functions 
of imaginaries 


EXERCISES 

1 . Show that the following complex functions satisfy the conditions (22) and 
are therefore functions of the complex variable z, Find F'{z) : 

(a) x^-y^ + 2ixy, {^) x* - 3{xy’‘ + - y^) + i(8x^y - y^ ~ Qxy), 


V 


(■y) . „ 

(e) e®cosy + icf^siny, 


(5) log -f itan-i~, 

X 


(i*) sin X sinh y i cos x cosh y, 

2. Show that in polar coSrdinates the conditions for the existence of F'{z) are 

— ti. W// \ ■ST\, 

ar-'ra^.’ F (z) = ^— + t_^(cos<i-isin<i.). 

3. Use the conditions of Ex. 2 to show from Dlogz = z-^ that log x = log r + 

4 . Prom the definitions given above prove the formulas 


(or) sin {x + iy) = sin x cosh y + i cos x sinh y, 

(P) cos (x + iy) = cos x cosh y — tain x sinh y, 

(7) tan(x + iy) ^ gjg ^ x + ^ «inh 2 y 
cos 2 X + cosh 2 y 

5. Pind to three decimals the complex numbers which express the values of: 

(a) ei"', (P) «*•, (y) ^ (j) e-i-'-, 

(«) sin^TTi, (D cosi, (,;) 8in(j + J V- 3), (<9) tan (-> 1 — i), 

(t) log(- 1), (k) logi, (X) log(i + i (^) log(- 1 - i). 

6. Owing to the fact that log a is multiple valued, aP is multiple valued in such 

a manner that any one value may be multiplied by Find one value of each 

of the following and several values of one of them : 


8 . Show that (a^)^ = | and fill in such other steps as may be suggested by 

the work in the text, which for the most part has merely been sketched in a broad 
way. 

9 . Show that if f(z) and g(z) are two functions of a complex variable, then 

o^f{z) with a a complex constant, /(«) 9^(0), f{z)/g{z) are also func- 
tions of 25 . 

10. Obtain logarithmic expressions for the inverse trigonometric functions, 
rind sin- H. 

75. Vector sums and products. As stated in § 71, a vector is a quan- 
tity which has magnitude and direction. If the magnitudes of two 
vectors are equal and the directions of the two vectors are the same, 
the vectors are said to be equal irrespective of the 
position which they occupy in space. The vector 
— a is by definition a vector which has the same 
magnitude as a but the opposite direction. The 
vector ma is a vector which has the same direction 
as a (or the opposite) and is m (or — m) times as 
long. The law of vector or geometric addition is 
the parallelogram or triangle law (§ 71) and is still 
applicable when the vectors do not lie in a plane 
but have any directions in space ; for any two vec- 
tors brought end to end determine a plane in which the construction 
may be carried out. Vectors will be designated by Greek small letters 
or by letters in heavy type. The relations of equality or similarity 
between triangles establish the rules 

+ = + ar+ (/? + y) = («r + /?) -by, m (a P) ^ ma rnp (30) 

as true for vectors as well as for numbers whether real or complex. A 
vector is said to be zero when its magnitude is zero, and it is writ- 
ten 0. From the definition of addition it follows that 
0 : -|- 0 = or. In fact as far as addition, subtraction, and 
multiplication by numbers are concerned, vectors obey 
the same formal laws as numbers, 

A vector p may be resolved into components par- 
allel to any three given vectors a, p, y which are not 
parallel to any one plane. For let a parallelepiped 
be constructed with its edges parallel to the three 
given vectors and with its diagonal equal to the vector whose compo- 
nents are desired. The edges of the parallelepiped are then certain 





of p. The vector p may be written as 

p = ;m -b i/f3 + rjy* (31) 

It is clear that two equal vcclors Avoiild necessarily liave the same 
components along three given directions and that the components of a 
zero vector would all be zero. fJiist as the equality of two complex 
numbers involved the two equalities of the respective real and imagi- 
nary parts, so the equality of two vectt)rs as 

p = xa f//3 4" -vy = == (^^0 

involves the three equations x = a*', y = //', = r;'. 


As a problem in the use of vectors let there be given the three vectors or, /3, y 
from an assumed origin 0 to three vertices of a parallelograiii ; required the vector 
to the other vertex, the vector expressions for the sides and diagonals of the paral- 
lelogram, and the proof of the fact that the diagonals bisect 
each other. Consider the figure. The side AB is, by tlie 
triangle law, that vector which when added to 0^1 - o' 
gives OB = and hence it must be that AB ^ - </, 

In like manner AG = y — a. Now OD is the sum of OG 
and CD, and CD = AB ; hence OD y ^ — a. The d - 
onal AD is the difference of the vectors OD and OA.. ' 'id 
is therefore 7 + — 2 cr. The diagonal DC is 7 — /3. I - • me voi " 

middle point of BC may be found by adding to OB one half oi I’O, Hence this 
vector is |3 + 4 (7 — j3) or i (jS + 7). In like manner the vector to the middle point of 
AD is seen to be cr 4- i (7 + /3 — 2 a) or J (7 + j3), which is identical with the former. 
The two middle points therefore coincide and the diagonals bisect each other. 



from 0 to the 


Let a and p be any two vectors, \a\ and \p\ their respective lengths, 
and Z (a, yg) the angle between them. Por convenience the vectors may 
he considered to be laid off from the same origin. The product of the 
lengths of the vectors by the cosine of the angle between the vectors 
is called the scalar j^Todiictj 

scalar product — a; = \a\\/B\ 00 s Al (a, /8), (32) 

of the two vectors and is denoted by placing a dot between the letters. 
This combination, called the scalar product, is a number, not a vector. 
As |/8|cos Z (ct, p) is the projection of /B upon the direction of a, the 
scalar product may be stated to he equal to the product of the length 
of either vector by the length of the projection of the other upon it. 
In particular if either vector were of unit length, the scalar product 
would he the projection of the other upon it, with proper regard for 

* The numbers x, y, z are the oblique coordinates of the terminal end of p (if the 
initial end be at the origin) referred to a set of axes which are parallel to a:, / 3 , 7 and 
upon which the unit lengths are taken as the lengths of a, jS, 7 respectively. 


the angle between them. 

The scalar prodin^t, from its definition, is commutatlm so that 
Moreover {)va)*IB = a*QnP) = in thus allowing a numerical factor 
ub to be combined with either factor of the product. Furthermore the 
iLstrbbutlve l<nr 

a»(/3 --1-7) = or (a -f- /?)*y = ~h /^*y 

is satisfied as in the case of numbers. For if a be written as the product 
:{a^ of its length a by a vector of unit length in the direction of a, 
the first equation becomes 

aa^*(l3 + 7) == + aa^*y or a:p(/3 + 7) = 

^Lnd now (a;p(/8 -b 7) is the projection of the sum ^ + 7 upon the direc- 
bion of a:, and a^*y is the sum of the projections of /8 and 7 upon 

bhis direction ; by the law of projections these are equal and hence the 
distributive law is proved. 

The associative law does not hold for scalar products ; for (a*/3) 7 
means that the vector 7 is multiplied by the number whereas 
% {P*y) means that a is multiplied by a very different matter. 

The laws of cancellation cannot hold j for if 

=z 0, then |cr | |/S| cos Z (rar, /?) = 0, (34) 

and the vanishing of the scalar product implies either that one of 

the factors is 0 or that the two vectors are perpendicular. In fact 
cc*p z= 0 is called the condition of perpendicularity. It should be noted, 
however, that if a vector p satisfies 

p^a = 0, p»p = 0, p»7 = 0, (35) 

bhree conditions of perpendicularity with three vectors a, 7 not 
parallel to the same plane, the inference is that p = 0. 

76. Another product of two vectors is the vector product y 

vector product = = y |arj ||3| sin Z (<r, P), (36) 

where v represents a vector of unit length normal to the plane of a 
and p upon that side on which rotation from a to 
through an angle of less than 180° appears posi- ax 
tive or counterclockwise. Thus the vector product 
is itself a vector of which the direction is perpen- 
dicular to each factor, and of which the magni- 
tude is the product of the magnitudes into the 
3ine of the included angle. The magnitude is therefore equal to the m,|?| 

area of the parallelogram of which the vectors a and p are the sides. 



As rotation from ^ to is the opposite of that from a to /S, it follows 
from the definition of the vector product that 

Pkcc = — ccx^y not (37) 

and the product is not commutative, the order of the factors must be 
carefully observed. Furthermore the equation 

= v\a\\p\sm Z. (a, fi) ^ 0 (38) 

implies either that one of the factors vanishes or that the vectors a and 
p are parallel. Indeed the condition = 0 is called the condition of 
'parallelism. The laws of cancellation do not hold. The associative law 
also does not hold; for (<a:x/3)xy is a vector perpendicular to and y, 
and since ax.^ is perpendicular to the plane of a and /?, the vector (axfi)xy 
perpendicular to it must lie in the plane of <x and ^ ; whereas the vec- 
tor ax(/Jxy), by similar reasoning, must lie in the plane of p and y ; and 
hence the two vectors cannot be equal except in the very special case 
where each was parallel to which is common to the two planes. 

But the operation (ma)x/? = a:x(m/J) = m(a:x/?), which consists in 
allowing the transference of a numerical factor to any position in the 
product, does hold ; and so does the distributive law 

crx(^ + y) = 4- orxy and (or + ^)xy = erxy -f- )8xy, (39) 

the proof of which will be given below. In expanding according to 
the distributive law care must be exercised to keep the order of the 
factors in each vector product the same on both sides of the equation, 
owing to the failure of the commutative law; an interchange of the 
order of the factors changes the sign. It might seem as if any algebraic 
operations where so many of the laws of elementary algebra fail as in 
the case of vector products would be too restricted to be very useful ; 
that this is not so is due to the astonishingly great number of problems 
in which the analysis can be carried on with only the laws of addition 
and the distributive law of multiplication combined with the possibility 
of transferring a numerical factor from one position to another in a 
product ; in addition to these laws, the scalar product is commuter 
tive and the vector product axfi is commutative except for change of sign. 

In addition to segments of lines, plane areas may he regarded as 
vector guantities j for a plane area has magnitude (the amount of the 
area) and direction (the direction of the normal to its plane). To specify 
on which side of the plane the normal lies, some convention must be 
made. If the area is part of a surface inclosing a portion of space, the 



plane, its positive side is determined only in connection with some 
assigned direction of description of its bounding curve ; the rule is : If 
a person is assumed to walk along the boundary of an area in an 
assigned direction and upon that side of the plane which 
causes the inclosed area to lie upon his left, he is said 
to be upon the positive side (for the assigned direction 
of description of the boundary), and the vector which 
represents the area is the normal to that side. It has 
been mentioned that the vector product represented 
an area. 

That the projection of a plane area upon a given plane gives an area 
which is the original area multiplied by the cosine of the angle between 
the two planes is a fundamental fact of projection, following from the 
simple fact that lines parallel to the intersection of the two planes are 
michanged in length whereas lines perpendicular to the intersection 
are multiplied by the cosine of the angle between the planes. As the 
angle between the normals is the same as that between the planes, the. 
^projection of an area upon a plane and the projection of the vector rep- 
resenting the area upon the normal to the plane are equivalent. The 
projection of a closed area upon a plane is zero; for the area in the 
projection is covered twice (or an even number of times) with opposite 
signs and the total algebraic sum is therefore 0. 

To prove the law (rx(^ -|- y) = a:x^ + axy and illustrate the use of 
the vector interpretation of areas, construct a triangular prism with the 
triangle on y, and yS + y as base and a as lateral edge. The total 
vector expression for the surface of this prism is 

+ y) + ““ v 

and vanishes because the surface is closed. A cancel- 
lation of the equal and opposite terms (the two 
bases) and a simple transposition combined with the 
rule ISxa = — ax/? gives the result 

a:x(/? -h y) = )Sxa — yxa = axfi axy. 

A system of vectors of reference which is particularly useful consists 
of three vectors i, j, k of unit length directed along the axes A, F, Z 
drawn so that rotation from A to F appears positive from the side of 
the ajy-plane upon which Z lies. The components of any vector r drawn 
from the origin to the point (a;, y, z) are 

xi, y], «k, and r = ici + y j + z}l. 
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i.i = j.j = k-k = 1, 
i,j = j.i = j.k = k*j = k4 = uk = 0, 

ixi = jxj = kxk = 0, 

ixj = ^ jxi == k, jxk = — kx j = i, kxi == — ixk = j. 

By means of these products and the distributive laws for scalar am 
vector products, any given products may be expanded. Thus if 

or = + %] + %ki and 4- 

then <x*^ ~ ^a^'^a’ 

arxjS = (a/^j - 4 - («A ” «A) J + (V2 - “2*^1) 

by direct multiplication. In this way a passage may be made fror 
vector formulas to Cartesian formulas whenever desired. 

EXERCISES 

1 . Prove geometrically that a: + (i? + 7) = (n: + / 3 ) + 7 and m(cr + / 3 ) = ma + mf. 

2 . If a and |3 are the vectors from an assumed origin to A and B and if 
divides AB in the ratio m : n, show that tlie vector to C is 7 = {na + m^)/{m + n 

3 . In the parallelogram ABGD show that the line BJS connecting the vertex t 
the middle point of the opposite side CD is trisected by the diagonal A 2 ) an 
trisects it. 

4 . Show that the medians of a triangle meet in a point and are trisected. 

5 . If and are two masses situated at and the center of gravity c 
center of mass of and is defined as that point G on the line P1P2 wliic 
divides P1P2 inversely as the masses. Moreover if is the center of mass of 
number of masses of which the total mass is and if is the center of mass c 
a number of other masses whose total mass is the same rule applied to an 
M2 and Cl and Cj gives the center of gravity G of the total number of masse, 
Show that 

f = ”^1^3 + If _ -f - » + my.in _ ^im 

Wi + m 2 + mg -1 + mn Stw ’ 

where r denotes the vector to the center of gravity. Resolve into components 1 

j _ Sttuc _ _ Smy - _ Sm2 
Xm Xm Xm 

6. If a and /3 are two fiLxed vectors and p a variable vector, all being laid 0 
from the same origin, show that (/> — j 9 ).cc = 0 is the equation of a plane throug 
the end of /8 perpendicular to a, 

7 . Let or, 7 be the vectors to the vertices A, D, C of a triangle. Write tl 
three equations of the planes through the vertices perpendicular to the opposii 
sides. Show that the third of these can be derived as a combination of the oth( 
two ; and hence infer that the three planes have a line in couunon and that tl 
perpendiculars from the vertices of a triangle meet in a point. 


8 . Solve the problem analogous to Ex. 7 for the perpendicular bisectors of the 
sides. 

9. Note that the lengtli of a vector is V a^a. If a, /S, and 7 = « are the 

three sides of a triangle, expand 7*7 = (/3 — o').(/3 — or) to obtain the law of cosines, 

10. Show that the sum of the squares of the diagonals of a parallelogram equals 
the sum of the squares of the sides. Wliat does the dijfference of the squares of the 
diagonals equal ? 

11. Show that a and are the components of ^ parallel and pei*pen” 

a»a a»a 

dicular to a by showing 1 ° that these vectors have the right direction, and 2 ° that 
they have the right magnitude. 

12. If cr, /(5, 7 are the three edges of a parallelepiped which start from tlie same 
vertex, show that (ax/3)-y is the volume of the parallelepiped, the volume being 
considered positive if 7 lies on the same side of the plane of a and ^ with the 
vector orxjS. 

13. Show hy Ex. 12 that (ax ^).7 = a*{^xy) and (a^^)»y = {^xy)*a; and hence 
infer that in a product of three vectors with cross and dot, the position of the cr^ss 
and dot may be interchanged and the order of the factors may be permuted cyc- 
lically without altering the value. Show that the vanishing of (nrx/ 3).7 or any of 
its equivalent expressions denotes that or, /?, 7 are parallel to the same plane ; the 
condition arx /?.7 =r 0 is called the condition of complanarity. 

14. Assuming a = + aj + Ugk, |3 = 4- ^ 2 ] + 7 = c^i + cj + Cgk, 

expand u:- 7 , a»j3, and ax(/3xy) in terms of the coefficients to show 

a:x(j 3 x 7 ) = (ct* 7 ) ^ — (o’*/?) 7 ; and hence (ax^)xy = (< 3 :* 7 ) — (y^^) cx. 

15. The formulas of Ex. 14 for expanding a product with two crosses and the 
rule of Ex. 13 that a dot and a cross may be interchanged may be applied to expand 

(ctx^)x { 7 x 5 ) = (cr« 7 x 5 ) /3 — {^•yxd) a = (ax^»d) 7 — ((xx^»y) 8 
and {o:xp)>(yxS) = (cr« 7 ) {p>8) — {^•y) 

16. If or and /S are two unit vectors in the icy-plane inclined at angles $ and <f> 
to the x-axis, show that 

£c = i cos ^ + j sin (9, = icos^ -f jsin<^ ; 

and from the fact that = cos(<^ — 6) and crx/? = ksin (0 — ff) obtain by multi- 
plication the trigonometric formulas for siii (0 — 0) and cos{<p — ^). 

IT. If I, m^n are direction cosines, the vector ii + mj + nk is a vector of unit 
length in the direction for which m, n are direction cosines. Show that the 
condition for perpendicularity of two directions (Z, m, n) and (f, n') is 

IV + mm' + nn' = 0 . 

18. With the same notations as in Ex. 14 show that 

j i j k I 1 j 

a®a = a? + 4 * and ax8 = a. a. and axB»y = b. bo r 



6i+ 0.3j- 6k 
0.1i-4.2j + 2.6k, 



i + 2j + 3k 
-3i-2j + k, 



i+k 

j + i. 


20. Find the areas of the parallelograms defined by the pairs of vectors in 
Ex. 19. Find also the sine and cosine of the angles between the vectors. 


21. Prove ax[/3x(7x5)] =r (a»yxd)^ — = ^•baxy— ^•yaxd. 


22. What is the area of the triangle {1, 1, 1), (0, 2, 3), (0, 0, — 1) ? 


77. Vector differentiation. As the fundamental rules of differentia^ 
tion depend on the laws of subtraction, multiplication hy a number, 
the distributive law, and the rules permitting rearrangement, it follows 
that the rules must be applicable to expressions containing vectors 
without any changes except those implied by the fact that axfi ^ /3xa. 
As an illustration consider the application of the definition of differen- 
tiation to the vector product uxv of two vectors which are supposed 
to be functions of a numerical variable, say x. Then 


A (uxv) = (u + Au)x(v + Av) — UxV 
== UxAV + Auxv + AUxAv, 


A (uxv) Av AU 


AUxAV 
Ax ^ 


d(\ixy) 

dx 


,. A(uxv) dy . du 
hm — ^ = ux— + —XV. 
A£c=o ax dx 


Here the ordinary rule for a product is seen to hold, except that 
the order of the factors omist not he interchanged. 

The interpretation of the derivative is important. Let the variable 
vector r be regarded as a function of some variable, say cc, and suppose 
r is laid off from an assumed origin so that, as x varies, 
the terminal point of r describes a curve. The incre- 
ment Ar of r corresponding to Ax is a vector quantity 
and in fact is the chord of the curve as indicated. 

The derivative 


dt , . Ar 

dx ™ Ax 


dx , . Ar 

- = = t (42) 



is therefore a vector tangent to the curve; in particular if 
the variable x were the arc 6*, the derivative would have 
the magnitude unity and would be a unit vector tangent to the curve. 

The derivative or differential of a vector of constant length is per- 
pendicular to the vector. This follows from the fact that the vector 
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;hen describes a circle concentric with the origin. It may also be seen 
inalytically from the equation 

d(T^T) = c?r-r -j- T*dr = 2 r»di = d const. = 0. (43) 

[i the vector of constant length is of length unity, the increment Ar is 

he chord in a unit circle and, apart from infinitesimals of higher 

)rder, it is equal in magnitude to the angle subtended at the center. 

!Jonsider then the derivative of the unit tangent t to a curve with 

•espect to the arc s. The magnitude of dt is the angle the tangent turns 

hrough and the direction of dt is normal to t and hence to the curve. 

Che vector quantity, t. ^ 

curvature C = ^ > (44) 

ds ds^ ^ ^ 

iherefore has the magnitude of the curvature (by the definition in § 42) 

ind the direction of the interior normal to the curve. 


This work holds equally for plane or space curves. In the case of a space curve 
he plane which contains the tangent t and the curvature C is called the osculating 
)lane (§ 41). By definition (§ 42) the torsion of a space curve is the rate of turning 
if the osculating plane with the arc, that is, dyp/ds. To find the torsion by vector 
nethods let c be a unit vector C/VC»C along C. Then as t and c are perpendicular, 
I = txc is a unit vector perpendicular to the osculating plane and dn will equal 
n magnitude. Hence as a vector quantity the torsion is 


T = ^ = ^ = ^xe + tx^ = tx5?£, 
ds ds ds ds ds 


(46) 


tc 


J 



vhere (since dt/ds = C, and c is parallel to C) the first term 
Irops out. Next note that dn is perpendicular to n because it 
B the differential of a unit vector, and is perpendicular to t 
)ecause dn = d(txc) = txdc and t*(txdc) = 0 since t, t, dc are 
lecessarily complanar (Ex, 12, p. 169). Hence T is parallel 
o c. It is convenient to consider the torsion as positive when 
he osculating plane seems to turn in the positive direction when 
iewed from the side of the normal plane upon which t lies. An inspection of the 
igure shows that in this case dn has the direction — c and not + c. As c is a unit 
ector, the numerical value of the torsion is therefore — c«T. Then 

C 


r= -cT = - c.tx^ = - c.tx^-— = 

ds ds Vc«c 


= — C«tx ^ 


d^r 1 


+ C 




dh T'-r"xr" 


d« VC- 


- — 1 = — c.tx! 

c-cj 


d^r 1 
d3» VC^ 
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T".T" 


Fhere differentiation with respect to s is denoted by accents. 


r = o “1“ Ctu cti c uunoiu-cicu., uAic Aivi-iiiO/i AxcJi a V cfcui V c vjx. j: id uhu x<A/L\:; ul 


change of F along the normal to the surfaces and 
is written tlFjdn. The rate of change of F along 
the normal to the surface F = C is more rapid than 
along any other direction ; for the change in F be- 
tween the two surfaces is dF =i dC and is constant, 
whereas the distance dn between the two surfaces is 
least (apart from infinitesimals of higher order) along the normal. In 
fact if dr denote the distance along any other direction, the relations 
shown by the figui-e are 



dr = sec Odn and 


dr 


(U^ 

dn 


cos 9, 


(46) 


If now n denote a vector of unit length normal to the surface, the 
product JidFjdnwiU he a vector quantity which has both the magnitude 
and the direction of most rapid increase of F, Let 

dF 

n — = Vi^ = grad F (47) 

be the symbolic expressions for this vector, where VF is read as ''del F*^ 
and grad F is read as " the gradient of FF If di be the vector of which 
dr is the length, the scalar product n^c^r is precisely cos Odr^ and hence 
it follows that 

dF 

dt-VF=^dF and — , (48) 


where is a unit vector in the direction dr. The second of the equa- 
tions shows that the directional derivative in any direction is the com-* 
ponent or projection of the gradient in that direction. 

From this fact the expression of the gradient may be found in terms 
of its components 'along the axes. For the derivatives of F along the 
axes are dFjdx^ dF/dy^ dF/dzy and as these are the components of VF 
along the directions i, j, k, the result is 


Hence 


VF = grad F = 


.aF . .^F , , ^F 




dz 




dz 


(49) 


may be regarded as a symbolic vector-differentiating operator which 
when applied to F gives the gradient of F. The product 


:orm of grad F it does not appear that the gradient of a function is 
ndependent of the choice of axes, but from the manner of derivation 
)f VjP first given it does appear that grad F is a definite vector quan- 
;ity independent of the choice of axes. 

In the case of any given function F the gradient may be found by 
ihe application of the formula (49) j but in many instances it may also 
36 foimd by means of the important relation dr*VF=^ dF of (48). For 
nstance to prove the formula V {FG) = FVG + GVF, the relation may 
30 applied as follows : 

dT*V{FG) = d{FG) = FdG -f GdF 

== Fdr^VG -f Gdx^VF = dx*{FVG -f- GVF), 

l^Tow as these equations hold for any direction dr, the dr may be can 
jeled by (35), p. 165, and the desired result is obtained. 


The use of vector notations for treating assigned practical problems involving 
jomputation is not great, but for handling the general theory of such parts of 
jhysics as are essentially concerned with direct quantities, mechanics, hydro- 
nechanics, electromagnetic theories, etc., the actual use of the vector algorisms 
jonsiderably shortens the formulas and has the added advantage of operating 
lirectly upon the magnitudes involved. At this point some of the elements of 
nechanics will be developed. 

79. According to ISTewton’s Second Law, when a force acts upon a 
^article of mass m, the rate of change of momentum is equal to the 
force acting, and takes place in the direction of the force. It therefore 
ippears that the rate of change of momentum and momentum itself 
ire to he regarded as vector or directed magnitudes in the application 
)f the Second Law. Kow if the vector r, laid off from a fixed origin 
;o the point at which the moving mass m is situated at any instant oi 
lime t, be differentiated with respect to the time t, the derivative dr /dt 
s a vector, tangent to the curve in which the particle is moving and of 
nagnitude equal to ds/dt or v, the velocity of motion. As vectors*, 
hen, the velocity v and the momentum and the force may be written av 


V = 


dt ^ 


mV, 




BEence 


- dv (Fr . 
F = m~ = m3-j = mf 
dt dr 


if 


dt dF 


( 61 } 


From the equations it appears that the force F is the product of the 
nass m by a vector f which is the rate of change of the velocity regarded 


la applications, it is usual to denote vectors by heavy type and to denote the tnagxd- 
udes of those vectors by corresponding italic letters. 


fused with the rate oi change dLv/dt or dfs/dr ot the speed or magnitude 
of the velocity. The components /p, fy, of the acceleration along the 
axes are the projections of f along the directions i, j, k and may be 
written as f •!, f*j, f -k. Then by the laws of differentiation it follows 


that 


fx 




d (v«i) _ ^ 
dt dt 


or 

Hence 


df’ 


tfr . _ rf‘(r-i) _ (fx 
~ df ~ df ■ 

A 

df’ df’ 


and it is seen that the components of the acceleration are the acceler- 
ations of the components. If X, F, Z are the components of the force, 
the equations of motion in rectangular coordinates are 


m 


df ' 


•X, 






( 62 ) 


Instead of resolving the acceleration, force, and displacement along 

the axes, it may be convenient to resolve them along the tangent and 

normal to the curve. The velocity v may be written as v% where v is 

the magnitude of the velocity and t is a unit vector tangent to the 

curve. Then ^ _ 

^ ^ _ d(^ot) 


But 


dt 

dt 


dv ^ dt 


dt 

dt ds ^ 
ds dt ^ R 


( 63 ) 


where R is the radius of curvature and n is a unit normal. Hence 


4 




( 53 ') 


It therefore is seen that the component of the acceleration along the 
tangent is d^'sjdf^ or the rate of change of the velocity regarded as a 
number, and the component normal to the curve is v^jR. If T and N 
are the components of the force along the tangent and normal to the 
curve of motion, the equations are 

d^s 

It is noteworthy that the force must lie in the osculating plane. 

If r and r -}- Ar are two positions of the radius vector, the area of 
the sector included by them is (except for infinitesimals of higher order) 



)r Tine a-mu veiocmjy is tnereiore 


dA 

dt 


1 Ar . cZr , 

:lx„iir.- = ^rx-=»rxv. 


(54) 


riie projections of the areal velocities on the coordinate planes, which 
Lie the same as the areal velocities of the projection of the motion on 
hose planes, are (Ex. 11 below) 


2Y dt dt]' 


1 / dx 

2\Tt 




If the force F acting on the mass w passes through the origin, then 
and F lie along the same direction and rxF = 0. The equation of 
action may then be integrated at sight. 


7/2, — = F wTx— = rxF = 0, 

dt dt 

. . . . 
j-x— = ^ (rxv) = 0, rxv = const. 

(JuL CLt 


t is seen that in this case the rate of description of area is a constant 
ector, which means that the rate is not only constant in magnitude 
lut is constant in direction, that is, the path of the particle m must lie 
n a plane through the origin. When the force passes through a fixed 
loint, as in this case, the force is said to be central. Therefore when a 
article moves under the action of a central force, the motion takes place 
a a plane passing through the center and the rate of description of 
reas, or the areal velocity, is constant. 

80. If there are several particles, say n, in motion, each has its own equation 
f motion. These equations may be combined by addition and subsequent reduction. 


nd 

iut 

,et 

r 

‘hen 


d% _ d% _ 
m. — ^ = F, , mo — ~ = Fo, 


dh, 




(Pj. 

T 


+ Wo 


dt^ 


d\ 


d^T, 


+ • • • + m,i = Fj -f Fg -f * • • 4* F„. 
dt^ 

dhn d^ 


+ + • ’ • + + "^2^2 + • • • + Wnr„). 


+ • • • 4- rrinTn = (m^ + Wg 4- • • • + w„) f = f 
_ _ m^r^ 4- 4 • • ■ 4 _ Smr _ Smr 

4- Wg + • • • 4 mn Sm M 

= + + . . + p. = 2)^. 


( 66 ) 



mass or center of gravity of the particles (Ex. 5, p. 168). The result (65) states, on 
comparison with (51), that the center of gravity of the n masses moves as if all the 
mass M were concentrated at it and all the forces applied there. 

The force Fi acting on the ith mass may be wholly or partly due to attractions, 
repulsions, pressures, or other actions exerted on that mass by one or more of the 
other masses of the system of n particles. In fact let Ft be written as 

Ft = Fio + Fii + Fi 2 -f • • • -f F,n, 

where Fy- is the force exerted on rm by mj and Fi‘o is the force due to some agency 
external to the n masses wliich form the system. Now by Newton’s Third Law, 
when one particle acts upon a second, the second reacts upon the first with a 
force which is equal in magnitude and opposite in direction. Hence to above 
there will correspond a force Fjt* = — Fy* exerted by rrn on mj. In the sum SFt all 
these equal and opposite actions and reactions will drop out and SF^ may be re- 
placed by SFi*o, the sum of the external forces. Hence the important theorem that .* 
The motion of the center of mass of a set of particles is as if all the mass were concen- 
trated there and all the external forces were applied there (the internal forces, that is, 
the forces of mutual action and reaction between the particles being entirely 
neglected). 

The moment of a force about a given point is defined as the product of the force 
by the perpendicular distance of the force from the point. If r is the vector from 
the point as origin to any point in the line of the force, the moment is therefore 
rxF when considered as a vector quantity, and is perpendicular to the plane of the 
line of the force and the origin. The equations of n moving masses may now be 
combined in a different way and reduced. Multiply the equations by r^, Tg, * • *, r„ 
and add. Then 

dv dv dv 

-JT + "77 + • ’ • + =riXFi + tgXFg + • • • + TnXFrt 

(Zb dt at 

or mi ~ r^xv^ + Wg ^ igXVg + * ’ * + ^ ^nxrn = r^xFi + TgxFg + . . . + r„xF„ 

or ^ + mgrgXVg + • • • + m„r„xv„) = SrxF. (56) 

This equation shows that if the areal velocities of the different masses are multiplied 
hy those masses, and all added together, the derivative of the sum obtained is equal 
to the moment of all the forces about the origin, the moments of the different forces 
being added as vector quantities. 

This result may be simplified and put in a different form. Consider again the 
resolution of F; into the sum F;o + Fa 4 • • • + Fa, and in particular consider the 
action Fy and the reaction = — Fy between two particles. Let it be assumed 
that the action and reaction are not only equal and opposite, but lie along the line 
connecting the two particles. Then the perpendicular distances from the origin to 
the action and reaction are equal and the moments of the action and reaction are 
equal and opposite, and may be dropped from the sum Sr^xFi*, which then reduces 
to SiixFio- On the other hand a term like m;rfXVf may be written as rix(miyf). This 
product is formed from the momentum in exactly the same way that the moment 
is formed from the force, and it is called the moment of momentum. Hence the 
equation (66) becomes 


— uiomeiib ui iiiumeniuiiij = moiiibiib ux external xorces. 


Hence the result that, as vector quantities : The rate of change of the moment of 
nomentum of a system of particles is equal to the moment of the external forces (the 
'orces between the masses being entirely neglected under the assumption that action 
ind reaction lie along the line connecting the masses) . 


EXERCISES 

1. Apply the definition of differentiation to prove 

a) d(u*v) = u.dv + v»du, (jS) d [u.(vxw)] = du.(Yxw) + u«(dYxw) + u-(vxdw). 

2. Differentiate under the assumption that vectors denoted by early letters of 
ihe alphabet are constant and those designated by the later letters are variable : 

(a) ux(yxw), (/3) acosi+bsint, ( 7 ) (u»u) u, 

dvL , . /dn d%\ y- ./ X 

3. Apply the rules for change of variable to show that — = , where 

icce nts d enote differentiation witli respect to x. In case r = 4* 2/j sliow that 

1/ Vc*C takes the usual form for the radius of curvature of a plane curve. 

4 . The equation of the helix is r = ia cos <^ + j« sin + kb(p with s = Va^ -f ^ j 
ihow that the radius of curvature is (a^ + h^)/a. 

5. Find the torsion of the helix. It is b/(a^ + ^^)- 

6 . Change the variable from s to some other variable t in the formula for torsion. 

7. In the following cases find the gradient either by applying the formula which 
5 ontains the partial derivatives, or by using the relation dr»VF = dF, or both : 

[a) r.r = aj2 ^ ^2 ^ logr, (7) r — VKr, 

( 3 ) \og{x^ + y^) = log[r.r - (k.r)^], (e) (rxa)*(rxb). 

8. Prove these laws of operation with the symbol V ; 


(a) V(F + C?) = VF + V(?, (^) G^V(F/G) = GVP- FVG, 


9. If r, 0 are polar coordinates in a plane and is a unit vector along the radius 
sector, show that di^/dt = ndth/dt where n is a unit vector perpendicular to the 
■adius. Thus differentiate r = rr^ twice and separate the result into components 
dong the radius vector and perpendicular to it so that 


fr 



U 


4 - 2 — — 
dt^ dt dt 



10. Prove conversely to the text that if the vector rate of description of area is 
lonstant, the force must be central, that is^ rxF = 0. 

11. Note that rxv*i, rxv*j, rxv«k are the projections of the areal velocities upon 
he planes ® = 0, ^ = 0 , 25 = 0. Hence derive (64') of the tex> 
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12. Show that the Cartesian expressions for the magnitude of the velocity and 
of the acceleration and for the rate of change of the speed dv/dt are 

V = Vx'2 + + z'2, /= Vx"^ + + , 

Vx'2 4. + z'2 

where accents denote differentiation with respect to the time. 

13. Suppose that a body which is rigid is rotating about an axis with the 
angular velocity w = d(^/di. Represent the angular velocity by a vector a drawn 
along the axis and of magnitude equal to w. Show that the velocity of any point 
in space is v = axr, where r is the vector drawn to that point from any point of 
the axis as origin. Show that the acceleration of the point determined by r is in a 
plane through the point and perpendicular to the axis, and that the components are 

ax (axr) = (a.r)a — toward the axis, (da/di) xr perpendicular to the axis, 
under the assumption that the axis of rotation is invariable. 

14. Let f denote the center of gravity of a system of particles and r/ denote the 
vector drawn from the center of gravity to the ith particle so that r; = r + r/ and 
V, = V + v/. The kinetic energy of the ith particle is by definition 

Imivf = i-meVi.V£ = \mi(Y + v/).(v + v/). 

Sum up for all particles and simplify by using the fact Sm^r^ = 0, which is due to 
the assumption that the origin for the vectors r/ is at the center of gravity. Hence 
prove the important theorem : The total kinetic energy of a system is equal to the 
kinetic enst'gy which the total mass would have if moving with the center of gravity 
plus the energy computed from the motion relative to the center of gravity as origin^ 
that is, 

T = J J Mv^ + 1 


15. Consider a rigid body moving in a plane, which may be taken as the xy- 
plane. Let any point Tq ol the body he marked and other points be denoted rela- 
tive to it by r'. The motion of any point r' is compounded from the motion of 
and from the angular velocity a = kw of the body about the point r^. In fact the 
velocity v of any point is v = 4* axr'. Show that the velocity of the point denoted 

by r' = kxVp/oj is zero. This point is known as the instantaneous center of rotation 
(§ 39). Show that the coordinates of the instantaneous center referred to axes at 
the origin of the vectors r are 


X = rd = Xq 


1^, 

CO dt 


?/ = r.J : 


+ 1 ^ 0 . 

* CO dt 


16. If several forces act on a body, the sum R = SF,- is called 

the resultant and the sum Sr^xF,-, where Xi is drawn from an origin 0 to a point 
in the line of the force F,*, is called the resultant moment about 0. Show that the 



PAET IL DIFFERENTIAL EQUATIONS 


CHAPTER VII 

GENERAL INTRODUCTION TO DIFFERENTIAL EQUATIONS 

81, Some geometric problems. The application of the differential 
elIcuIus to plane curves has given a means of determining some 
eometric properties of the curves. For instance, the length of the 
abnormal of a cui-ve (§ 7) is ydyfdx^ which in the case of the parabola 
= 4 jox is that is, the subnormal is constant. Suppose now it 
''ere desired conversely to find all curves for which the subnormal is 
given constant The statement of this problem is evidently con- 
fined in the equation 

~ or yy' = m or ydy = mdx, 

Lgain, the radius of curvature of the lemniscate r® = cos 2 is found 
j be 72 = r, that is, the radius of curvature varies inversely as the 
Eidius. If conversely it were desired to find all curves for which the 
idius of curvature varies inversely as the radius of the curve, the state- 
lent of the problem would be the equation 



here ^ is a constant called a factor of proportionality.* 

Equations like these are unlike ordinary algebraic equations because, 
1 addition to the variables cc, y or 7 *, and certain constants m or 7c, 
ley contain also derivatives, as dy/dx or dr/d(t> and d^rjd^^^ of one of 
le variables with respect to the other. An equation which contains 

* Many problems in geometry, mechanics, and physics are stated in terms of varia- 
on. For purposes of analysis the statement x varies as ?/, or a: qc j/, is written as x ^ 
itroducing a constant k called a factor of proportionality to convert the variation into 
1 eq[uation. In like manner the statement x varies inversely as ?/, or jb « t/y, becomes 
= k/y^ and x varies jointly with y and z becomes 3; = kyz. 
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DIFFERENTIAL EQUATIONS 


derivatives is called a differential equation. The order of the differential 
equation is the order of the highest derivative it contains. The equar 
tions above are respectively of the first and second orders. A differen- 
tial equation of the first order may be symbolized as <1* (.x, y') = 0, 

and one of the second order as y, y', y") = 0. A function y = /(x) 
given explicitly or defined implicitly by the relation F(x, y)= 0 is 
said to be a solution of a given differential equation if the equation is 
true for all values of the independent variable x when the expressions 
for y and its derivatives are substituted in the equation. 


Thus to show that (no matter what the value of a is) the relation 
4 + 2 log X = 0 

gives a solution of the differential equation of the second order 




it is merely necessary to form the derivatives 


2 a *— ~ X — > 
dx X 


’ " T.2 


dx2 x^* 

and substitute them in the given equation together with y to see that 

\dx/ \dx2/ 4a2\ xV 4a2\ ^ x^) 

is clearly satisfied for all values of x. It appears therefore that the given relation 
for 2 / is a solution of the given equation. 


To integrate or solve a differential equation is to find all the functions 
which satisfy the equation. G-eometrically speaking, it is to find all the 
curves which have the property expressed by the equation. In mechan- 
ics it is to find all possible motions arising from the given forces. The 
method of integrating or solving a differential equation depends largely 
upon the ingenuity of the solver. In many cases, however, some method 
is immediately obvious. For instance if it be possible to separate the 
variables^ so that the differential dy is multiplied by a function of y 
alone and dx by a function of x alone, as in the equation 


^ {y) dy = xj/ (x) dx^ then J ^ (l/) dy — (x) dx+ C ( 1 ) 

will clearly he the integral or solution of the differential equation. 


As an example, let the curves of constant subnormal be determined. Here 
ydy = mdx and y^ = 2 mx+ 0. 


curve whose subnormal was m and which passed through the origin, it would 
merely be necessary to substitute (0, 0) in the equation 2 /® = 2 mx + 0 to ascertain 
what particular value must be assigned to C in order that the curve pass through 
(0, 0). The value is C = 0. 

Another example might be to determine the curves for which the x-intercept 
varies as the abscissa of the point of tangency. As the expression (§ 7) for the 
^-intercept is x ~ ydtx/dy^ the statement is 

dX . /, TV ^ 

X — y — = kx or {1 — k)x = y — 
dy dy 

Hence (1 — A:) — = — and (1 - k) log y = log x O, 

y X 

If desired, this expression may be changed to another form by using each side of 
ihe equality as an exponent with the base e. Then 

~ glogar + c Qp y^— ^ — e^x = C'x. 

f\s C is an arbitrary constant, the constant C' = is also arbitrary and the solution 
nay simply be written as = Ox, where the accent has been omitted from the 
xmstant. If it were desired to piclc out that particular curve which passed through 
;lie point (1, 1), it would merely be necessary to determine 0 from the equation 

=01, and hence 0=1. 


As a third example let the curves whose t angent is constant and e(iual to a bo 
letermined. The length of the tangent is y Vl + and hence the equation is 


y 


vTTv^. 


1 4- 

a or 2/2 ^ ^ QY 1 = 


y' y'^ 

rhe variables are therefore separable and the results are 


— ^2 


y 


dx = 




■r 


dy and x + C = — y^ — alog 


ct -f Va2 — 2 /^ 


[f it be desired that the tangent at the origin be vertical so that tlie curve passes 
hrough (0, <z), the constant 0 is 0. The curve is the tractrix or curve of pursuit ” 
is described by a calf dragged at the end of a rope by a person walking along 
i straight line. 


82. Problems which involve the radius of curvature will lead to differ- 
mtial equations of the second order. The method of solving such 
problems is to reduce the equation, if possible, to one of the first order. 
P'or the second derivative may be written as 


tnd 


y 


n 


dx dy ^ ^ 


R 


_ (1 + _ (1 + 

y" ^ ,M 

•' dy 


( 2 ) 

(2') 


dx 


is the expression for the radius of curyature. If it be given that the 
radius of curvature is of the form f{x) <j> (jj') or /(?/) 4> (jj'), 

O'- -mW), (3) 

dx ^ dy 

the variables x and or y and y' are immediately separable, and an 
integration may be performed. This will lead to an equation of the 
first order ; and if the variables are again separable, the solution may 
be completed by the methods of the above examples. 


In the first place consider curves whose radius of curvature is constant. Then 


(1 + i/^)i _ _ 

~w — 

dx 


or 


dy^ _ 

(1 + “ a 


and 


y' 

Vl + y'^ 


X — C 

, 

a 


where the constant of integration has been written as — C/a for future conven- 
ience. The equation may now be solved for y' and the variables become separated 
with the results 

y = — or dy = ^ dx, 

Va2 - (X - C)2 Va2 - (X - C)2 

Hence ?/ — C' = — Va^ — (x — G)2 or (x — C)^ + (y — C')^ = a®. 

The curves, as should be anticipated, are circles of radius a and with any arbi- 
trary point (G, G') as center. It should be noted that, as the solution has required 
two successive integrations, there are two arbitrary constants G and C' of integra- 
tion in the result. 

As a second example consider the curves w hose ra dius of curvature is double 
the normal. As the length of the normal is y Vl + y''^^ the equation becomes 


(1 + y'^)i 



= 2 V Vl + 


or 





= ± 2y, 


where the double sign has been introduced when the radical is removed by cancel- 
iation. This is necessary ; for before the cancellation the signs were ambiguous 
and there is no reason to assume that the ambiguity disappears. In fact, if the 
curve is concave up, the second derivative is positive and the radius of curvature 
is reckoned as positive, whereas the normal is positive or negative according as 
the curve is above or below the axis of x ; similarly, if the curve is concave down. 
Let the negative sign be chosen. This corresponds to a curve above the axis and 
concave down, or below the axis and concave up, that is, the normal and the radius 
of curvature have the same direction. Then 


— = - and logj/ = - log(l + + log2 C, 

y 1 + y ^ 

where the constant has been given the form log 2 G for convenience. This expres- 
sion nifi.v bfi thrown into n-ln-obrain. fnrtn hv p.Tfnfinont.ia.t.imi .(snlvnrl fnr 1 / n.-nrl t.hfin 


Hence 


x— C' ~ C vers“ ^ Cy — 

G 

The curves are cycloids of which the generating circle has an arbitrary radius C 
and of which the cusps are upon the cc-axis at the points C' ±2 kvC. If the posi- 
tive sign had been taken in the equation, the curves would have been entirely 
different ; see Ex. 6 (cr). 

The number of arbitrary constants of integration v^hich enter into 
the solution of a differential equation de2:)ends on the number of inte- 
grations which are performed and is equal to the order of the equation. 
This results in giving a family of curves, dependent on one or more 
parameters, as the solution of the equation. To pick out any particular 
member of the family, additional conditions must be given. Thus, if 
there is only one constant of integration, the curve may be required 
to pass through a given point ; if there are two constants, the curve 
may be required to pass through a given point and have a given slope 
at that point, or to pass through two given points. These additional 
conditions are called initial conditions. In mechanics the initial condi- 
tions are very important ; for the point reached by a particle describing 
a curve under the action of assigned forces depends not only on the 
forces, but on the point at which the particle started and the velocity 
with which it started. In all cases the distinction between the constants 
of integration and the given constants of the problem (in the foregoing 
examples, the distinction between C, C' and w, k, a) should be kept 
clearly in mind 

EXERCISES 

1 . Verify the solutions of the differential equations : 

(u:) £cy -f- J ic2 = C, ^ X 4- xy' = 0, (/?) x V (3 G) = 1, xy'-\-y-\-x'^y^^= 0, 

(7) (lH-x2)?/'2:=l, 2x=Cey— G-ie-i/, (5) y + xy' = xV^j x,y = GH -f C, 

(Oy'' + yyx = 0, y=aiogx+Cp (f) y = CeF -V ’\-2y = 

(1) y"' - y = x 2 , y = Ge* + e- i cos + Gg sin 

2 . Determine the curves which have the following properties; 

(a) The subtangent is constant ; y»'‘ = Ge^. If through (2, 2), y”* = 2'”e®-2. 

(jS) The right triangle formed by the tangent, subtangent, and ordinate has the 
constant area kf2 ; the hyperbolas xy + Gy + A: = 0. Show that if the curve passes 
through (1, 2) and (2, 1), the arbitrary constant G is 0 and the given A; is ~ 2. 

(7) The normal is constant in length ; the circles (x — G)^ -j- y^ = k^. 

(5) The normal varies as the square of the ordinate ; catenaries /cy= cosh A:(x— G). 
If in particular the curve is perpendicular to the y-axis, G = 0. 

(e) The area of the right triangle formed by the tangent, normal, and x-axis is 
inversely proportional to the slope j the circles (x — G)^ + y^ = jfc. 


3. Determine the curves which have the following properties: 

{a) The angle between the radius vector and tangent is constant; spirals 
r = 

(|3) The angle between the radius vector and tangent is half that between the 
radius and initial line ; cardioids r = (7(1 — cos 0). 

(7) The perpendicular from the pole to a tangent is constant ; r cos (0 — C) = k. 

(5) The tangent is equally inclined to the radius vector and to the initial line ; 
the two sets of parabolas r = C/(l db cos 0). 

(t) The radius is equally inclined to the normal and to the initial line ; circles 
r = G cos 0 or lines r cos <p = G, 

4. The arc 3 of a curve is proportional to the area J., where in rectangular 
coordinates A is the area under the curve and in polar coordinates it is the area 
included by the curve and the radius vectors. From the equation ds = dA show 
that the curves which satisfy the condition are catenaries for rectangular coordi- 
nates and lines for polar coordinates* 

5. Determine the curves for which the radius of curvature 

(a) is twice the normal and oppositely directed ; parabolas {x — G)- = G\2y — G') 

(|3) is equal to the normal and in same direction ; circles (x — C)'^ + 

(7) is equal to the normal and in opposite direction ; catenaries. 

(5) varies as the cube of the normal ; conics kCy^ — G^{x+ C')^ = k. 

(e) projected on the x-axis equals the abscissa ; catenaries. 

( f ) projected on the x-axis is the negative of the abscissa ; circles. 

(tj) projected on the x-axis is twice the abscissa. 

(^) is proportional to the slope of the tangent or of the normal. 

83. Problems in mechanics and physics. In many physical problems 
the statement involves an equation between the rate of change of some 
quantity and the value of that quantity. In this way the solution of 
the problem is made to depend on the integration of a differential equa- 
tion of the first order. If x denotes any quantity, the rate of increase 
in X is dxjdt and the rate of decrease in x is — dx/dt \ and consequently 
when the rate of change of x is a function of x, the variables are 
immediately separated and the integration may be performed. The 
constant of integration has to be determined from the initial conditions j 
the constants inherent in the problem may be given in advance or their 
values may be determined by comparing x and t at some subsequent 
time. The exercises offered below will exemplify the treatment of 
such problems. 

Ill other physical problems the statement of the question as a differ- 
ential equation is not so direct and is carried out by an examination of 
the problem with a view to stating a relation between the increments 
or differentials of the dependent and independent variables, as in some 
geometric relations already discusced (§ 40), and in the problem of the 



ential equations of the curve of equilibrium of a flexible string or 
chain. Let p be the density of the chain so that pAs is the mass of 
the length As ; let X and F be the components 
of the force (estimated per unit mass) acting on 
the elements of the chain. Let T denote the 
tension in the chain, and t the inclination of 
the element of chain. From the figure it then 
appears that the components of all the forces 
acting on As are 

(T -f- AT) COS (t + At) — 2"cos r 4* XpAs = 0, 

{T + AT) sin (t + Ar) - 2" sin r + YpAs = 0 ; 

for these must be zero if the element is to be in a position of equi- 
librium. The equations may be written in the form 

A(TcosT)-b-X:f>A5 = 0, A(TsinT)+ YpAs^ 0; 

and if they now be divided by As and if A^ be allowed to approach 
zero, the result is the two equations of equilibrium 

where cos r and sin r are replaced by their values dx/ds and dyfds. 


r+AT 



If the string is acted on only by forces parallel to a given direction, let the 
y-axis he taken as parallel to that direction. Then the component X will be zero 
and the first equation may be integrated. The result is 


ds 







This value of T may be substituted in the second equation. There is thus obtained 
a differential equation of the second order 


ds 



4* pL= 0 


or 


C- 

Vl + y'“ 


(40 


If this equation can be integrated, the form of the curve 
of equilibrium may be found. 

Another problem of a different nature in strings is to 
consider the variation of the tension in a rope wound around 
a cylinder without overlapping. The forces acting on the 
element As of the rope are the tensions T and T+AT, the 
normal pressure or reaction U of the cylinder, and the force 
of friction which is proportional to the pressure. It will 
be assumed that the normal reaction lies in the angle A0 and that the coefficient 
of friction is }x so that the force of friction is pR, The components along the radius 
and along the tangent are 




(r + AT) sin A0 - i? cos (<9A0) - fiB sin ((9A.^) = 0, 0 < ^ < 1, 

(r + A2') cos A0 + R sin ((9A0) — iiR cos (^A^) — T —0. 

Now discard all infinitesimals except those of the first order. It must be borne in 
mind that the pressure R is the reaction on the infinitesimal arc As and hence is 
itself infinitesimal. The substitutions are therefore Tdcp fur (T + A2’) sin Af^j R for 
R cos 0 for R sin and T + dT for (T + AT) cos A0. The equations there- 
fore reduce to two simple equations 

Td<p-R = 0, dT-fjLR = 0, 
from which the unknown R may be eliminated with the result 
dT = fiTd<f) or T = CW or T=: ToC^‘/>, 

where Tq is the tension when 0 is 0. The tension therefore runs ap exponentially 
and affords ample explanation of why a man, by winding a rope about a post, can 
readily hold a ship or other object exerting a great force at the other end of the 
rope. If fx is 1/3, three turns about the post will hold a force 536 To, or over 25 
tons, if the man exerts a force of a hundredweight. 

84. If a constant mass m is moving along a line under the influence 
of a force F acting along the line, Newton’s Second Law of Motion (p. 13) 
states the problem of the motion as the differential equation 

mf=F or = P (6) 

of the second order j and it therefore appears that the complete solution 
of a problem in rectilinear motion requires the integration of this equa^ 
tion. The acceleration may be written as 

__ __ dv dx __ dv 

^ dt dx dt ^ dx^ 


and hence the equation of motion takes either of the forms 


dv „ dv 

m — —F or mv — = F. 

Cto Cl%X) 


(5') 


It now appears that there are several cases in which the first integration 
may be performed. Lor if the force is a function of the velocity or of 
the time or a product of two such functions, the variables are separated 
in the first form of the equation ; whereas if the force is a function of 
the velocity or of the coordinate cc or a product of two such functions, 
the variables are separated in the second form of the equation. 

When the first integration is performed according to either of these 
methods, there will arise an equation between the velocity and either 
the time t or the coordinate x. In this equation will be contained a 
constant of integration which may be determined by the initial condi- 



to solve the equation and express the velocity as a function of the time 
t or of the position as the case may be, and integrate a second time. 
The carrying through in practice of this sketch of the Avork will be 
exemplihed in the following two examples. 


Suppose a particle of massm is projected vertically upward with the velocity V. 
Solve the pioblem of the motion under the assumption that the resistance of the 
air varies as the velocity of the particle. Let the distance he measured vertically 
upward. The forces acting on the particle are two, — the force of gravity which is 
the weight W = mg, and the resistance of the air which is kv. Both these forces 
are negative because they are directed toward diminishing values of x. Hence 

mf = — mg — kv or m — = — mg — kv, 
dt 


where the first form of the equation of motion has been chosen, although in this 
case the second form would be equally available. Then integrate. 

— — di and logf(7 + — t + C/. 

Jc \ m / m 


m 


As by the initial conditions v=V when t = 0, the constant C is found from 

log (gr + ~ — 0 + G ; hence 

\ m / m 


, * 
m _ 

g + ~r 

m 


is the relation between v and i found by substituting the value of G. The solution 
for V gives 


Hence 


dx /m , m 

m/m . tA w ^ ^ 


If the particle starts from the origin ic = 0, the constant G is found to be 
^ m/m , -,A , m/m , -A A ^ ^ 

Hence the position of the particle is expressed in terms of the time and the prob- 
lem is solved. If it be desired to find the time which elapses before the particle 
comes to rest and starts to drop back, it is merely necessary to substitute v = 0 in 
the relation connecting the velocity and the time, and solve for the time t=T; 
and if this value of t be substituted in the expression for x, the total distance X 
covered in the ascent will be found. The results are 


Tzz 






As a second example consider the motion of a particle vibrating up and down 
at the end of an elastic string held in the field of gravity. By Hooke’s Law for 


tlie string over its natural length, that is, F = kAl. Let I he the length of the string, 
AqI the extension of the string just sufficient to hold the weight W ^ mg rest so 
tliat kAJi = mg, and let x naeasured downward he the additional extension of the 
string at any instant of the motion. The force of gravity mg is positive and the 
force of elasticity — k{AQl + x) is negative. The second form of the equation of 
motion is to he chosen. Hence 

mv — =: mg k + x) or — kx, since mg = kA^l 

dx dx 

Then rnvdv = — kxdx or = — fcx^ + C. 


Suppose that x = ct is the amplitude of the motion, so that when x = a the velocity 
i> = 0 and the particle stops and starts back. Then G = ka^. Hence 


and 




Now let the time he measured from the instant when the particle passes through 
the position x = 0. Then G satisfies the equation 0 = a sin C and ma y he. taken as 
zero. The motion is therefore giv en b y the equation x = asin Vic/mt and is 
periodic. While t change s hy 2 tt ^mjk the particle completes an entire oscilla^ 
tion. The time T = 2 tt 'Vm/k is called the periodic time. The motion considered 
in this example is characterized hy the fact that the total force — fcx is propor- 
tional to the displacement from a certain origin and is directed toward the origin. 
Motion of this sort is called simple harmonic motion (briefly S. H. M.) and is of 
great importance in mechanics and physics. 


EXERCISES 

1. The sum of SlOO is put at interest at 4 per cent per annum under the condition 
that the interest shall be compounded at each instant. Show that the sum will 
amount to S200 in 17 yr. 4 mo., and to $1000 in 67 j yr. 

2. Given that the rate of decomposition of an amount x of a given substance is 
proportional to the amount of the substance remaining undecomposed. Solve the 
problem of the decomposition and determine the constant of integration and tl»e 
physical constant of proportionality if x = 6.11 when t = 0 and x = 1,48 when 
t = 40 min. A ns. k= .0309. 

3. A substance is undergoing transformation into another at a rate which is 
assumed to be proportional to the amount of the substance still remaining untrans- 
formed. If that amount is 36.6 when < = 1 hr. and 13.8 when t = 4 hr., determine 
the amount at the start when t = 0 and the constant of proportionality and find 
how many hours will elapse before only one-thousandth of the original amount 
will remain. 

4 . If the activity A of a radioactive deposit is proportional to its rate of 
diminution and is found to decrease to J its initial value in 4 days, show that A 
satisfies the equation A JAj, = 0*173^ 


a reacuon in wniou tne veiociLy oi transiormauon ox/atis proponionai lo Lne proa- 
uct (a — x) (i? — x) of the amounts remaining untransformed. Integrate on the 
supposition that a 

t 

log ^ = (a — b)kt : and if 39S 
a{b-x) j2gg 

determine the product A: (a — &). 

6 . Integrate the equation of Ex. 6 if a = 6, and determine a and A: if a; s= 9.8? 
when t = 15 and x =: 13.69 when t = 66. 


0.4866 

0.3879 


b — X 


0.2342 

0.1364 


7 . If the velocity of a chemical reaction in which three substances are involved 
is proportional to the continued product of the amounts of the substances remaining, 
show that the equation between x and the time is 


(a — 6) (6 — c) (c ~ a) 


— — kt, where 


raj = 0 

\t=0. 


8 . Solve Ex. 7 if a = h also when a = 6 = c. Note the very different 
forms of the solution in the three cases. 


9. The rate at which water runs out of a tank through a small pipe issuing 
horizontally near the bottom of the tank is proportional to the square root of the 
height of the surface of the water above the pipe. If the tank is cylindrical and 
half empties in 30 min., show that it will completely empty in about 100 min. 

10 . Discuss Ex. 9 in case the tank were a right cone or frustum of a cone. 

11. Consider a vertical column of air and assume that the pressure at any level 
is due to the weight of the air above. Show that p = p^e- ** gives the pressure at 
any height if Boyle’s Law that the density of a gas varies as the pressure be used. 

12 . Work Ex. 11 under the assumption that the adiabatic law pccp^'^ repre- 
sents the conditions in the atmosphere. Show that in this case the pressure would 
become zero at a finite height, (If the proper numerical data are inserted, the 
height turns out to be about 20 miles. The adiabatic law 'seems to correspond 
better to the facts than Boyle’s Law.) 

13 . Let I be the natural length of an elastic string, let Al be the extension, and 
assume Hooke’s Law that the force is proportional to the extension in the form 
Al = klF. Let the string be held in a vertical position so as to elongate under its 
own weight W. Show that the elongation U^kWl. 

14 . The density of water under a pressure of p atmospheres is p = 1 + 0.00004p. 
Show that the surface of an ocean six miles deep is about 600 ft. below the position 
it would have if water were incompressible. 

15 . Show that the equations of the curve of equilibrium of a string or chain are 

ds\ ds/ ’ ds\ dsj 

In polar coordinates, where It and # are the components of the force along the 
radius vector and perpendicular to it. 


'iuiii of a striiitj: if R is the radius of curvature and S and N arc the tangential a 
normal components of the forces. 

17. * Sliow that when a uniform chain is supported at two points and hangs do’ 
between the poijits under its own weight, the curve of eciuilibrium is the catena] 

18. Suppose the mass dm of the element ds of a chain is proportional to the p: 
Jection dx of da on the x-axis, and that the chain hangs in the field of gravi 
Show that the curve is a parabola. (This is essentially the problem of the slui 
of the cables in a .suspension bridge when the roadbed is of uniform linear densil 
^or the weight of tlie cables Is negligible compared to that of the roadbed.) 

19. It is desired to string upon a cord a great many uniform heavy rods 
varying lengths so that when the cord is hung up with the rods dangling from 
the rods will be equally spaced along the horizontal and have their lower ends 
the same level. Required the shape the cord will take. (It should be noted tl 
the shape must be known before the rods can be cut in the proper lengths to ha 
as desired.) The weight of the cord may be neglected. 

20. A masonry arch carries a horizontal roadbed. On the assumption that 1 
material between the arch and the roadbed is of uniform density and that e? 
element of the arch supports the weight of the material above it, find the shape 
the arch. 


21. In equations (4") the integration may be carried through in termvS of quad 
tures if /oFis a function of y alone • and similarly in Ex. 15 the integration may 
carried through if = 0 and pjR is a function of r alone so that the field is centi 
Show that the results of thus carrying through the integration are the formulas 


x H- C' 




Cdy 


-y{jprdyy- 


<p -f C'= 




Cdr/r 


^{JpRdry - O* 


22. A particle falls from rest through the air, which is assumed to offer a resi 
ance proportional to the velocity. Solve the problem with the initial conditi( 
u = 0, x = 0, t = 0. Sliow that as the particle falls, the velocity does not inorei 
indefinitely, but approaches a definite limit V = mg/lc. 


23. Solve Ex. 22 with the initial conditions v = Vq, x = 0, ^ = 0, where 
greater than the limiting velocity V, Show that the particle slows down as it fa 

24. A particle rises through the air, which is assumed to resist proportionallj* 
the square of the velocity. Solve the motion. 

25. Solve the problem analogo us to Ex. 24 for a falling particle. Show tl 
there is a limiting velocity V = ^mg/k. If the particle were projected down w 
an initial velocity greater than y, it would slow down as in Ex. 23. 


26. A particle falls towards a point which attracts it inversely as the square of i 
distance and directly as its mass, Eind the relation between x and t and determ 
the total time T taken to reach the center. Initial conditions v = 0, x = a, i < 

2x— (X 


^ n. 


12 i 

— i = - cos 
a 2 


- + Vox - 


T^irk 


♦Exercises 17-20 should be worked ah initio by the method by which (4) were deriv 
not by applying (4) directly. 


40. boive Ex. 27 under the assumption that the resistance varies as Vv. 

29. A particle falls toward a point which attracts inversely as the cube of the 

iistance and directly as the mass. The initial conditions are x = a, r = 0, t = 0. 
Show that — )cP/a^ and the total time of descent is T = a^/Vk. 

30. A cylindrical spar buoy stands vertically in the water. The buoy is pressed 
iown a little and released. Show that, if the resistance of the water and air be 
[leglected, the motion is simple harmonic. Integrate and determine the constants 
from the initial conditions x = 0, u = V", t = 0, where x measures the displacement 
from the position of eciuilibrium. 

31. A particle slides down a rough inclined plane. Determine the motion. Note 
dmt uf the force of gravity only the component mg Bin i acts down the plane, 
^vhereas the component mg cos i acts perpendicularly to the plane and develops the 
force firng cos i of friction. Here i is the inclination of the plane and fi is the 
joefficient of friction. 

32. A bead is free to move upon a frictionless wire in the form of an inverted 
jycloid (vertex down) . Show that the component of the weight along the tangent 
to the cycloid is proportional to the distance of the particle from the vertex. Hence 
ietermine the motion as simple harmonic and fix the constants of integration by 
the initial conditions that the particle starts from rest at the top of the cycloid. 

33. Two equal weights are hanging at the end of an elastic string. One drops 
Determine completely the motion of the particle remaining. 

34. One end of an elastic spring (such as is used in a spring balance) is attached 
rigidly to a point on a horizontal table. To the other end a particle is attached, 
[f the particle be held at such a point that the spring is elongated by the amount 
I and then released, determine the motion on the assumption that the coefficient 
it friction between the particle and the table is ; and discuss the possibility of 
iifferent cases according as the force of friction is small or large relative to the 
force exerted by the spring. 

85. Lineal element and differential equation. The idea of a curve 
IS made up of the points upon it is familiar. Points, however, have no 
extension and therefore must be regarded not as pieces of a curve but 
merely as positions on it. Strictly speaking, the pieces of a curve are 
ffie elements As of arc ; but for many purposes it is convenient to re- 
place the complicated element As by a piece of the tangent to the curve 
it some point of the arc As, and from this point of view a curve is made 
jp of an infinite number of infinitesimal elements tangent to it. This 
is analogous to the point of view by which a curve is regarded as made 


A point on a curve taken with an infinitesimal portion of the tangent 
to the curve at that point is called a lineal element of the curve. These 
concepts and definitions are clearly equally available in two or three 
dimensions. For the present the curves under dis- 
cussion will be plane curves and the lineal elements 
will therefore all lie in a plane. 

To specify any particular lineal element three 
coordinates x, y, p will be used, of which the two (x, y) determine the 
point through which the element passes and of which the third p is 
the slope of the element. If a curve /(aj, y)= 0 is given, the slope at 
any point may be found by differentiation, 



and hence the third coordinate p of the lineal elements of this particular 
curve is expressed in terms of the other two. If in place of one curve 
f(x, y) = 0 the whole family of curves f(x, y) = C, where C is an 
arbitrary constant, had been given, the slope p would still be found 
from (6), and it therefore appears that the third coordinate of the lineal 
elements of such a family of curves is expressible in terms of x and y. 

In the more general case where the family of curves is given in the 
misolved form F{x, y, C) — 0, the slopes is found by the same formula 
but it now depends apparently on C in addition to on x and y. If, how^ 
ever, the constant C be eliminated from the two equations 

dp dF 

F(x,y,C) = 0 and ■^ + ^P = 0, (7) 

there will arise an equation (Xj y, p) = 0 which connects the slope p 
of any curve of the family with the coordinates (x, y) of any point 
through which a curve of the family passes and at which the slope of 
that curve is p. Hence it appears that the three coordinates (re, y, p) of 
the lineal elements of all the curves of a family are connected by an equa- 
tion ^ (x, y, p) = 0, just as the coordinates (x, y, of the points of a 
surface are connected by an equation ^ (x, y, = 0. As the equation 
^(jc, y, 2 !) = 0 is called the equation of the surface, so the equation 
y) p) — ^ is called the equation of the family of curves ; it is, how- 
ever, not the finite equation F(x, y, C) = 0 but the differential equation 
of the family, because it involves the derivative p = dy/dx of y by a; 
instead of the parameter C, 




1/2 = Cz or y^/x = (7. 

The differentiation of the equation in the second form gives at once 
— + 2 yjy/x = 0 or y — 2xp 

as the differential equation of the family. In the unsolved form the work is 
2 2 /p = C, 2 /^ = 2 ypx, y = 2xp. 

The result is, of course, the same in either case. For the family here treated it 
makes little difference which method is followed. As a general rule it is perhaps 
best to solve for the constant if the solution is simple and leads to a simple form 
of the function /(x, y ) ; whereas if the solution is not simple or the form of the 
function is complicated, it is best to differentiate first because the differentiated 
equation may be simpler to solve for the constant than the original equation, or 
because the elimination of the constant between the two equations can be con- 
ducted advantageously. 

If an equation <I> (x, y^p) = 0 connecting the three coordinates of the 
lineal element be given, the elements which satisfy the equation may 
be plotted much as a surface is plotted ; that is, a pair of values (a;, y) 
may be assumed and substituted in the equation, the equation may then 
be solved for one or more values of p, and lineal elements with these 
values of p may be drawn through the point (x, y). In this manner the 
elements through as many points as desired may be found. The de- 
tached elements are of interest and significance chiefly from the fact 
that they can be assembled into curves, — in fact, into the curves of a 
family F(x, y, C) = 0 of which the equation y, ^) = 0 is the differ- 
ential equation. This is the converse of the problem treated above and 
requires the integration of the differential equation <^> (x, y, jp) = 0 for its 
solution. In some simple cases the assembling may be accomplished 
intuitively from the geometric properties implied in the equation, in 
other cases it follows from the integration of the equation by analytic 
means, in other cases it can be done only approximately and by methods 
of computation. 

As an example of intuitively assembling the lineal elements into curves, take 

•y/ 7*2 ^ 

(x, 2/, p) = + 2 /^ — = 0 or p = ± * 

The quantity Vr^ — y^ may be interpreted as one leg of a right triangle of which 
y is th e other leg and r the hypotenuse. The slope of the hypotenuse is then 
i y/ y/r^ — according to the position of the figure, and the differential equation 
^ p) = 0 states that the coordinate p of the lineal element which satisfies it 
is the negative reciprocal of this slope. Hence the lineal element is perpendicular 
to the hypotenuse. It therefore appears that the lineal elements are tangent to cir- 
cles of radius r described about points of the x-axis. The equation of these circles is 



The correctness or this integral may be checKea by direct integration, jjor 


dx. y 


ydy 




: dx or — j/^ ~ x ^ C. 


86. Ill geometric problems which relate the slope of the tangent o 
curve to other lines in the figure, it is clear that not the tangent 1 
the lineal element is the vital thing. Among such problems that of i 
orthogonal trajectories (or trajectories under any angle) of a given fam 
of curves is of especial importance. If two families of curves are 
related that the angle at which any curve of one of the families c 
any curve of the other family is a right angle, then the curves of eit] 
family are said to be the orthogonal trajectories of the curves of ^ 
other family. Hence at any point (x, y) at which two curves belong; 
to the different families intersect, there are two lineal elements, ( 
belonging to each curve, which are perpendicular. As the slopes of t 
perpendicular lines are the negative reciprocals of each other, it folk 
that if the coordinates of one lineal element are {x, y,p) the coordina 
of the other are (cc, y, ~ 1 fp ) ; and if the coordinates of the lineal < 
ment (rr, y, p) satisfy the equation <E> (a?, y, p) = 0, the coordinates of ‘ 
orthogonal lineal element must satisfy ^(x, y, — l/jo) = 0. Theref 
the rule for finding the orthogonal trajectories of the curves F(x, y, C) - 
is to find first the differential equation $(x, y,p)^ 0 of the family y ti 
to replace p hy — If p to find the differential equation of the orthoga 
family, and finally to integrate this equation to find the family. It n 
be noted that if F{z)=^ X (x, y) + iF(x, y) is a function of « = x H- 
(§ 73), the families A(x, y)—C and F(x, y) = A” are orthogonal. 


As a problem in orthogonal trajectories find the trajectories of the semicub 
parabolas [x •— Cy = The differential equation of this family is found as 

3(a:- C7)2 = 23 (p, = (lyp)^ = y^ or |p=yi 

This is the differential equation of the given family, B.eplace p by — 1/p i 
integrate : 

= or l + ?pyJ-=:0 or dx ^yi dy = 0, and x + ^yi=C. 
op ,6 2 ? 

Thus the differential equation and finite equation of the orthogonal family are fou 
The curves look something like parabolas with axis horizontal and vertex tow 
the right. 


Given a differential equation ^(x, y, p)=0 or, in solved fo; 
y? = (x, y) ; the lineal element affords a means for obtaining graphico 

and numerically an approximation to the solution which passes throt 


an assigned point y^. For the value of ^ at this point may be 

computed from the equation and a lineal element may be drawn, 
the length being taken small. As the lineal element is tangent to the 
curve; its end point will not lie upon the curve but will depart from it 
by an infinitesimal of higher order. Next the slope of the lineal 
element which satisfies the equation and passes 
through P^ may be found and the element P^P^ 
may be drawn. This element will not be tangent 
to the desired solution but to a solution lying near 
that one. Next the element PJ^^ may be drawn, 
and so on. The broken line • • • is clearly 

an approximation to the solution and will be a better approximation 
the shorter the elements +1 are taken. If the radius of curvature 
of the solution at P^ is not great, the curve will be bending rapidly and 
the elements must be taken fairly short in order to get a fair approx- 
imation ; but if the radius of curvature is great, the elements need not 
be taken so small. (This method of approximate graphical solution 
indicates a method which is of value in proving by the method of 
limits that the equation ^ (a:, y) actually has a solution j but that 

matter will not be treated here.) 

Let it be required to plot approximately that solution of 2 /p + x = 0 which 
passes through (0, 1) and thus to find the ordinate for x = 0. 6, and the area under 
the curve and the length of the curve to this point. Instead of assuming the lengths 
of the successive lineal elements, let the 
lengths of successive increments dx of 
X he taken as 5x = 0.1. At the start 
Xq = 0, 2 /^ = 1, and from p = ~ x/y it 
follows that pQ = 0. The increment dy 
of y acquired in moving along the tan- 
gent is dy = pdx = 0. Hence the new 
point of departure (x^, is (0.1, 1) and 
the new slope is pj = — x^/y^ = — 0.1. 

The results of the work, as it is contin- 
ued, may be grouped in the table. Hence it appears that the final ordinate is 
y = 0.90. By adding u p the trap ezoids the area is computed as 0.48, and by find- 
ing the elements Ss = Vdx^ -f dy^ the length is found as 0.51. Now the particular 
equation here treated can be integrated. 

2 /p + X = 0, ydy -h xdx = 0, + 2 /^ = and hence x* + = 1 

is the solution which passes through (0, 1). The ordinate, area, and length found 
from the curve are therefore 0.87, 0.48, 0,52 respectively. The errors in the 
approximate results to two places are therefore respectively S, 0, 2 per cent. If dx 
had been chosen as 0.01 and four places had been kept in the computations, the 






EXERCISES 

1. In the following cases eliminate the constant G to find the differential equa- 
tion of the family given : 

(a) = '2^ Gy + C®, 

(y) a;2 -- 


(/S) J, = Cx + VTTcj, 
(5) y = x tan (x + G), 


(0 




' h^-G 




Ana. 


■(W 


2 ^ (x^ — {a^ — dy 

xy dx 


wl = 0. 


2 , Plot the lineal elements and intuitively assemble them into the solution; 
(a:) vp + x = 0, (fi) xp-y = 0, (y) = 1. 


Check the results by direct integration of the differential equations. 

3 . Lines drawn from the points (i c, 0) to the lineal element are equally in- 
clined to it. Show that the differential equation is that of Ex. 1 (t). What are the 
curves ? 


4 . The trapezoidal area under the lineal element equals the sectorial area form-ed 
by joining the origin to the extremities of the element (disregarding infinitesimals 
of higher order), (cr) Eind the differential equation and integrate. (/3) Solve the 
same problem where the areas are equal in magnitude but opposite in sign. What 
are the curves ? 

5. Eind the orthogonal trajectories of the following families. Sketch the curvei> 

(a) parabolas =: 2 Cx, Ans. ellipses 2x^ + y^ - G. 

{^) exponentials y = Oe**, Ana, parabolas \ ky^ + x = C, 

(7) circlies (x — Cf- + 2/^ = a^, Ana. tractrices. 

(J) X^ - = C«, (e) Cy^ = x», (f) xl + jrf = of. 

6. Show from .the answer to Ex. 1 (e) that the family is self-orthogonal and 
illustrate with a sketch. Erom the fact that the lineal element of a parabola makes 
equal angles with the axis and with the line drawn to the focus, derive the differ- 
ential equation of all coaxial confocal parabolas and show that the family is self- 
orthogonal. 

7 . If $(x, 2/, p) = 0 is the differential equation of a family, show 




^ (*, y, 


jJ + m \ 
1 — mp/ 


0 


are the differential equations of the family whose curves cut those of the given 
family at tan-i m. What is the difference between these two cases ? 


8 . Show that the differential equations 


define orthogonal families in polar cobrdinates, and write the equation of the family 
which cuts the first of these at the constant angle tan-^ m. 

9 Emd the orthogonal trajectories of the following families. Sketch. 


Muii YVAui/ v^ctxijr uii^ vyyjiJX Kj\j uuxct; ucwixxiario. 


11. Plot the approximate solution ofp = xy between (1, 1) and the y-axis. Taxe 
Saj = — 0.2. Find the ordinate, area, and length. Check by integration and 
comparison. 

12. Plot the approximate solution of p = — x through (1, 1), taking dx = 0.1 and 
following the curve to its intersection with the x-axis. Find also the area and the 
length. 

13. Plot the solution of p = VxM^ from the point (0, 1) to its intersection 
with the x-axis. Take 5x = — 0.2 and find the area and length. 

14. Plot the solution of p = s which starts from the origin into the first quad- 
rant (s is the length of the arc). Take 6x = 0.1 and carry the work for five steps 
to find the final ordinate, the area, and the length. Compare with the true integral. 


87. The higher derivatives ; analytic approximations. Although a 
differential equation O (x, ?/, y') = 0 does not determine the relation 
between x and y without the application of some process equivalent to 
integration, it does afford a means of computing the higher derivatives 
simply by differentiation. Thus 


dx dx dy ^ 


ay' 


y" = 0 


is an equation which may be solved for y" as a function of x^ y, y'; 
and y" may therefore be expressed in terms of x and y by means of 
^ (aj, y, y') = 0. A further differentiation gives the equation 


dx^ dx^ dxdy 


P f/ , f2 . o f If 

y» 


which may be solved for y'" in terms of Xj y, y', y"; and hence, by the 
preceding results, y'" is expressible as a function of x and y ; and so 
on to all the higher derivatives. In this way any property of the inte- 
grals of ^ (Xj y, y') = 0 which, like the radius of curvature, is expressi- 
ble in terms of the derivatives, may be found as a function of x and y. 

As the differential equation 0 (x, y, y ') = 0 defines y' and all the 
higher derivatives as functions of x, y, it is clear that the values of the 
derivatives may be found as yo, y'o, y^\ • • • at any given point yj. 
Hence it is possible to write the series 


(* - *o) + ^ y'i (* - *o)" + 5- y'^' (* - *o)’ + ■ • • • (®) 

If this power series in x — x^ converges, it defines y as a function of 
X for values of x near ; it is indeed the Taylor development of the 


y - v ^ + 2/0' - ^0) + ^ 2/0 + • • •• 

It may be shown that the function y defined by the series actually 
satisfies the differential equation <E> (x^ y, y') = 0, that is, that 

o (») = $ [x, + y; (* - a:„) + If 2/" (* - *0)' + • • ' > + 2/0' (* - *0) + • • •] = 0 

for all values of x near x^. To prove this accurately, however, is beyond 
the scope of the present discussion ; the fact may be taken for granted. 
Hence an analytic expansion for the integral of a differential equor 
tioii has been found. 


As an example of computation with higher derivatives let it be required to deter- 
mine the radius of curvature of that solution of 1 / = tan {y/x) which passes through 
(1, 1). Here the slope y[i^x) f} ^ = 1.667. The second derivative is 


, y" 


dx 


d V „ 
— tan - = sec® 
dx X 


y xy' - y 
X a;® 


From these data the radius of curvature is found to be 


y" 


sec - - 


xxy' — y 


If(i, 1 ) -• sec 1 - 


tan 1 — 1 


= 3.260. 


The equation of the circle of curvature may also be found. For as y(^^ is positive, 
the curve is concave up. Hence (1 — 3.260 sin 1, 1 + 3.250 cos 1) is the center of 
curvature ; and the circle is 

{x + 1.736)® + ( 2 / ~ 2.767)2 = (3.250)®. 

As a second example let four terms of the expansion of that integral of 
X tan y' ==y which passes through (2, 1) be found. The differential equation may 
be solved ; then 

dx \x/ dx^ x® ^ y 2 

d^y _ (x® + 2 /®)(x — l)y" + (By® — x^)y' — ^zyy'’^ + 2x y 
dx^ (x® + 

Now it must be noted that the problem is not wholly determinate ; for 1 / is multi- 
ple valued and any one of the values for tan-^ J may be taken as the slope of a 
solution through (2, 1). Suppose that the angle be taken in the first quadrant ; then 
tan-i J =: 0.462. Substituting this in y*\ we find i) =— 0.0152 j and hence may 
be found — 0.110. The series for y to four terms is therefore 

2/ = 1 + 0.462 (X - 2) - 0.0076 (x - 2)® + 0.018 (x - 2)8. 

It may be noted that it is generally simpler not to express the higher derivatives in 
terms of x and 2 /, but to compute each one successively from the preceding ones. 


88 . Picard has given a method for the integration of the equation 
y' = (x, y) by successive approximations which, although of the highest 

theoretic value and importance, is not particularly suitable to analytic 


equation y' = x\i(x, y) be given in solved form, and suppose is 

the point through which the solution is to pass. To find the first 
approximation let y be held constant and equal to and integrate the 
equation y' = </)(x, y^. Thus 

dy=<^ {x, yj dx-, y = %+ f <f>(x,y^)dx= ( 9 ) 

i/a:o 


where it will be noticed that the constant of integration has been chosen 
so that the curve 2:>asses tlirough y^). For the second approximation 
let y have the value just found, substitute this in (x, y), and integrate 
again. Then 


J ^x r px 

I <#•(»> (9') 


With this new value for y continue as before. The successive deter- 
minations of 2/ as a function of x actually converge toward a limiting 
function which is a solution of the equation and which passes through 
(Xq, y^. It may be noted that at each step of the work an integration 
is required. The difficulty of actually performing this integration in 
formal practice limits the usefulness of the method in such cases. It is 
clear, however, that with an integrating machine such as the integraph 
the method could be applied as rapidly as the ciuwes if>(xjfi(x)) could 
be plotted. 


To see how the method works, consider the integration of y' = x + ?/ to find the 
integral through (1, 1). Tor the first approximation y = 1, Then 

dy = (X + l)dx, y = ix2 + » + C, y = ^ + x - J =/i(x). 

From this value of y the next approximation may be found, and then still another ; 

dy = [X + (ix2 + X - |)]dx, y = Jx^ + - ^x -f- J 

= [x +/ 2 (»)]dx, y = 35^x4 -I- }x8 -{- J x2 + |x + 

In this case there are no difficulties which would prevent any number of appli- 
cations of the method. In fact it is evident that if y' is a polynomial in x and y, the 
result of any number of applications of the method will be a polynomial in x. 

The method of undetermined coefficients may often be employed to 
advantage to develop the solution of a differential equation into a 
series. The result is of course identical with that obtained by the 
application of successive differentiation and Taylor’s series as above; 
the work is sometimes shorter. Let the equation be in the form 
y' = (x, y) and assume an integral in the form 

te,) + “sC* - »o)’ + «#(* — *o)* + • • •• (^®) 



.t>(x, 7j) = A^+ A^(x - a?„) + A^(x- +A^(x- a/ 

But by differentiating the assumed form for y we have 

y ' = ctj + 2 (a — «„) + 3 a, (a ~ x^f + 4 (a - x^f -\ . 

Thus there arise two different expressions as series in a; — for the 
function and therefore the corresponding coelBhcients must be equal. 
The resulting set of equations 

= 2*2 = 3a^ = A^, 4a^ = /l„ (11) 

may be solved successively for the undetermined coefficients a^y 

a^y'" which enter into the assumed expansion. This method is partic- 
ularly useful when the form of the differential equation is such that 
some of the terms may be omitted from the assumed expansion (see 
Ex. 14). 

As an example i n the use of undetermined coefficients consider that solution of 
the equation y' = Vaj® + S?/® which passes through (1, 1). The expansion will pro- 
ceed according to powers of x — 1, and for convenience the variable may be changed 
to i = X — 1 so that 

^ = Vtt + 1)2 H- 3i/, 2/ = 1 + + a/ -1- • - . 

are the equation and the assumed expansion. One expression for y' is 
2^ = a j + 2 + 8 -f 4 aj? 

To find the other it is necessary to expand into a series in t the expression 

y' = V(1 + t)“ + 3(1 + a^t + + a^Vf- 

If this had to be done by Maclaurin’s series, nothing would be gained over the 
method of § 87 ; but in this and many other cases algebraic methods and known 
expansions may be applied (§ 32). First square y and retain only terms up to the 
third power. Hence 

2/' = 2 Vl + j(i + 8a,)t + 1(1 + eoj + 3ai“)<2 + f (ajOj + o,) 

Now let the quantity under the radical he called 1 -I* ^ and expand so that 

y' = 2Vl + ft = 2(l + JA- JA2+ 

Finally raise h to the indicated powers and collect in powers of t. Then 


< 


t* 

V' = * + H1 + 3“i) 

+ i(l + 6o2 + 8 0 ®) 

+ J(ai(ij, + 08) 

~ jV(l + 3 a,) (1 +60* + So?) 

+ A(l + Sai)« J 



The methods of developing a solution by Taylor’s series or by un. 
determined coefficients apply equally well to equations of higher order 
Tor example consider an equation of the second order in solved form 
y'' = ^ (a:, y, ?/') and its derivatives 


aw ^ ^ dy' •’ 


II 


M + 2 ^v' + 2 

dx^ dxdy 


dxdy' dt/ ^ydy' 


■,yy 


+ 1!^ ^ y>l + M ylll 

^df^^ ^d-y^ ^dy'y • 


Evidently the higher derivatives of y may be obtained in terms of 
yyy' \ and y itself may be written in the expanded form 

y = yo + - *o) + ? K (» - *o)' + ^ yo"(® - *0)" (\o\ 

+ 5? yo'(* ~ *0)^ + • • • > 

where any desired values may be attributed to the ordinate at which 
the curve cuts the line x = x^, and to the slope y'^ of the curve at that 
point; Moreover the coefficients y'^y y^'y • • • are determined in such a way 
that they depend on the assumed values of and y^. It therefore is 
seen that the solution (12) of the differential equation of the second 
order really involves two arbitrary constants, and the justification of 
writing it as F(Xy yy CJ = 0 is clear. 

In following out the method of undetermined coefficients a solution 
of the equation would be assumed in the form 


y = yo + - *o) + %(^- *0)““ +«,(*“ *0)’ + «4 (» - *0/ + • • • > (i^) 


from which y' and 9 /^ would be obtained by differentiation. Then if the 
series for y and •}/ be substituted in y'^ ^ I/j V*) result 

arranged as a series, a second expression for is obtained and the 
comparison of the coefficients in the two series will afford a set of equa- 
tions from which the successive coefficients may be found in terms of 
y^ and y'^ by solution. These results may clearly be generalized to the 
case of differential equations of the ^th order, whereof the solutions 
will depend on 71 arbitrary constants, namely, the values assumed for 
y and its first rt — 1 derivatives when x =: x^^ 


1 . Find the radii and circles of curvature of the solutions of the following equa- 
tions at the points indicated ; 

(or) y' = at (0, 1), (^S) y/ + » = 0 at (x„, y^). 

2 . Find y^" ,) = (6 V2 - 2)/4 if y' = Vx* + y*. 

3. Given the equation y'^y'^ + xyy'^ — yy' + = 0 of the third degree in so 

that there will be three solutions with different slopes through any ordinary point 
(x, y). Find the radii of curvature of the three solutions through (0, 1). 

4 . Find three terms in the expansion of the solution of y' — about (2, J). 

5. Find four terms in the expansion of the solution of 2^=log sin xy about (^tt, 1). 

6. Expand the solution of if = xy about (1, y^ to five terms. 

7. Expand the solution of y' = tan (y/x) about (1, 0) to four terms. Note that 

here x should be expanded in terms of y, not y in terms of x, 

8. Expand two of the solutions of -f xyy'^ — yy' -f = 0 about (-- 2, 1) 

to four terms. 

9. Obtain four successive approximations to the integral of y'=xy through (1,1). 

10 . Find four successive approximations to the integral of y' = x + y through 

(0, 

11. Show by successive approximations that the integral oiy' = y through (0, y^) 
is the well-known y = 

12 . Carry the approximations to the solution of y' = — x/y through (0, 1) as 
far as you can integrate, and plot each approximation on the same figure with the 
exact integral. 

13 . Find by the method of undetermined coefficients the number of terms indi- 
cated in the expansions of the solutions of these differential equations about the 
points given : 

(a) y' = Vx + y, five terms, (0, 1), -(^9) y' = Vx + y, four terms, (1, 3), 

(7) y' == X + y, u terms, (0, y^), (5) y' = VxM-^, four terms, (f, J). 

14 . If the solution of an equation is to be expanded about (0, y^) and if the 
change of x into — x and y' into ~ y' does not alter the equation, the solution is 
necessarily symmetric with respect to the y-axis and the expansion may be assumed 
to contain only even powers of x. rf the solution is to be expanded about (0, 0) 
and a change of x into — x and y into — y does not alter the equation, the solution 
is symmetric with respect to the origin and the expansion may be assumed in odd 
powers. Obtain the expansions to four terms in the following cases and compare 
the labor involved in the method of undetermined coefficients with that 'which 
would be involved in performing the requisite six or seven differentiations for the 
application of Maclaurin’s series : 

{a) y' = .... . about (0, 2), (/?) y' = sin xy about (0, 1), 

Vx2 + y2 

(7) y' z=eP^ about (0, 0), (5) y' = x®y + xy® about (0, 0). 

15 . Expand to and including the term x * : 

(a) y" = y'^ xy aboxit x^ z=: 0, y^ = y^ = (by both methods), 

(/3) xy" + y' + y = 0 about x^ =z 0, y^ = y^ = — Uq (by und. coeffs,). 



CHAPTER VIII 


THE COMMONER ORDINARY DIFFERENTIAL EQUATIONS 


89. Integration by separating the variables. If a differential equa- 
tion of the first order may be solved for ?/' so that 


V' = y) or M (x, y) dx ^N{x^ y)dy — ^ (1) 

(where the functions N are single valued or where only one spe- 

cific branch of each function is selected in case the solution leads to 
multiple valued functions), the differential equation involves only the 
first power of the derivative and is said to be of the first degree. If, 
furthermore, it so happens that the functions <#», AT, N are products of 
functions of x and functions of y so that the equation (1) takes the form 


y' or M^{x)Mfy)dx->rN^{x)Nfy)d.y = 0, (2) 

it is clear that the variables may be separated in the manner 


dy 

<t>i(y) 


= dx 


or 


N,(x) 


dx + 


N,(y) 

^,(y) 


dy = 0, 


( 2 ') 


and the integration is then immediately performed by integrating each 
side of the equation. It was in this way that the numerous problems 
considered in Chap. VII were solved. 


As an example consider the equation y]/ + xy^ = x. Here 


ydy + X (i/2 — 1) dte = 0 or 


ydy 

2 / 2-1 


-1- xdx = 0, 


and ^ log {y^ ~~ 1) = G or {y^ — l)c^ = (7. 

The second form of the solution is found by taking the exponential of both sides 
of the first form after multiplying by 2. 


In some differential equations (1) in which the variables are not 
immediately separable as above, the introduction of some change of 
variable, whether of the dependent or independent variable or both, 
may lead to a differential equation in which the new variables are sepa- 
rated and the integration may be accomplished. The selection of the 
proper change of variable is in general a matter for the exercise of 
ingenuity j succeeding paragraphs, however, will point out some special 




types of equations for which a definite type of substitution is k 
to accomplish the separation. 

As an example consider the equation xdy — ydx = x Vx^ + wliere the 
bles are clearly not separable without substitution. The presence of 
suggests a change to polar coordinates. The work of linding the solution is ; 

aj = r cos y = r sin 0^ dx- cos Odr — r sin $dOy dy = sin Odr + r cos ^ 
then xdy — ydx = x dx = r'^ cos Od (r cos &) , 

Hence the differential equation may be written in the form 


rW = cos dd (r cos tf) or sec 0dd = d(r cos ^), 

][ .1. fjin ff 

and log tan ^ + Jtt) = r cos ^ + C or log — — ~ = x + C. 
„ + ?/2 -I- ■?/ 

Hence = Ce® (on substitution for ^). 


Another change of variable which works, is to let y = vx. Then the wori 

x(vdx + xdv) — vxdx = x® Vl + v^dx or dv == Vl + u'-^dx. 
dv^ 

Then ^/l' ^ sinh-^v = x + (7, y = x sinh (x + C). 

This solution turns out to be shorter and the answer appears in neater forr 
before obtained. The great difference of form that may arise in the answei 
different methods of integration are employed, is a noteworthy fact, and rei 
set of answers practically worthless ; two solvers may frequently waste moi 
in trying to get their answers reduced to a common form than each would sp 
solving the problem in two ways. 


90. If in the equation ?/'=: p) the function <l> turns out 

^ function of y/x alone, that is, if the functions M and 
homogeneous functions of x, y and of the same order (§ 53), the « 
ential equation is said to be homogeneous and the change of va 
2^ = ux or X = vy will always result in separating the variables, 
statement may be tabulated as ; 


dx 


substitute 


A sort of corollary case is given in Ex. 6 below. 


y z=zvx 
or X = vp. 


la rlrif'* **^“P*® *^^6 V (l + ^ (j/ — x)dy = 0, of which the hon 

Is perhaps somewhat disguised. Here it is better to choose * = ry. Then 

(1 + e^lda: + e"(l — »)dy — 0 ^nd dx = vdy ydv. 

Hence («+ e”)<Iy + y(l + e.)d» = 0 or ± + l±Iidv = 0. 


( 4 ) 


If the differential equation may be arranged so that 

dll d>J0 

- + A',(x) y = XJx) or — + Yfy) x = Yfy) 

where the second form differs from the first only through the inter- 
change of X and y and where and are functions of x alone and 
and functions of y, the equation is called a Bernoulli equation; and 
in particular if = 0, so that the dependent variable does not occur on 
the right-hand side, the equation is called linear. The substitution 
which separates the variables in the respective cases is 

y = or X = (5) 

To show that the separation is really accomplished and to find a general 
formula for the solution of any Bernoulli or linear equation, the sub- 
stitution may be carried out formally. For 

fiT. nv. 4 


The substitution of this value in the equation gives 


^ e- = A or — = dx. 

dx ^ v” 2 


do 


Hence (1 — n) X^e^^" I when n ^ 1,* 

yi'” = (1 — n) . 


or 


(e) 


There is an analogous form for the second form of the equation. 

The equation {x^y^ *f xy) dy = dx may be treated by this method by writing it a« 


dx 


dy 


— yx = yH^ so that Fs = y®, ti = 2. 


Then let 
Then 




dx dv lv 2 Aya lya dv 

vx = — -f vye^ — yve^ — — 


* yx 
dy dy 


dy 


and 

and 


dv I a 5 ,,2 dv 3 
— = yH^y^ or — = yH^ dy^ 

dy 1)2 


-- =z (y^ — 2) C or ~ 2 — y^ + Ce 

V X 


This result could have been obtained by direct substitution in the formula 
ai- = {l-n) ^ 

but actually to carry the method through is far more instructive. 



EXERCISES 


1 . Solve the equations (variables immediately separable) : 

(a) (1 + «) 2 / + (1 — 2 /) = 0 , ^ 7 ia. ^ — C&f 

(jS) a {xdy + 2 ydx) = xydy, (tJ, Vl — d?/ + Vl — 2^2 

(5) (1 + y2) d« — (2/ + VF+ y)(l + x)i dy = 0. 

2. By various ingenious changes of variable, solve : 

(a) (x -f 2/) V = ^1^5. X + 2/ = a tan (iz/a + C). 

(jS) (x--i/)dx + 2 xydy = 0, (7) xdy — 2/d» = (x^ -f 7/^) dx, 

( 5 ) ?/" 1= X - 2^, (e) 7// + y 2 ^ 3. ^ 1 

3. Solve these homogeneous equations : 

(a) (2 Vx2/' '-x)y' ■^y = 0^ Ans. Vx/y + log 7/ = O. 

V 

(^) xe'^ + 2/ -* = 0, Ans. 2/ + X log log C/x = 0. 

(7) (x2 + y^) dy = xj^cix, (5) xy' — y = 

4 . Solve these Bernoulli or linear equations : 

(a) y' -f y/x ~ y^, Ans. xy log Cx + 1 = 0, 

(/3) ?/' — 7 / CSC X = cos X — 1, ^Tis. y = sin x + C tan x. 

(7) XT/' 4- 2^ = 2/^ log X, ^ns. 2/-^ = log X + 1 + Cx. 

( 5 ) (1 + |/^) dx = (tau' 1 2/ — x) dy^ (e) T/dx + (ox^t/" — 2 x) dT/ = 0, 

(i") X2/' — ay = X + 1 , (1;) yy' -j- J 2/2 — ^OS X. 

5. Show that the substitution y = ux always separates the variables in the 
homogeneous equation y' = ^ (y/x) and derive the general formula for the integral. 

6. Let a differential equation be reducible to the form 

^ 4 - -f cA — aj)^ -jt 0, 

dx ^ + f>22/ + Cg/ * or ajftg — ag&j = 0. 

In case a^Sg — 0, the two lines a^x + ftjy + = 0 and a^x + 632/ + Cg = 0 

will meet in a point. Show that a transformation to this point as origin makes 
the new equation homogeneous and hence soluble. In case = 0, the 

two lines are parallel and the substitution z=:a^x-\- b^y or 2: = a^x -f b^y will 
separate the variables, 

7 . By the method of Ex. 6 solve the equations : 

(a) (3y-7x-f 7)dx + (7y— 3x + 3)dy = 0, ^ns. (y ~ x + 1)2(7/ 4. x— 1)5 = c. 
(^) (2x 4- 3y — 5)y' +(3x + 2y — 5)= 0, (7) (4x4-3y4-l)dx4*(x4-y4-l)dy=:0, 

(S) (2x + i,) = i/'(4x+2v-l), (e) 

dx \2x — 2 y 4- 1/ 

8. Show that if the equation may be written as y/Cxy) dx 4- xy (xy) d2/ = 0, 
where /and y are functions of the product xy, the substitution v = xy will sepa- 
rate the variables. 

9. By virtue of Ex. 8 integrate the equations : 

(<x) (y 4- 2 xy2 xW dx 4- 2 x^ydy =0, ri.n5, x 4- x^v - Cd ^xv). 


method is applicable, state what methods, and any apparent reasons for choos- 
ing one : 

(a) y' y COB X — sin 2 x, (jS) (2 x^y + 3 y^) dx = (£c® + 2 xy^) dy, 

( 7 ) (4x + 2?/ — l)y' + 2a; + 2 / + 1 = 0, (5) y y' + xy^ = x, 

(e) y' sin y + sin a; cos y = sin x, (i*) vaM^(l — 2/') = a; + y, 

(1?) (xV + 4. xy + 1)2/ + — a;V - a;2/ + l)a;2/', (^) y' - sm(x -y), 

( I ) xijdy — 2/2dx = (x + 2/)^ e ^ dx, (k) (1 — y^) dx = 0x2/ (x + 1) dy. 


91. Integrating factors. If the equation Mdx + Ndy = 0 hy a suitar 
ble rearrangement of the terms can be put in the form of a sum of total 
differentials of certain functions v, ♦ • • , say 

du ^ dv + - ' = 0, then u + v C (7) 


is surely the solution of the equation. In this case the equation is called 
an exact differential equation. It frequently happens that although the 
equation cannot itself be so arranged, yet the equation obtained from 
it by multiplying through with a certain factor /a (a;, y) may be so 
arranged. The factor {x (x, y) is then called an integrating factor of the 
given equation. Thus in the case of variables separable, an integrating 
factor is for 


1 


IM^M^dx + N^N^dy-] 


M, {x) 

N, {x) 


dx + 




= 0; 


(8) 


and the integration is immediate. Again, the linear equation may be 
treated by an integrating factor. Let 

dy X^dx = Xflx and /i == ; (9) 

then dy 4- ydx = Xflx (10) 

or d = eS^^^ Xfix, and yeS^^^^ = f ef^^^ X^dx. (11) 


In the case of variables separable the use of an integrating factor is 
therefore implied in the process of separating the variables. In the 
case of the linear equation the use of the integrating factor is somewhat 
shorter than the use of the substitution for separating the variables. 
In general it is not possible to hit upon an integrating factor by inspec- 
tion and not practicable to obtain an integrating factor by analysis, but 
the integration of an equation is so simple when the factor is known, 
and the equations which arise in practice so frequently do have simple 
integrating factors, that it is worth while to examine the equation to 
see if the factor cannot be determined by inspection and trial. To aid 
in the work, the differentials of the simpler functions such as 


208 


DIFFEEENTIAL EQUATIONS 


dxy = xdy + ydx, 
, y — ydx 

d- o » 

should be borne in mind. 


d (x^ + if) = xdx + ydy^ 

-1 ^ ~~ 

^ y~ as® + ’ 


d! tan 


(12) 


Consider the equation l(x*e* — 2 wwcy^) tfcc + 2 mx'^ydy ==: 0. Here the first term 
«*e®da5 will be a differential of a function of x no matter what function of z may be 
assumed as a trial /t*. With /* =s: l/x* the equation takes the form 


^acc + 2m(y^-^) = d^ + rruit-o. 

\X2 


The integral is therefore seen to he e® + my^/x^ = C without more ado. It may 
he noticed that this equation is of the Bernoulli type and that an integration by 
that method would be considerably longer and more tedious than this use of an 
integrating factor. 

Again, consider (a; + j/) dte — (cc — dy = 0 and let it be written as 


then 


xdx + ydy + ydx — xdy = 0 ; try fx =l/(x2 + y^) ; 


xdx + ydy ydx — xdy _ 

X^ + 2/2 a ;2 ^ 


or id log (x2 d tan“i ~ = 0, 

2 y 


and the integral is log Vx® + + tan-i {x/y) = 0. Here the terms xdx + ydy 

strongly suggested x^ + y^ and the known form of the differential of tan-i (x/y) 
corroborated the idea. This equation comes under the homogeneous type, but the 
use of the integrating factor considerably shortens the work of integration. 


92. The attempt has been to write Mdx + Ndy or fi (Mdx + jN'dy) 

as the sum of total differentials du + dv , that is, as the differential 

dF of the function w +• -i , so that the solution of the equation 

Mdcc 4- Ndy = 0 could be obtained as 2^ = C. When the expressions 
are complicated, the attempt may fail in practice even where it theoreti- 
cally should succeed. It is therefore of importance to establish condi- 
tions under which a differential expression like Pdx + Qdy shall be the 
total differential dF of some function, and to find a means of obtaining 
F when the conditions are satisfied. This will now be done. 


Suppose 


dF dF 

Pdx + Qdy ^ dF ^ -^dx -^dy \ 


(13) 


then 




Q = 


0E 


dy' 


SQ 


dy dy dx dxdy 
Hence if Pdx + Qdy is a total differential dF, it foUo-ws (as in § 62) that 



where the fixed value or will naturally be so chosen as to simplify 
the integrations as much as possible. 

To show that these expressions may be taken as F it is merely neces- 
sary to compute their derivatives for identification with P and Q. Now 

dF d dr 

*yx^ J 

dF d r^ dr dr 

^ ^ J ^ J y)- 

These differentiations, applied to the first form of F, require only the 
fact that the derivative of an integral is the integrand. The first turns 
out satisfactorily. The second must be simplified by interchanging the 
order of differentiation by y and integration by x (Leibniz’s Eule, 
§ 119) and by use of the fundamental hypothesis that 


d r^'dP 

pdx + Q(x„ ^ + Q(«o. y) 


■^dx + Q(x^, y)=Q(x, y) 


+ y)- Q(a:, y)- 


The identity of P and Q with the derivatives of F is therefore estab- 
lished. The second form of F would be treated similarly. 


Show that {aj2 + log y)dx-{- x/ydy = 0 is an exact differential equation and obtain 
the solution. Here it is first necessary to apply the test P'y—Q'^, Now 


(x® + log y) = 1 and 
dy y 


A® 

dxy 


1 

y 


Hence the test is satisfied and the integral is obtained hy applying the formula ; 


(X2 + log 2 /) dX + J* 5 (iy == IgjS jC log y = 0 

J^(x2 + logl)dx =:x log 2 / -1- = G. 


It should be noticed that the choice of = 0 simplifies the integration in the first 
case because the substitution of the lower limit 0 is easy and because the second 
integral vanishes. The choice of 2/0 = 1 introduces corresponding simplifications in 
the second case. 


ratio /A/v IS eitner constant or a solution oi tne equation; anatne prod* 
net of /x.by any function of a solution, as is an integrating fac- 

tor of the equation. 

3. The normal derivati ve dFidn of a solution obtained from the 
factor /X is the product -f- (see § 48). 

It has already been seen that if an integrating factor fi is known, the corre- 
sponding solution F = C may be found by (14). Now if the solution is known, the 
equation 

dF = F^dx + F'j^dy = /x {Mdx -f Ndy) gives F' = fiM, F'^ = 

and hence /x may be found from either of these equations as the quotient of a 
derivative of by a coefficient of the differential equation. The statement 1 is 
therefore proved. It may be remarked that the discussion of approximate solutions 
to differential equations (§§ 86-88), combined with the theory of limits (beyond the 
scope of this text), affords a demonstration that any equation Mdx + Ndy = 0, 
where M and N satisfy certain restrictive conditions, has a solution ; and hence it 
may be inferred that such an equation has an integrating factor. 

If fjL be eliminated from the relations F^ = fxM, F'^ = tiN found above, it is seen 
that 

MFy — NF'^ = 0, and similarly, MG'^ — = 0, (16) 

are the conditions that F and G should be solutions of the differential equation. 
Now these are two simultaneous homogeneous equations of the first degree in M 
and N. If M and N are eliminated from them, there results the equation 

= O or I", = G) = O, ( 16 ') 

which shows (§ 62) that F and G are functionally related as required. To show 
that any function $ (F) is a solution, consider the equation 

- N^^ = (mf; ^nf;;) r. 

As F is a solution, lihe expression vanishes by (16), and hence 

also vanishes, and d* is a solution of the equation as is desired. The first half of 2 

is proved. 

Next, if /X and p are two integrating factors, equation (16') gives 

j^ dlogM j^^ 8logM _ jf Slogy jy- alogy jy 81ogMA _p 

dy dx dy dx dy dx 

On comparing with (16) it then appears that log (ii/v) must be a solution of the 
equation and hence fx/v itself must be a solution. The inference, however, would 
not hold if fx/v reduced to a constant. Pinally if /x is an integrating factor leading 
to the solution F^ C, then 

dF:=z fx (Mdx + Ndy), and hence /x# (F) {Mdx + Ndy) — dj* ^ {F) dF, 

It therefore appears that the factor fx^ (F) makes the equation an exact differen- 
tial and must be an integrating factor. Statement 2 is therefore wholly proved.. 
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The third proposition is proved simply by differentiation and substitution. Eor 


dF dF dx , dF dy . ^-dy 

— z= — — + —^ + /iF— . 

dn dx dn dy dn dn dn 
And if T denotes the inclination of the curve Fzz G, it follov^rs that 

N 


Van T = — = 
dx 


M 


dy 

sm T = — = 
dn 


Vi® + 


dx M 

cos r = — = 

dn Vi® f N3 


Hence dF/dn = ii V + A® and the proposition is proved. 


EXERCISES 


1 . Find the integrating factor by inspection and integrate : 


(a) xdy — ydx = (x® + y^) dx, 

(7) ydx — xdy + logxdx = 0, 

(e) (1 + xy)ydx + {l--xy)xdy = 0, 
iv) (»2/^ + 2/) d® — xdy = 0, 

(0 {x‘^ + y^) (xdx + ydy) + Vl + (x® 
(k) x^ydx ~ (x^ 4- y^)dy = 0, 


(P) {y^-xy)dx + xHy:=:0, 

(5) V (2x2/ + dx ~ eP^dy = 0, 
(6 dx + 2x2/d2/ = 0, 

( 0 ) a {xdy + 2 ydx) = X|/d2/, 

+ y^) {ydx — xdy) = 0, 

(X) xd?/ *- ydx = X Vx® — 2/®dy. 


2 . Integrate these linear equations with an integrating factor : 

(a) y' + ay = sin bx, (/5) y' -{■ ycotx = sec x, 

(7) (x + 1)2/'- 2?/ = (x + 1)S (5) (1 d-x®)/ + 2/ = 

and (/3), { 5 ), (f) of Ex. 4, p, 206. 


3 . Show that the expression given under II, p. 210, is an integrating factor fo7 
the Bernoulli equation, and integrate the following equations by that metiiod : 

(a) 2 /' — 2 / tan X = y^ sec x, (/S) 3 y^y' + = x — 1, 

( 7 ) 2/^ + 2 / cos X = y”’ sin 2 x, (5) dx + 2 xydy = 2 ox^yMy, 

and (a), ( 7 ), (c), ( 17 ) of Ex. 4, p. 206. 

4 . Show the following are exact differential equations and integrate : 

(a) (3 X® + 6 X2/®) dx + (6 x® 2 / 4- 4 2 /®) dy = 0, (/3) sin x cos ydx 4- cos x sin ydy — 0, 

( 7 ) (6x — 22/ + l)dx4-(22/— 2x — 3)d2/ = 0, (5) (x^ + 3x2/®)dx + ( 2 /® 4- 8 x® 2 /)d 2 / = 0, 

(e) ^ l ±l dx + '^^dy = 0, ({) (1 + e^cfc + 6 ? fl - = 0, 

y y^ \ yj 

(»j) e®(x® 4- 2 /^ 4- 2x) dx + 2 yeFdy = 0, {6) ( 2 /sinx — 1) dx 4* ( 2 / — cosx)d 2 / = 0. 

5 . Show that {Mix — Ny)’^'^ is an integrating factor for type III. Determine 
the integrating factors of the following equations, thus render them exact, and 
integrate : 

(a) ( 2 / 4* x) dx 4- xdy = 0, (/3) ( 2 /® — X 2 /) dx + xHy = 0, 

( 7 ) {x^ ±y^) dx — 2 xydy = 0, (5) (x® 2 /® 4- xy) ydx 4- (x®2/® — 1) xdy = 0, 

(e) (Vx2/— l)xd 2 /— (v^ + l) 2 /dx = 0, (f) x®dx + {Sx^y 4- 2y^)dy = 0, 

and Exs. 3 and 9, p. 206. 



(a) + 2 da? + (xy^ + 2 2 /*^ — 4x) dy = 0, (jS) (x^ + + l)dX’- 2 xydy = 0, 

( 7 ) (3x2+ 6 x?/ + 37/2) dx+ ( 2 x^ + 3 X 2 /)d 2 / = 0 , ( 5 ) (2x^y^ y)^ {x^y Sx)y'-^0^ 

{ e) (2x^y — 3 2 /^) dx + (3x* + 2 xy^) dy = 0, 

(/) (2 — y') sin (3x — 2y) + y' sin (x — 2y) = 0. 

8 . By virtue of proposition 2 above, it follows that if an equation is exact and 
homogeneous, or exact and has the variables separable, or homogeneous and under 
types IV-VII, so that two different integrating factors may be obtained, the solu- 
tion of the equation may be obtained without integration. Apply this to finding 
the solutions of Ex. 4 (jS), (5), ( 7 ) ; Ex. 6 (or), ( 7 ). 

9. Discuss the apparent exceptions to the rules for types I, III, VII, that is., 
when Mx + Ny = 0 or Mx — Ny = 0 ot qm -- pn = 0. 

10. Consider this rule for integrating Mdx + Vdy =0 when the equation is known 
to be exact : Integrate Mdx regarding y as constant, differentiate the result regard- 
ing y as variable, and subtract from N ; then integrate the difference with respect 
to y. In symbols, 

G = f (Mdx + my) = J Mdx + f (n- ~ J Mdx'jdy. 

Apply this instead of (14) to Ex. 4. Observe that in no case should either tins 
formula or (14) be applied when the integral is obtainable by inspection. 


95. Linear equations with constant coefficients. The type 




• + «..-i^ + «ny = -x^(*) 


(17) 


of differential equation of the Tith order which is of the first degree in 
y and its derivatives is called a linear equation. Tor the present only 
the case where the coefficients are constant will he 

treated, and for convenience it will he assumed that the equation has 
been divided through by so that the coefficient of the highest deriva- 
tive is 1. Then if differentiation be denoted by D, the equation may he 
written symbolically as 

{D- 4- + a,) y = A, (17^) 

where the symbol D combined with constants follows many of the laws 
of ordinary algebraic quantititjs (see § 70). 

The simplest equation would be of the first order. Here 


dx 




X 


and 


r z= 


e'~ ^^^Xdx, 


(18) 


as may he seen by reference to (11) or (6). How if D *- be treated 
as an algebraic symbol, the solution may be indicated as 



(7> — a^) ?/ = A and y = 


(18') 


where the operator (/) — is the inverse oi D — a^. The solution 
which has just been obtained shows that the interpretation which must 
be assigned to the inverse operator is 


1 


D — a 


1 



(19) 


where (*) denotes the function of x upon which it operates. That the 
integrating operator is the inverse oi D — may be proved by direct 
differentiation (see Ex, 1, p. 152). 

This operational method may at once be extended to obtain the solu- 
tion of equations of higher order. For consider 

+ = + + = ( 20 ) 


Let and be tlie roots of the equation + a^D -f- = 0 so that 

the differential equation may be written in the form 

lD^^{a^ + a^)D+a^a^-\y:^X or {D ^ a;) {D -- a^) y =. X, (20'> 

The solution may now be evaluated by a succession of steps as 


or 


(p-a^y^ X = e- “^^Xdx, 

y = [ jig ■*] = f 


( 20 ") 


The solution of the equation is thus reduced to quadratmes. 

The extension of the method to an equation of any order is immediate. 
The first step in the solution is to solve the equation 

i)" 4- 4 h + a^=0 

so that the differential equation may be written in the form 

(2) ^ a;) (i) - a:,) ... (i) - a, „,) (D^a„)y^X^, (17") 

whereupon the solution is comprised in the formula 


y^QCCnX J" ^ S J 6^- ^^^X (dx^j (17"') 


where the successive integrations are to be performed by beginning 
upon the extreme right and working toward the left. Moreover, it 
appears that if the operators D — , Z) — , , • • . , i> — Z> — or, were 


uoni} cinu. ItJctU UdiUH. xjKJ WIO cvj^uavjivii. xvd iv 

required, there will occur n arbitrary constants of integration ii 
answer for y. 


As an example consider the equation (D® — ^B)y = x^. Here the roots 
algebraic equation i>® — 4 1> = 0 are 0, 2, — 2, and the solution for y is 


1 1 1 
i>jD-22>+2 


X2 




The successive integrations are very simple by means of a table. Then 


j * J J xe^ac q. j ga® 

j* e2ax2(dx)2 = y’(Jx2e~2a:— Jxe-2a;4. ^q-2x^ Cie-^^)dx 

= — ix2e"2a:_ Cg, 

y = j' e2“^x2(dx)® = J* Jx^ — J + Cie-2aj+ C2e2a:)cfx 


This is the solution. It may be noted that in integrating a term like C^e- 
result may be written as for the reason that G■^^ is arbitrary anyhow 

moreover, if the integration had introduced any terms such as 2 e"2x^ j gZaj^ 5^ 
could be combined with the terms C7je-2a;^ Cg to simplify the fo 

the results. 

In case the roots are imaginary the procedure is the same. Consider 


d^y 

— 2. q- y = sin X or 
dx2 


(D2 + 1) y =: sin X or (H + i) (D — i) = sin x. 


Then 


V- 


D — t D + i 


sin X = e- 2 i® j* Qtx gin x (dx)®, 


The formula for j * sin hxdx, as given in the tables, is not applicable 

a* 4- 62 — 0, as is the case here, because the denominator vanishes. It therefo 
comes expedient to write sin x in terms of exponentials. Then 

gi®_ 


y = e^ I g— 2 1® / eixl 


2i 


(dx)2 ; for sm X = - 


2i 


Now 


J e-2»:» J’ (e2^a: — i)((ix)2 x + C^jdx 

= :^6“r— ® + C,e-2to+ a„] 
2i L2i 2i 4 ‘ “J 


X 4- e- ^ 


4- 


/>ix 4 . g— ix oix ^ g— 135 

Now C,e-te + C,ete = (Oj + C,) - - t - ■ - + (C^ - C,) {2—? 

2 2 i 

Hence this expression may be written as G^ cosx 4- G^ sinx, and then 
2/ = — ^ X cosx 4- <^1 cosx + Cg sin x. 

Tlie solution of such equations as these gives excellent opportunity to cultiva 
art of manipulating trigonometric functions through exponentials (§ 74). 


96 . The general method of solution given above may be considerably 
simplified in case the function X (x) has certain special forms. In the 
first place suppose X = 0, and let the equation be P (D) y = 0, where 
P (D) denotes the symbolic polynomial of the rith degree in D. Suppose 
the roots of P(D) = 0 are a^, ^ , cCf. and their respective multiplicities 

are • • • , so that 

(D ■— . . . (Z) ^ a^^(D — = 0 

is the form of the differential equation. Now, as above, if 

{D - = 0, then y = - ^- ■ 3 - -^ - 0 = J 0{dx)”'K 

Hence y = e"-' {C^ + Cf? + ■ ■ ■ + -i) 

is annihilated by the application of the operator (D — a,)”'S and there- 
fore by the application of the whole operator P (D), and must be a solu- 
tion of the equation. As the factors in P(D) may be written so that 
any one of them, as (JO — comes last, it follows that to each factor 
(/) — will correspond a solution 

Vi = e-^-(Ca + + Cim,x-H-^), P(D)y, = 0, 

of the equation. Moreover the sum of all these solutions, 

t=fc 

y = + Ca* + • • • + ( 21 ) 

will be a solution of the equation ; for in applying P(D) to y, 

P ( Z)) 2/ = P (D) 2/, + P (i)) 2/, + . . • + P (D) y, =: 0. 

Hence the general rule may be stated that : The solution of the dif- 
ferential equation P(D')y — 0 of the nth order may he found by multiply- 
ing each e^^ by a polynomial of (m — 1) 5^ degree in x (where a is a root of 
the equation P (Z>) = 0 c?/ multiplicity m and where the coefficients of the 
polynomial are arbitrary) and adding the results. Two observations 
may be made. First, the solution thus found contains n arbitrary con- 
stants and may therefore be considered as the general solution ; and 
second, if there are imaginary roots for P (D) = 0, the exponentials arts- 
ing from the pure imaginary parts of the roots may be converted into 
fodgonometric functions. 


As an example take — 21)® 4- JO'^)y = 0. The roots are 1, 1, 0, 0. Hence the 

solutionis ^ ^ . ,n . \ 

V = + ^2®) + (^s + 0^. 


Acrfl-i-n if /TH -L — ft +Tin T»rk/^fa TA A — ft o-ria 1 _i_ -f ti.-n/l f>iA onliifinn is 


where 7 and 5, A and B, are arbitrary constants. Jbor 


0, cosx + C?,sinx=Vct+ 6-[;7^^™BX + 

1 , then Cj cos x 4- Cg sin x = V cos (x + 7), 


and if 7 = tan 


Next if X is not zero but if any one solution I can he found so that 
P(^D) I = A", then a solution containing n arbitrary constants may he 
found by adding to I the solution of P{^D)y = 0. For if 


P{D)Iz=iX and P(/))7/ = 0, then P(Z)) (/ -f y) = X. 

It therefore remains to devise means for finding one solution /. This 
solution I may be found by the long method of (17'^'), where the inte- 
gration may be shortened by omitting the constants of integration since 
only one, and not the general, value of the solution is needed. In the 
most important cases which arise in practice there are, however, some 
very short cuts to the solution /. The solution I of P{p)y = X is 
called the jparticular integral of the equation and the general solu- 
tion of Pip) y = 0 is called the conuplementary function for the equar 
tion P(D) y = X. 

Suppose that X is a 'polynomial in x. Solve symbolically, arrange 
P (P) in ascending powers of P, and divide out to powers of P equal to 
the order of the polynomial X. Then 


P(P)/=X, 



Q(P) + 


Ml 

P{_D)_ 


X, 


(22) 


where the remainder R (P) is of higher order in P than X in x. Then 


P(P)/ = P(P)Q(P)X + P(P)X, P(P)X= 0. 

Hence Q (P) x may be taken as J, since P (P) Q (P) X = P (P) J = X. By 
this method the solution I may he found, when X is a polynomial, as 
rapidly as P (P) can he divided into 1 ; the solution of P (P) y = 0 may 
he written down by (21) ; and the sum of I and this will he the required 
solution of P (P) y = X containing n constants. 


As an example consider {Ir • 
1 


1 = 


.. 2*2 — - . 

3P+4P2 + P® D3 + 4P+P2 


'pU 9 


JD-I- 1?D2 4. 51?) 
9 ^ 27 ^ P(P). 


!x 2 


Hence 


I . . i (! - ^ 

For 2)8 + 4 D2 + 3 D r= 0 the roots are 0, — 1, — 3 and the complementary function 
or solution of P(D)y z=:0 would be -{- G^e-^ Hence the solution of 

the equation P (V) y = is 


2/ = C\ + 4- Cge-®^ + ~ 

It should be noted that in this example 2) is a factor of P (D) and has been taken out 
before dividing ; this shortens the work. Furthermore note that, in interpreting 
1/2) as integration, the constant may be omitted because any one value of I will do. 


97. JSText suppose that X = Ce'** Now = <xe^^, 


and 

But 


P (D) == P {a) ; hence 

P {p) I = and hence 


p(P) 


L-P(«) 




Ce^' 



(23) 


is clearly a solution of the equation, provided a is not a root of P (2)) = 0. 
If P {a) = 0, the division by P (a) is impossible and the quest for I has 
to be directed more carefully. Let a: be a root of multiplicity m so that 
P(D)^(p^ay^P^{D), Then 


and 


Pp)){D ayi =: 
C 




(D - af'I = 


P,(a) 

Ce‘^x”- 


Pj(a) m ! 


( 23 ') 


For in the integration the constants may be omitted. It follows that 
when X = the solution I may be found by direct substitution, 

Now if X broke up into the sum of terms X — X^ + X^-\ and if 

solutions /j, Ig? * * • determined for each of the equations P(2))/^= X^, 
P(I))/g=: Zg, • • •, the solution I corresponding to X would be the sum 

4- H . Thus it is seen that the above short methods apply to 

equations in which X is sl sum of terms of the form Cx”^ or Ce^. 


As an example consider (P* — 22)^ + l)y = The roots are 1, 1, — 1, — 1, 
and a = 1. Hence the solution for I is written as 


(2) + 1)2(2)-- 1)21=6* (I)-l)22=: Jc* I = 

Then y = 0^(0^ + C^x) + e-a;((2g + C^x) + J 

Again consider (2)2 — 62)+6)y=:x4- To find the 2^ corresponding to 


divide. 


^1 = 1 




1 5 

^6^+36- 


3 - 62 ) + 2)2 

To find the Ig corresponding to substitute. There are three cases, 
1 


2 „ = . 




2- = — Xfi2a:. 


according as m is neither 2 nor 3, or is 3, or is 2. Hence for the complete solution, 

1 


J 1 t 2 ^6 36 m2— 5m +6 


emx 


^vhen m is neither 2 nor 3 ; but in these special cases the results are 
y = + A 2/ = + iaj + A + 


The next case to consider is where X is of the form cos jBx or sin ^x. 
If these trigonometric functions be expressed in terms of exponentials, 
the solution may be conducted by the method above ; and this is per- 
haps the best method when ± pi are roots of the equation P (Z)) — 0. 
It may be noted that this method would apply also to the case where 
X might be of the form 6°^^ cos px or sin px. Instead of splitting the 
trigonometric functions into two exponentials, it is possible to combine 
two trigonometric functions into an exponential. Thus, consider the 
equations 

p (D) y = cos P ip) y = sin px^ 

and P (D) y — (cos px i sin px') = (24) 

The solution I of this last equation may he found and split into its 
real and imaginary parts, of which the real part is the solution of the 
equation involving the cosine, and the imaginary part the sine. 

When X has the form cos px or sin px and db ^ire not roots of the 
equation P(J>) = 0, there is a very short method of finding 7. For 

cos px==^ — P^ cos px and JD^ sin px ^ — p^ sin px. . 


Hence if P{D) be written as + DP^{D^') by collecting the even 

terms and the odd terms so that P^ and P^ are both even in I?, the 
solution may be carried out symbolically as 


/ = 


or 


P{D) 


cos X ■■ 


PIIF) + DP,(D*) 


C08 * = 


■Pl(- ^ + DP^{~ 


; COS X. 


cos X. 


(26) 


By this device of substitution and of rationalization as if 7> were a surd, 
the differentiation is transferred to the numerator and can be performed. 
This method of procedure may be justified directly, or it may be made 
to depend upon that of the paragi*aph above. 


Consider the example (B^ + 1 ) 2 / = cos a;. Here t is a root of 7)® + 1 = 0. 
As an operator IP is equivalent to — 1, and the rationalization method will not 
work. If the first solution be followed, the method of solution is 


7 = 


gw 


1 


gtx 


7)2+ 1 2 7)2 + 1 2 7) — i4i 7) + i4i 


1 

41 


see- la;] = - xSiVLX. 
2 


» - 


Now 


® 1 
I = — (cos X + i sin a) = ~ X sin a; - 


2)2 + 1 
1 . 

— tx cos X. 
2 


2i 


Hence 2 = ^ x sin x for (D^ + 1)1 = cos x, 

and J = — J X cosx for (JD^ + 1) J = sin x. 

The complete solution is y = C'j cos x + 02 sin x + } x sin x, 

and for {2>2 + 1) y = sin x, y = 0^ cosx + Oj sin x — i x cosx. 

As another example take (IP — 32) + 2)y = cosx. The roots are 1, 2, neither 
is equal to ± ± i, and the method of rationalization is practicable. Then 

1 1 


2 = 


j)a_3D+ 2 


1 + 3D 1 , ^ . 

cosx = cosx = cosx = — (cosx — 3sinx). 

1-32) 10 10^ ' 


The complete solution is y = + ^^(cosx — Ssinx). The extreme 

simplicity of this substitution-rationalization method is noteworthy. 


EXERCISES 

1 . By the general method solve the equations : 


(7) (jD2-4Z)+2)y = a:, 

(«) (J)® + 62)2 + 62))y = x, 

(i?) (2)2 + 2)+ l)y = sin 2x, 

(t) (2)2 + 32)+ 2)y = X + cosx, 




dx® 


dx2 dx 


(J) (2)® + 2)2 — 42) — 4)y = x, 
{{•) (D* + I>+ l)y siee* 

(tf) (D“ — 4) y = X + es*, 

(k) (X»* - iU^v = 1 - Binx, 


(X) (D“ + 1)}/’ = cosx, {ft) (D“ + l)j^ = secx, (i*) (D*+ l)y srtanaj. 

2. By the rule write the solutions of these equations : 

(a) (J>‘ + 8B+2)y = 0, (/3) (J)® + SIX' + i) - 6)y = 0, 

( 7 ) (D-Vfv = 0, (J) (i)® + 2D!' + i)y = 0, 

(.) (D'-8D!* + 4)y = 0, (f) (D®- D® - QD®- IID- 4)y = 0, 

{il) \iy‘-Qjy^^9D)y = (i, (e) (D*-4D8 + 8D®-8D + 4)y = 0, 

( 0 (D® - 2D* + D»)y = 0, («) (D® - D* + D)y = 0, 

(X) (D* -\fy = 0, (it) (D® - 13D® + 26D® 4- 82 D + 104) j/ = 0. 


3. By the short method solve 
(a) (D*-l)y = x*, 

(7) (D» + 8D!' + 2D)y = x®, 

(e) (D® + 8)y = x* + 2x + l, 
(i,) (D*-2D® + D!')y = x, 

(.) (D»-l)y = x®, 

4. By the short method solve 
(a) (D® — 8D + 2)y = e» 

(7) (D® — 2D + \)y = e®, 

( e) (D® + l)y = 2 e® + X® — X, 
(,) (D* + 2D' + l)y = e® + 4, 
(t) (D!'-2D)y rrca^ + l, 

(X) (D® — a“)y = e“® + e*"®. 


(7), (J), («) of Ex. 1, and also : 

(0) (D»-6D® + nD-6)y = x, 

(S) (D®-3D®-6D + 8)y = x, 

(f) (D®-3D»-D + 3)j/ = x®, 

(^) (D*+2D» + 8D®+2D+l)ll = l + x + ai» 
(ic) (D*-2D» + D®)y = x®. 

(a), (^), (tf) of Ex. 1, and also : 

03) (D*-D»-3D®+6D-2)y = e®«, 

(5) (D»-3D® + 4)y = e«®, 

(f) (D» + l)y = 3 + e-®+6e®®, 

(^) (D» + 8D® + 3D + l)y = 2«-® 

((c) (D® + 2D» + D)y = e®* + X» + X, 

Ou) (D»- 2oD + = e®+ 1. 


( v) (2)2 —22)+ 4) y = e* sin 
(tt) (2)5 + l)y = sinf xsinja;, 
(<r) (2)2 + 4)y = sin2ic, 


(o) (2)2 + 4) y = sin 3 a; + + a:2, 

- z Vs 

(p) (2)5 + 1) y = sin x + e2 sin , 

2 

(t) ( 2 )^ + 32 2 )+ 48 )?/=Xe- 2 x^ g 2 a:Qos 2 ^Z 


6. If X has the form show that I = - 


1 


• - 


-^1. 


P(D) ' P(i)+a) 

This enables the solution of equations where is a polynomial to be obtained by 
a short method ; it also gives a way of treating equations where X is cos o.v 
sin |3z, hut is not an improvement on (24) ; finally, combined with the second 
suggestion of (24), it covers the case where X is the product of a sine or cosine by 
a polynomial. Solve by this method, or partly by this method, (f) of Ex. 1 ; (/f), (X), 
(v), (/o), (r) of Ex. 5 ; and also 


(a) (2)2-2 2) + l)y = x2e5^, 

(7) (2)2 + n^) y = 

(c) (2)5 — 7 i) — 6)y = e2ic(i + x), 

(7;) (2) — l)5y = X — x^e^c, 

(t) (2)5 — l)y = xe® + cos2x, 

(X) (2)2 + 4) y = X sill x, 

(i/) (2)2 + 4) y = (x sin x)2, 


(|8) (2)5 + 32)2 _|- 3i) + i)y = (2 - x2) e-% 

(d) (2>i ^ 22)5 - 32)2 + 42) + 4)y = ^.Sgx 
(f) (2) — l)2y = e* + cosx + x2e®, 

(^) (2)2 + 2)y = x2e5® + e* cos2x, 

(k) ( 2)2 — l)y = X sin x + (1 + x2) e®, 

{fjt) (2)^ + 22)2 + 1) y = 3.2 cos ox, 

(0) (2)2 — 22) + 4)2y = xe^ cos VSx. 


7. Show that the substitution x = e^, Ex. 9, p. 152, changes equations of the type 
x«2)«y + ajX« ‘-i2)«~ ly + 1- _ ix2)y + a^y = X (x) (26) 

into equations with constant coefficients ; also that ox + 6 = e* would make a simi- 
lar simplification for equations whose coefficients were powers of otx + 5. Hence 
integrate : 


{a) {x^JD^ — x2) + 2) y = X log x, (/3) (x^I^ — x^JD^ + 2 x2) — 2) y = x® + 3 x, 

(7) [(2x-l)52)3+(2x-l)2)-2]y=0, (d) (x22)2 + 3x2) + l)y = (1 - x)-2, 

(c) (x52)5 + x2) — l)y = X log X, (f) [(x + 1)22)2 — . 4 (x + 1)2) + 6] y = x, 

(1?) (x22)2 + 4x2) + 2)y = e^, (^) (x52)2— 3x22) +x)y= log x sin log x +1, 

( t) {x^D^ + 6x52)5 + 4 x22)2 — 2 x2) — 4) y = x2 + 2 cos log x. 


8. If 2) be self-induction, E resistance, C capacity, i current, q charge upon the 
plates of a condenser, and/(t) the electromotive force, then the differential equa- 
tions for the circuit are 


(“) 


q 

(J«2 Ldt LO 



dt^'^ Ldt'^ LC 


Solve (a) when/(i) = e~ sin 6( and (^) when/(l) = sin6f. Reduce the trigonometric 
part of the particular solutio n to the form K sin (bt + 7). Show that if E is small 
and 6 is nearly equal to 1 / VlC, the amplitude K is large. 


there be given two (or in general n) linear equations with constant 
coefficients in two (or in general n) dependent variables and one inde- 
pendent variable t, the symbolic method of solution may still he used 
to advantage. Let the equations be 

4 . . . . + . ^h^)y (t), 

(e^DP -h -f . . . 4- 0,) X + (d^iy^ + + ^ 

when there are two variables and where D denotes differentiation by t. 
The equations may also be written more briefly as 

P^{D)x-\^Q^{D)y^R and PlD)x ^ Q^{D)y S. 

The ordinary algebraic process of solution for x and y may be employed 
because it depends only on such laws as are satisfied equally by the 
symbols ^.nd so on. 

Hence the solution for x and y is found by multiplying by the ap- 
propriate coefficients and adding the equations. 

^ + ^i(^) 

- Q,(i>) pm X -b Qm 2/ - 

Then iPm am - Qm'] ^ - W R 

ipm Q{D) -* pm Qm'] y = ^ ^ ^ 

It will be noticed that the coefficients by which the equations are multi- 
plied (written on the left) are so chosen as to make the coefficients of 
X and y in the solved form the same in sign as in other respects. It may 
also be noted that the order of P and Q in the symbolic products is im- 
material. By expanding the operator P^(D) Qm) ^m) ^i(^) ^ certain 
polynomial in D is obtained and by applying the operators to R and 
as indicated certain functions of t are obtained. Each equation, whether 
in cc or in y, is quite of the form that has been treated in §§ 95~97. 


As an example consider the solution for x and y in the case of 


o 



25 + 4|-3^ = 0 ; 
dt 61 


or (2Ifl-6)x-J>y = 2t, 2Da! + (4D- 8)y = 0. 

Solve 4i)-3| -2D (2D2 - 4)x - Dy = 2i 

D |2D2_4 2Dx4- (4D-8)y =0. 

Then [(4D - 3) (2D2 - 4) + 2D2]x = (4D - 3)2«, . 

[2D2 + (2D2- 4)(4D- 3)]y = - {2D)21, 
or 4(2D3-D2-4D + 3)x=.8-6«, 4(2D3 - D® - 4D + 3)y = - 4. 


The roots of the polynomial in D are 1, 1, — IJ ; and the particular solution foi 
X is — } t, a-nd ly for y is — I-. Hence the solutions have the form 

a: = (Oj + C,t) e« + Cje- i ' - i <, y = {K^ + K^t) e« + K.e- ? ‘ f 



and ij are not independent nor are they identical. The sohctions mmt 
he substituted into one of the equations to establish the necessary relations 
between the constants. It will be noticed that in general the order of the 
equation in D for x and for y is the sum of the orders of the highest 
derivatives which occur in the two equations, — in this case, 3=2+1. 
The order may be diminished by cancellations which occur in the formal 
algebraic solutions for x and y. In fact it is conceivable that the coeM- 
cient PjQg ^ V solved equations should vanish and 

the solution become illusory. This case is of so little consequence in 
practice that it may be dismissed with the statement that the solution 
is then either impossible or indeterminate ; that is, either there are no 
functions x and y of t which satisfy the two given differential equations, 
or there are an infinite number in each of which other things than the 
constants of integration are arbitrary. 

To finish the example above and determine one set of arbitrary constants in 
terms of the other, substitute in the second differential equation. Then 

2 (OjC< + G,e‘ + C^ie‘ _ | 1 ‘ - 0 + 4 {K,e‘ + K^e‘ + - f I ') 

- 3 (jCje* + KJ,ef + 5* - j) = 0, 

or e<(2 Cj + 2 Cj + + te>{2 Cj+ K^) + SJQ = 0. 

As the terms e", te‘, e~^* are independent, the linear relation between them can 
hold only if each of the coefficients vanishes. Hence 

C5+3r, = 0, 20j + Jr, = 0, 2G^Jr2G^->rK^JrK^ = 0, 

and Ogs-SK",, 20^ = -^^, 2Gi = -JK^,. 

Hence x = (G, + Gjt) e« - 3 ATjfi" i ‘ - i t, y = - 2(G, + Gjt)e< + | 

are the finished solutions, where Cg, are three arbitrary constants of inte- 
gration and might equally well be denoted by C^, Og, Og, or Jfj, JKTg, JTg. 

99 . One of the most important applications of the theory of simultaneous equa- 
tions with constant coefficients is to the theory of small vibrations about a state of 
equilibrium in a conservative* dynamical system. If ^21 * ' ’ » 9'h ^ coordinates 

(see Exs. 19-'20, p. 112) which specify the position of the system measured relatively 


* The potential energy T is defined as ^ dV — dW ^ Q\dqi -f Q 2 dqz + h Ondq^ 


Hi Hi Hi 


.+Xn^+rn^»H-Z„|5s. 

Hi Hi Hi 


This is the immediate extension of Qi as given in Ex. 19, p. 112. Here d W denotes the 
differential of work and dW — SFi-dri= S (Xi(ia;i+ Yidyi + Zidzi). To find Qi it is 
generally quickest to compute dTl^from this relation with dxi, diji^ dzi expressed in terms 
of the differentials dq^i • * • , dq^. The generalized forces Qi are then the coefficients of 
dqi. If there is to be a potential F, the differential dW must be exact. It is frequently 
easy to find V directly in terras of , • • • , rather than through the mediation of 
Qi ) • • ’ > Qn\ when this is not so, it is usually better to leave the equations in the form 
d 0T dT 

t: ^ = Qi rather than to introduce V and Z- 

at oq^ GQi 



^(^1 > ^2 5 ‘ ‘ * 5 O'") — ^0 ' 1 ? n ) + 321 * * • T 3n) + * * * i 

where the first term is constant, the second is linear, and the third is quadratic, and 
where the supposition that the ^’s take on only small values, owing to the restriction 
to small vibrations, shows that each term is infinitesimal with respect to the preced- 
ing. Now the constant term may be neglected in any expression of potential energy. 
As the position when all the q’s are 0 is assumed to be one of equilibrium, the forces 


Qi=- 




Q2 — 


232’ 


7 Qn — 




must all vanish when the 9 ’s are 0, This shows that the coefficients, (dV/dgi)o — 0, 
of the linear expression are all zero. Hence the first term in the expansion is the 
quadratic term, and relative to it the higher terms may be disregarded. As the 
position of equilibrium is stable, the system will tend to return to the position 
where all the q’s are 0 when it is slightly displaced from that position. It follows 
that the quadratic expression must be definitely positive. 

The kinetic energy is always a quadratic function of the velocities 3i , 32 1 ‘ ‘ * 1 3 n 
with coefficients which may be functions of the g’s. If each coefficient be expanded 
by the Maclaurin Formula and only the first or constant term be retained, the 
kinetic energy becomes a quadratic function with constant coefficients. Hence the 
Lagrangian function (cf . § 160) 


L — T F — T (qj 7 32 » * ' * ’ 3n) ^(3i 1 32 ? * * * 1 3n)7 

when substituted in the formulas for the motion of the system, gives 


dt dq^ dq^ ’ dt dq^ dq^ ’ ’ dt dq^ dq^ ’ 

a set of equations of the second order with constant coefficients. The equation^ 
moreover involve the operator D only through its square, and the roots of the equa- 
tion in D must be either real or pure imaginary. The pure imaginary roots intro- 
duce trigonometric functions in the solution and represent vibrations. If there were 
real roots, which would have to occur in pairs, the positive root would represent 
a term of exponential form which would increase indefinitely with the time, — a 
result which is at variance both with the assumption of stable equilibrium and 
with the fact that the energy of the system is constant. 

When there is friction in the system, the forces of friction are supposed to vary 
with the velocities for small vibrations. In this case there exists a dissipative func- 
tion , ^2 ’ • * ' 1 3 «) which is quadratic in the velocities and may be assumed to 
have constant coefficients. The equations of motion of the system then become 

— ^ ^-0 d ax dL ^ dF 

dt dq^ 33i ~ dqn 

which are still linear with constant coefficients but involve first powers of the 
operator I>. It is physically obvious that the roots of the equation in X must be 
negative if real, and must have their real parts negative if the roots are complex ; 
for otherwise the energy of the motion would increase indefinitely with the time, 
whereas it is known to be steadily dissipating its initial energy. It may be added 
that if, in addition to the internal forces arising from the potential V and the 



impressed on the system, these forces would remain to be inserted upon the right- 
hand side of the equations of motion just given. 

The fact that the equations for small vibrations lead to equations with constant 
coefficients by neglecting the higher powers of the variables gives the important 
physical theorem of the superposition of small vibrations. The theorem is : If with 
a certain set of initial conditions, a system executes a certain motion ; and if with 
a different set of initial conditions taken at the same initial time, the system 
executes a second motion; then the system may execute the motion which consists 
of merely adding or superposing these motions at each instant of time ; and in 
particular this combined motion will be that which the system would execute under 
initial conditions which are found by simply adding the corresponding values in 
the two sets of initial conditions. This theorem is of course a mere corollary of the 
linearity of the equations. 

EXERCISES 


1. Integrate the following systems of equations : 


(cr) Dx — jDy + X = cos 
{§) 3 Dx + 3 X + 2 y = e*, 

( 7 ) i)2x — 3x — 4y.= 0, 

( 5 ) = dt, 

y — 7x 2x + 6 'i/ 

(f) tZ)x+ 2 (x~ 2 /) = 1 , 

( 77 ) I>x = ny — mz, 

(S) X>2x — 3x ~ 4y + 3 = 0, 

( ( ) D^x — 4 D^y -f 4 — x = 0, 


DH — Dy + Sx— 2/ = 
4 X 3 Dy -b 3 y = 3 
D^y + X + 7/ = 0, 

(0 


dy 


Sx 4y 2x+5y 
tJDy -{- X + 6 y = ^, 

2)y z=.lz-^rix^ 

D^y + x— 87/+6 = 0, 

jy^y — 4 jyix + 4 — y 


Dz — wx— ly^ 


: 0 . 


2. A particle vibrates without friction upon the inner surface of an ellipsoid. 
Discuss the motion. Take the ellipsoid as 


_ + £- 4 . 


yg , {z-cY 


c 2 


then X 




3 . Same as Ex. 2 when friction varies with the velocity. 

4 . Two heavy particles of equal mass are attached to a light string, one at the 
middle, one at one end, and are suspended by attaching the other end of the string 
to a fixed point. If the particles are slightly displaced and the oscillations take 
place without friction in a vertical plane containing the fixed point, discuss the 
motion. 


5. If there be given two electric circuits without capacity, the equations are 



di 


dU 




dt 


dt 


where are the currents in the circuits, are the coefficients of self- 

induction, jBj , Eg are the resistances, and M is the coefficient of mutual induction, 
{a) Integrate the equations when the impressed electromotive forces are 

Eero in both circuits. {0) Also when =: 0 but = sin pt is a periodic force. 
( 7 ) Discuss the cases of loose coupling, that is, where MyL^L^ is small ; and the 
case of close coupling, that is, where M^/L^L^ is nearly unity. What values for p 
are especially noteworthy when the damping is small ? 



charges on the condensers so that = dq^/dt^ dq^/dt are the currents^ the 
equations are 


‘ dt2 dl^ 


^ y^/ ' rt I ’ 


d^g. 


dt 


dt^ 


- + + ^2 




dP 


dt 


+ ^=-^2 


Integrate wh en the resistances are negligible and Ex— 0. If 2\ = 27r Vg^ 
and Tg = 2 tt V are tlie periods of the i ndividua l sepa rate circu its and 
0 = 2 7 rJV/ and if = Tg, show that VT** -p 02 and VT^ 92 ar© the 

independent periods in the coupled circuits. 


7. A innform beam of weight 6 lb. and length 2 ft. is placed orthogonally 
across a rough horizontal cylinder 1 ft. in diameter. To each end of the beam is 
suspended a weight of 1 lb. upon a string 1 ft. long. Solve the motion produced 
by giving one of the weights a slight horizontal velocity. Note that in finding the 
kinetic energy of the beam, the beam may be considered as rotating about its 
middle point (§ 89), 



CHAPTER IX 


ADDITIONAL TYPES OF ORDINARY EQUATIONS 

100. Equations of the first order and higher degree. The degree of 
a (liltereiitial equation is defined as the degree of the derivative of 
highest order which enters In the equation. In the case of the equation 
^(.T, ?/, 2/')= 0 of the first order, the degree will be the degree of the 
equation in y\ Prom the idea of the lineal element (§ 85) it appears 
that if the degree of ^ in ?/4s ti, there will be n lineal elements through 
each point (.x, y). Hence it is seen that there are n curves, which are 
compounded of these elements, passing th rough each point. It may be 
pointed out that equations such as ?/' = jcVl + which are apparently 
of the first degree in y\ ar e really of higher degree if the multiple value 
of the functions, such as Vl 4- 2/^j which enter in the equation, is taken 
into consideration ; the equation above is replaceable by -f xhf^ 

which is of the second degree and without any multiple valued function.* 

First suppose that the differential equation 

^ (*) y, y') = Cy' - y)] x [y' - y)] • . . = o (i) 

may he solved for y\ It then becomes equivalent to the set 

y' - "AiC*. y) = y' - y) = o, • • • (i*) 

of equations each of the first order, and each of these may be treated 
by the methods of Chap. VIII. Thus a set of integrals t 

Ffx, y, C) = 0, Ffx, y, C) = 0, . . . (2) 

may be obtained, and the product of these separate integrals 

F{x, y, C) = Ffx, y, C) • Ffx, y, C) • » • = 0 (2') 

is the complete solution of the original equation. Geometrically speak- 
ing, each integral Ffx, y, C) = 0 represents a family of curves and the 
product represents all the families simultaneously. 

* It is therefore apparent that the idea of degree as applied in practice is somewhat 
indefinite. 

t The same constant G or any desired function of C may he used in the different 
solutions because G is an arbitrary constant and no specialization is introduced hy its 
repeated use in this way. 
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y'J + 2 y'y cot x + cot^ x = y\\ + cot® x) = 2 /® esc® x, 
and (?/ + y cotx — y cscx)( 2 /' + y cotx + y esex) = 0. 

These equations both come under the type of variables separable. Integrate 


and 


L 

— cosx , 

dx. — 

dcosx 

y 

sinx 

1 + cos X 

dy _ 

l + oosx^_ 

dcosx 

y ~ 

sinx 

1 — cos X 


2/(1 + cosx) = C, 
2 / (1 — cos x) = G, 


y-f{x, p), 


( 3 ) 


Hence [ 2/(1 + cosx) + C][2/(l — cosx) + 0] = 0 

is the solution. It may be put in a different form by multiplying out. Then 
2/® sin® X + 2 Cy 4- C® = 0. 

If the equation cannot be solved for y' or if the equations resulting 
from the solution cannot be integrated, this first method fails. In that 
case it may he possible to solve for y or for x and treat the equation by 
differentiation. Let f Then if 

dx ^ dx dp dx 

The equation thus found by differentiation is a differential equation of 
the first order in dp /dx and it may be solved by the methods of Chap. 
VIII to find F{p, Xy C) = 0. The two equations 

y =/(^) F) and F{py X, C) = 0 (3) 

may be regarded as defining x and y parametrically in terms of py or p 
may be eliminated between them to determine the solution in the form 
[2 {xy yy C) = 0 if this is more convenient. If the given differential equa- 
fciou had been solved for Xy then 

- A — j 

dy p dy dp dy 

The resulting equation on the right is an equation of the first order in 

dp/dy and may be treated in the same way. 

As an example take xj>® — 2 j/jp + ox = 0 and solve for y. Then 

„ .ox „ dy ^ , dp «x dp a 

2y = xp + — , 2^ = 2p=p + x^ 5 

p dx dx dx p 


«=/(y»P) and 


( 4 ) 


or 




or xdp— pdx = 0. 


The solution of this equation is x = Cp. The solution of the given equation is 

2 y = xp H 1 X — Cp 

P 

when expressed parametrically in terms of p. If p be eliminated, then 

X® 

2 y = — + aC parabolas. 

C 
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DIFFERENTIAL EQUATIONS 


As another example take + 2px = y and solve for x. Then 


2a; 




> 

' dy 


2 1 

=-=--P+ ; 
P V 


(-?-') 


dp 

dy* 


or - + P + 2/ (A + ^ = ^• 

p \p2 / dy 

The solution of this \^py = C and ' 'G solution of the given equation is 


2 OJ = p p^ , V «/ = C, or 2/2 2 Cx + 02. 

Two special types of equation may be mentioned in addition, although 
their method of solution is a mere corollary of the methods already 
given in general. They are the equation homogeneous in (a;, y) and 
Clairaut^s equation. The general form of the homogeneous equation is 
^(p> This, equation may be solved as 

y = (^) 

and in the first case is treated by the methods of Chap. VIII, and in 
the second by the methods of this article. Which method is chosen 
rests with the solver. The Clairaut type of equation is 


y^px+fif) ( 6 ) 

and comes directly under the methods of this article. It is especially 
noteworthy, however, that on differentiating with respect to x the residt- 
ing equation is ... __dp ^ dp 

_ ft oj. ^ : 

CV3lj 




0 . 


( 6 ') 


Hence the solution for ^ is jp = C, and thus y — Cx-^ f(C) is the solu- 
tion for the Clairaut equation and represents a family of straight lines. 
The rule is merely to substitute C in place of p. This type occurs very 
frequently in geometric applications either directly or in a disguised 
form requiring a preliminary change of variable. 

101. To this point the only solution of the differential equation 
^(x, y, y>)=0 which has been considered is the general solution 
F{x^ y, C) = 0 containing an arbitrary constant. If a special value, 
say 2, is given to C, the solution F{x, y, 2)= 0 is called a particular 
solution. It may happen that the arbitrary constant C enters into the 
expression F(xy y, C) = 0 in such a way that when C becomes positively 
infinite (or negatively infinite) the curve F(x, y, C)= 0 approaches a 
definite limiting position which is a solution of the differential equation ; 


% 


for the singular solution. That which will be adopted here is : A singu- 
lar solution is the envelope of the family of curves defined hy the 
general solution. 

The consideration of the lineal elements (§ 85) will show how it is 
that the envelope (§ 65) of the family of particular solutions which 
constitute the general solution is itself a solution of the equation. B'or 
consider the figure, which represents the particular solutions broken up 
into their lineal elements. JSTote that the envelope is made up of those 
lineal elements, one taken from each particular so- 
lution, which are at the points of contact of the 
envelope with the curves of the family. It is seen 
that the envelope is a curve all of whose lineal 
elements satisfy the equation ^ (aj, y,p)=0 for the 
reason that they lie upon solutions of the equation. Now any curve 
whose lineal elements satisfy the equation is by definition a solution 
of the equation; and so the envelope must be a solution. It might 
conceivably happen that the family F{Xy y, C)= 0 was so constituted 
as to envelope one of its own curves. In that case that curve would 
be both a particular and a singular solution. 

If the general solution F(x, y, C*) = 0 of a given differential equation 
is known, the singular solution may be found according to the rule for 
finding envelopes (§ 66) by eliminating C from 

F{x, y,C)=0 and ^ F{x, y, C) = 0. (7) 

It should be borne in mind that in the eliminant of these two equations 
there may occur some factors which do not represent envelopes and 
which must be discarded from the singular solution. If only the singu- 
lar solution is desired and the general solution is not known, this 
method is inconvenient. In the case of Clairaut’s equation, however, 
where the solution is known, it gives the result immediately as that 
obtained by eliminating C from the two equations 

y=^Cx +f{C) and 0 = a; '■|-/'(C'). (8) 

It may be noted that as = C, the second of the equations is merely 
the factor x +f\!P) = 0 discarded from (6'). The singular solution may 
therefore be found by eliminating p between the given Clair aut equar 
tion and the discarded factor x -\-f\p)^ 0. 

A reexamination of the figure will suggest a means of finding the 
singular solution without integrating the given equation. For it is seen 
that when two neighboring curves of the family intersect in a point P 


envelope 




near the envelope, then through this point there are two lineal elements 
which satisfy the differential equation. These two lineal elements have 
nearly the same direction, and indeed the nearer the two neighboring 
curves are to each other the nearer will their intersection lie to the 
envelope and the nearer will the two lineal elements approach coinci- 
dence with each other and with the element upon the envelope at the 
point of contact. Hence for all points (ic, y) on the envelope the equa^ 
tion ^ (x, ?/, ji) == 0 of the lineal elements must have double roots for p. 
Now if an equation has double roots, the derivative of the equation 
must have a root. Hence the requirement that the two equations 

'/'(«, 0 and = 0 (9) 

have a common solution for p will insure that the first has a double 
root for p ; and the points (x, y) which satisfy these equations simul- 
taneously must surely include all the points of the envelope. The rule 
for finding the singular solution is therefore : Eliminate p from the 
given differential equation and Its derivative with respect to py that is, 
from (9). The result should be tested. 

If the equation — 2 yp + a« = 0 treated above be tried for a singular solution, 
the elimination of p is required between the two equations 

xp2 — 2 2/p -P ox = 0 and xp — p = 0. 

The result is which gives ajpair of lines through the origin. The substi- 

tution of y = i Vox and p = i Va in the given equation shows at once that 
2/2 = 0x2 satisfies the equation. Thus 2/^ = ax 2 is a singular solution. The same 
result is found by finding the envelope of the general solution given above. It is 
clear that in this case the singular solution is not a particular solution, as the par- 
ticular solutions are parabolas. 

If the elimination had been carried on by Sylvester’s method, then 

0 X — 2/ 

X — 22 / a=:— x( 2 /^‘- ax 2 ) = 0 ; 

X — y 0 

and the eliminant is the product of two factors x = 0 and 2/^ — ax2 = 0, of which 
the second is that just found and the first is the 2/-axis. As the slope of the p-axis 
is infinite, the substitution in the equation is hardly legitimate, and the equation 
can hardly be said to be satisfied. The occurrence of these extraneous factors in 
the eliminant is the real reason for the necessity of testing the result to see if it 
actually represents a singular solution. These extraneous factors may represent 
a great variety of conditions. Thus in the case of the equation p 2 4. 2 pp cot x = 2^* 
previously treated, the elimination gives p2 esc^ x = 0, and as esc x cannot vanish, 
the result reduces to p® = 0, or the x-axis. As the slope along the x-axis is 0 and p 
is 0 , the equation is clearly satisfied. Yet the line p = 0 is not the envelope of the 
general solution ; for the curves of the family touch the line only at the points titt. 



what may not occur among the extraneous loci and how many times it may occur. 
The result is a considerable number of statements which in their details are either 
grossly incomplete or glaringly false or both (cf. §§ 66-67). The rules here given 
for finding singular solutions should not be regarded in any other light than as 
leading to some expressions which are to be examined, the best way one can, to 
find out whether or not they are singular solutions. One curve which may appear in 
the elimination of p and which deserves a note is the tac-locus or locus of points of 
tangency of the particular solutions with each other. Thus in the system of circles 
(x — C)^ there may be found two which are tangent to each other at any 

assigned point of the x-axis. This tangency represents two coincident lineal 
elements and hence may be expected to occur in the elimination of p between the 
differential equation of the family and its derivative with respect to p ; but not in 
the eliminant from (7). 

EXERCISES 


1 . Integrate the following equations by solving for p = y'\ 

{a) p2 — 6p -h 6 = 0, (/3) p3 — (2 X -f V^)p^ + (x^ — ^ 2 xy^)p—(z^ — =0, 

( 7 ) xp^- 22 /p — x = 0, (5) p» (x + 2 p) + 3p^ (x + y) + P (y + 2 x) = 0, 

(0 + 1 , (f) - a®* = 0, (n) p = {a-x)-Vl+p^. 

2 . Integrate the following equations by solving for y or x : 

(«) 4xp2 + 2xp — y = 0, (/3) p = - xp + xV» (t) P + 2xp - x^ — 0, 

(5) ^pz-y-ir logp = 0, (c) x — pp = ap2, (f) p = x+ atan~ip, 

(\) x=:p+ alogp, W X + pp (2p2 + 3) = 0, (i) a2j,^2_2xp4-p = 0, 

(k) p^ — 4xpp + 8 p2 = 0, (X) X = p + logp, (/*) p2(x2 + 2ax) = a^, 

3. Integrate these equations [substitutions suggested in (t) and (ic)] : 


(^) (nx + pp)2 = (1 + p2) (p2 + 

(5) p = pp2 + 2px, 

(0 P = p(x-6) + a/p, 

(6) p2 — 2pxp — I = p2 (1 — x^), 
{ k ) p = 2px + p2p8, p2 = 2, 

(fi) x2 (p - px) = pp2. 


(a) xp2 (p2 -f 2) =2pp® + x^, 

(7) + Xpp — x2p2 = 0, 

(c) p=:px+ sin-ip, 

(tj) p=px4*i)(l-p2), 

(i) 4e2vp2 + 2xp — 1 = 0, z — 

(X) 4e2i/p2 ^ 2e2ajp — e» = 0, 

4 . Treat tliese equations by the p method (9) to find the singular solutions. 
Also solve and treat by the C method (7). Sketch the family of solutions and 
examine the significance of the extraneous factors as well as that of the factor 
which gives the singular solution : 

(nr) p2p + p (x — p) — X = 0, (/3) p^p^ cos^ a — 2pxp sin^ cr 4 . y2 _ 3.2 sin2 a = 0, 

( 7 ) 4xp^ = (3 X — a)2, ( 5) pp^x (x — a) (x — 6 ) = [Sx® — 2 x (a + &) + 

(e) p2 4. xp — p = 0, (f) 8 a (1 4- p)^ = 27 (x 4- p) (1 — p)®i 

(1?) x8p2 4- x2pp 4- a® = 0, W p (8 — 4 p)2pa = 4(1 — p). 

5. Examine sundry of the equations of Exs. 1, 2, 8, for singular solutions. 

6. Show that the solution of p = x<p{p) +/(p) is given parametrically by the 
given equation and the solution of the linear equation ; 

Solve (nr) p = mxp + n (1 + p®)i, 

(/3) p = x(p 4* aVl 4“^), (7) X = pp + ap^ (^) P = (1 +^>)x + p® 


— 1 X ^ 

dp ^(p)-p P-<P(P)' 



y =:mx +/(?n) or by the Clairaut equation y =px Show that the orthog- 

onal trajectories of any family of lines leads to an equation of the type of Ex. 6. 
The same is true of the trajectories at any constant angle. Express the equations 
of the following systems of lines in the Clairaut form, write the equations of the 
orthogonal trajectories, and integrate : 

(u:) tangents to -{■ — 1, (/5) tangents to y^ = 2 ax, 

(7) tangents to ~ (5) normals to y^ = 2 ax, 

( e) normals to = x^, (f) normals to + a^y^ = a^b^, 

8 . The evolute of a given curve is the locus of the center of curvature of the 
curve, or, what amounts to the same thing, it is the envelope of the nonnals of the 
given curve. If the Clairaut equation of the normals is known, the evolute may be 
obtained as its singular solution. Thus find the evolutes of 

(a) = 4 ax, (/3) 2 xy = a^, (7) x^ + iji = af , 


9. The involutes of a given curve are the curves which cut the tangents of the 
given curve orthogonally, or, what amounts to the same thing, they are the curves 
which have the given curve as the locus of their centers of curvature. Find the 
involutes of 

(a) x2 -h = a*, (^) ?/2 == 2 mx, (7) ^ = a cosh (x/a). 

10. As any curve is the envelope of its tangents, it follows that when the curve 
is described by a property of its tangents the curve may be regarded as the singu- 
lar solution of the Clairaut equation of its tangent lines. Determine thus what 
curves have these properties : 

(ur) length of the tangent intercepted between the axes is I, 

(jS) sum of the intercepts of the tangent on the axes is c, 

(7) area between the tangent and axes is the constant k^, 

(d) product of perpendiculars from two fixed points to tangent is k^, 

( e ) product of ordinates from two points of x-axis to tangent is k^, 



11. From the relation = /x ^ of Proposition 3, p. 212, show that as 

an 

the curve JF = (7 is moving tangentially to itself along its envelope, the singular 
solution of Mdx + Ndy = 0 may be expected to be found in the equation 1//* = 0 ; 
also the infinite solutions. Discuss the equation l//x = 0 in the following cases : 

(a) Vl — ^cix = Vl — x2 dy, (jS) xdx + ydy = y^ — dy. 


102, Equations of higher order. In the treatment of special prob- 
lems (§ 82) it was seen that the substitutions 


^ = « ^ = 5^ or ^ = 

dx ’ dx^ dx dx^ ^ dy 


( 10 ) 


rendered the differential equations integrable by reducing them to in- 
tegrable equations of the first order. These substitutions or others like 
them are useful in treating certain cases of the differential equation 


I 

f 



V: y\ " •) v/"0= 0 of the nth order, namely, when one of the 
variables and perhaps some of the derivatives of lowest order do not 
occur in the equation. 


In case 








dx^j 


= 0 , 


y and the first ^ — 1 derivatives being absent, substitute 


(11) 


d'y 

dx' 


so that q, ~r 


dq 
dx ^ 


d^-^q 
dx^ ““ * 


= 0 . 


(11') 


The original equation is therefore replaced by one of lower order. If 
the integral of this be F(x, q) = 0 , which will of course contain n —i 
arbitrary constants, the solution for q gives 


2 =m 


and 



fix){dxy. 


( 12 ) 


The solution has therefore been accomplished. If it were more con- 
venient to solve F(x, (7) = 0 for x = <^(5'), the integration would be 


(^*)' =/•■•/ 5 ( 12 ') 


and this equation with 2c = (<7) would give a parametric expression 

for the integral of the differential equation. 


In case 


d^y 




X being absent, substitute p and regard ^ as a function of y. Then 

dy ^ d^y dp ^ __ 

di/ 


dx 






dx^ 


d( dv\ 

^ dyY d’^' 


and 


drj ’ rfy”-7 


( 13 ') 


In this way the order of the equation is lowered by unity. If this equar 
tion can be integrated as F(y, jo) = 0, the last step in the solution may 
be obtained either directly or parametrically as 


or y=<t>(j>), (11') 

It is no particular simplification in this case to have some of the lower 
derivatives of y absent from ^ = 0, because in general the lower deriva- 
tives of » will none the less be introduced bv the substitution that 



AS an tjitiinpie uunsiuor i jo — — 


\ dz^j WV 


which is ~ ^ 

\ dx I \dx/ 


dx^ 


Then 




dx 


i ^ ^ ^ "x/ Cj + i t 


for the equation is a Clairaut type. Hence, Anally, 


v=f /’[Ci® ± Vc^ + l](&:)2 = I C^x» ± > x" Vaf+l + CjX + 0,. 


Ab another example consider y" — log^. This becomes 

dp 


p-^ ^ = l/^logp or - — 2p^ = 2 logy. 
dy dy 

The equation is linear inp^ and has the integrating factor e-^y. 


Ip2g~2y 3;y'y^e-2!/logyci2/^ p = J'y2e- 2y ^ 


and 


J[^»fv 


'2e-2y log ydy 


= V2x. 


The integration is therefore reduced to quadratures and becomes a problei 
ordinary integration. 


If an equation is homogeneous with respect to y and its derivat 
that is, if the equation is multiplied by a power of k when y is reph 
by /cy, the order of the equation may be lowered by the substitu 
y = c® and by taking z' as the new variable. If the equation is h 
geneous with respect to x and dx, that is, if the equation is multif 
by a power of h when x is replaced by kx, the order of the equa 
may be reduced by the substitution x = e\ The work may be simpl: 
(Ex. 9, p. 152) by the use of 

D-y = 1) . . . (D, ^ + l)7y. 

If the equation is homogeneous with respect to x and y and the 
ferentials dx, dy, d^y, • - , the order may be lowered by the substitn 
x^e\y — e% where it may be recalled that 

B-y = - 1) • • • (A - ^ + 1)2^ , 

= -h 1) A • ' • (A - ^ + 2) 

Finally, if the equation is homogeneous with respect to x considered 
dimensions 1, and y considered of dimensions m, that is, if the equ£ 
is multiplied by a power of k when kx replaces x and yb”*y replaci 
the substitution x = e*, y = will lower the degree of the equa 
It may be recalled that 


A«y =: A + m) (A + ^ - 1) • • • (A + ^ ^ + 1) ( 


sort mentioned. Substitute 


y = y' — y" = e^(z" + 


Then e 22 -^vUl cancel from the whole equation, leaving merely 


xz" = 2 ' + bxz'^/V (jfi — 


or 


xdz' 1 , bxdx 

— ax ~ — ■ - . 

z' z' Va^ — X- 


The equation in the first form is Bernoulli ; in the second form, exact. Then 

— = b Va^ — + C and dz = — — 

2 :' ?>Va2-x2+C 


The variables are separated for the last integration which will determine z = logy 
as a function of x. 

d^ii du 

Again consider x^ — ^ = (x^ + 2x?/) 4j/2. If x be replaced by kx and y by 

dx^ ox 

khj so that y' is replaced by ky' and y" remains unchanged, the equation is multi- 
plied by and hence comes under the fourth type mentioned above. Substitute 

X = e«, y = e2 j)^y == ^ 2)2, D^y = (Dt + 2) (A + 1) z. 


Then e** will cancel and leave z" + 2 (1 — z)z' = 0, if accents denote differentiation 
with respect to ,i. This equation lacks the independent variable t and is reduced 
by the substitution z" = z'dz'/dz. Then 


1 + 2(1-.). 0 , .'.| = (l-.)«+C, 


dz 

(1 -^2) + G 


= dL 


There remains only to perform the quadrature and replace z and i by x and y. 


103. If the equation may be obtained by differentiation, as 


y ... = 

’ dx-) dx 


80 , 00 , , 
dx^ dy^ 


Jo 

dy^'^ 


, j r*r...., «/«> 


(16) 


it is called an exact equation^ and O (x, y,y\ 2 /^” = C is an inte- 

gral of ^ = 0. Thus in case the equation is exact, the order may be 
lowered by unity. It may be noted that unless the degree of the nth. 
derivative is 1 the equation cannot be exact. Consider 


where the coefficient of is collected into Now integrate par- 
tially regarding only as variable so that 



That is, the expression ^ — Ql does not contain and may contain 
no derivative of order higher than n — A*, and may be collected as 



if m 1, the conclusion is that ^ was not exact. If m = 1, the process 
of integration may be continued to obtain Og by integrating partially 
with respect to And so on until it is shown that ^ is not exact 

or until is seen to be the derivative of an expression -f Og -{ = C. 

As an example consider 'p- = x^y'" + xy" + (2 X 2 / — 1) y' = 0, Then 
= j'xHy" = x^y'% ^ — fi' = - xy" + (2 xj/ - 1) y' + ^/^ 

fig = J"- = - 'x.y', % - n' - fig = 2 xyy' + = {xy'^Y- 

As the expression of the first order is an exact derivative, the result is 

^ - fii — fig — = 0 ; and = xV' — ^v' + = 0 

is the new equation. The method may be tried again. 

fij = y* xHy' = x^y\ - fi^ = -3x2/' + 

This is not an exact derivative and the equation T'l = 0 is not exact. Moreover 
the equation = 0 contains both x and y and is not homogeneous of any type 
except when = 0. It therefore appears as though the further integration of the 
equation = 0 were impossible. 


The method is applied with especial ease to the case of 

^ ^ + • • • + 5 -R{x)= 0, (17) 




' dx 


where the coefi&cients axe functions of x alone. This is known as the 
linear equation, the integration of which has been treated only when 
the order is 1 or when the coefficients are constants. The application 
of successive integration by parts gives 

and after n such, integrations there is left merely 

{x„ + ■■■+{- + (- 1)»Y„) y-R, 

which is a derivative only when it is a function of x. Hence 

+ • • • + (- 1)” -'-Yi + (- = 0 (18) 

is the condition that the linear equation shall be exact, and 

+ (A\ - y <-- + (Y, - X{ + Yo ") +■■■=: j" Rdx (19) 

is the first solution in case it is exact. 


As an example take y'" + y" cosx — 2 y'sinx — y cosx = sin 2 x. The test 
Xg — Ag + X{' — X'Y' = — cosx + 2 cosx — cosx = 0 



is satisfied. The integral is therefore 2/'^ 4- ?/' cos x — y sin » = — | cos 2 a: -f (7j. 
This equation still satisfies the test for exactness. Hence it may he integrated 
again with the result y' + 2/ cos x = — | sin2x CjX + Cg. This belongs to the 
linear type. The final result is therefore 

y - e-Binxj' eeinx(cr^a. + ^ + i(l - sino:). 

EXERCISES 

1. Integrate these equations or at least reduce them to quadratures : 

(or) 2xy"Y' = y"'^ - (/3) (1 + x2) y" + 1 + y'2 = 0, 

( 7 ) 2 /^^ + =0) IT — rnh/" = e«*, (e) x^yiv ^ fj2y'' ~ 0 

(f) (^YY = a;, (7;) xy" + y'_^ 0, (0) y"Y' = 4, 

(t ) (1 - x^)y" - xy' = 2, (/c) = V?/", (X) y" =/(y), 

(/*) 2 (2 a - y) y^^ = 1 + 2 /'^ (»') yy" - y'^ - y V = 0 , 

( 0 ) yy" + y'2 +1=0 , (tt) 2y" = (p) yY' = a. 

2. Carry the integration as far as possible in these cases : 

(a) x2y" = (mxY^ + ny^)i^ (jS) mx®y" = (y — xy')^, 

(7) a^V' = (y -* xy')®, (5) x^y" — xhf — x^y'^ 4. 4y2 = 0, 

(€) X-Y' + X-^y = Jy'2^ (f) ayy" 4. ly'i = yy'(c2 4- X^)” !. 

3. Carry the integration as far as possible in these cases : 

(a) (y2 4- x)y'" 4- ^VVY' 4- 2/'" 4- 2 y's = 0, (/3) y Y' — yxY = xy2, 

(7) x®yy'" 4* 3 x®y'y" 4- 9 x^yy" 4- 9 xY^ + 18 xyy' 4- 3 y^ = 0, 

(5) y 4- 3xy' 4- 2yy'® 4- (x* 4- ^yY)y" = 0, 

(e) (2x®y' 4- x2y)y" 4- 4x2y'2 4. 2 xyy' = 0. 

4. Treat these linear equations : 

(ur) xy" 4- 2y = 2x, (/3) (x^ - l)y" 4- 4xy' 4- 2y = 2x, 

(7) y'" — y'cotx + y csc^x = cos'x, (5) (x^ — x)y" 4- (3x — 2)y' 4- y = 0, 

(e) (x — x®)y'" + (1 — 6x2)y" — 2xy' 4- 2y = 6x, 

(r) (x 8 4-x2-3x 4- l)y'"4-(9x2+ 6x- 9)y"+ (18x 4* 6)y' + Oy = x®, 

(1;) (x 4* 2)2 y'" 4- (x 4- 2)y" 4- y' = 1, ( 0 ) xY' 4* 3xy' 4- y = x, 

(t) (X® - x)y'" 4- (8x2 ~ 3)y" + 14xy' 4- 4y = 0. 

5. Note that Ex. 4 (^) comes under the third homogeneous type, and that Ex. 4 
(t;) may be brought under that type by multiplying by (x 4- 2). Test sundry of Exs. 
1, 2, 3 for exactness. Show that any linear equation in which the coefficients are 
polynomials of degree less than the order of the derivatives of which they are the 
coefficients, is surely exact. 

6. Sometimes, when the condition that an equation be exact is not satisfied, it 
is possible to find an integrating factor for the equation so that after multiplication 
by the factor the equation becomes exact. For linear equations try x”^. Integrate 

(a) x®y" 4- (2x^ — x)y' — (2x® — l)y = 0, (j3) (x2 — x^)y" — x®y' — 2y = 0. 

7. Show that the equation y" 4- Py' 4- Qy'2 = 0 may be reduced to quadratures 
1° when P and Q are both functions of y, or 2° when both are functions of x, or 3° 
when P is a function of x and Q is a function of y (integrating factor 1/y'). In 
each case find the general expression for y in terms of quadratures. Integrate 



measured from some point, the equation jR = It (s) or s = s (R) is called the tninnsic 
equation of the curve. To find the relation between x and y the second equation 
may be differentiated as ds = s'{R)dB^ and this equation of the third order may be 
solved. Show that if the origin be taken on the curve at the point 5 = 0 and if the 
K-axis be tangent to the curve, the equations 

* = 

express the curve parametrically. Find the curves whose intrinsic equations are 
(a) B = a, (i 3 ) al? = 52 q- a®, (7) ^2 + 52 = 16 a2. 

10. Given F = 4 . . . . q. Xn-iy' + ^nV = 0. SI ow 

that if /X, a function of x alone, is an integrating factor of the equation, then 

= (XW + {X^fxYn- 2 ) q. l)n-l(Xn-ifJLY + (~ == 0 

is the equation satisfied by fi. Collect the coefficient of /x to show that the condition 
that the given equation he exact is the condition that this coefficient vanish. The 
equation = 0 is called the adjoint of the given equation F =0, Any integral fx 
of the adjoint equation is an integrating factor of the original equation. Moreover 
note that 

J nFdx = + (M-3r, + {- 1)"J V#<lx, 

or d[/xF — (— — /) = dO. 

Hence if fxF is an exact differential, so is y^. In other words, any solution y of the 
original equation is an integrating factor for the adjoint equation, 

104, Linear differential equations. The equations 

X^Dy + + • - + X^^^By + (x), 

Xp-y + Xp--\j + . . • + A^«-i% + = 0 ^ ^ 

are linear differential equations of the nth. order ; the first is called the 
complete equation and the second the reduced equation. If * 

are any solutions of the reduced equation, and • are any 

constants, then y = H is also a solution of the 

reduced equation. This follows at once from the linearity of the reduced 
equation and is proved by direct substitution. Furthermore if I is any 
solution of the complete equation, then y + 1 is also a solution of the 
complete equation (cf. § 96). 

As the equations (20) are of the nth order, they will determine 
and, hy differentiation, all higher derivatives in terms of the values of 

y)y\"'y Hence if the values of the n quantities yj > • • ‘ 

which correspond to the value x = he given, all the higher derivatives 
are determined (§§ 87-88). Hence there are n and no more than n arbi- 
trary conditions that may be imposed as initial conditions. A solution 



if V if > ifn 'f' suiutiuus ui tne reaucea equation, ana 
y — ^iVl + ^2^2 "f f" ^nVny 

y' = C'lyi + <^22/2 H 1 - c'nyi, ^2i) 

y<»-» = + • • • + 

then ?/ is a solution and y', • • • , are its first n — 1 derivatives. If 
be substituted on the right and the assumed corresponding initial 
values yo) yo> • • • > yo””’’ ^ substituted on the left, the above n equations 
become linear equations in the n unknowns Cj, C^, and if they 

are to be soluble for the C’s, the condition 


w^(yi. y,. •••,yn) = 


yi 

y. 


y'l 

y'i 

y» 

yj»-n 

yr-'> ••• 

yi" 


0 


( 22 ) 


must hold for every value of x = Conversely if the condition does 
Jiold, .the equations will be soluble for the C^s. 

The determinant WQf^j • • • , y^ is called the Wronskian of the n 
functions 3/1, 3/2? ' ’ * > 2 /n- The result may be stated as : If to functions 
yvVv ‘ which are solutions of the reduced equation, and of which 
the Wronskian does not vanish, can be found, the general solution of the 
reduced equation can be written down. In general no solution of the 
equation can be found, whether by a definite process or by inspection ; 
but in the rare instances in which the to solutions can be seen by inspec- 
tion the problem of the solution of the reduced equation is completed. 
Frequently one solution may be found by inspection, and it is therefore 
important to see how much this contributes toward effecting the solution. 

If y^ is a solution of the reduced equation, make the substitution 
y = y^. The derivatives of y may be obtained by Leibnizes Theorem 
(§ 8 ), As the formula is linear in the derivatives of it follows that 
the result of the substitution will leave the equation linear in the new 
variable z. Moreover, to collect the coef&cienfc of z itself, it is necessary 
to take only the first term y^f^z in the expansions for the derivative y^^^- 

(Z„yW + + . . . + = 0 

is the coefiBcient of » and vanishes by the assumption, that is a solu- 
tion of the reduced equation. Then the equation for » is 


1) +■■■+ P„_2«" -t- P„_i«' = 0 i 


( 23 ) 


^ow if 2 / 2 ^ 2/^8’ ” yp other solutions, the derived ratios 



would be solutions of the equation in ; for by substitution, 

2/ = 2 / 1^2 = %. •••; 2/ = yi^p-i = 2/p 

are all solutions of the equation in y. Moreover, if there were a lines 

relation h C'j, = 0 connecting the solutions z 

an integration would give a linear relation 

C'lJ'a + + • • • + = 0 

connecting the ^ solutions Hence if there is no linear relation (c 
which the coefficients are not all zero) connecting the p solutions c 
the original equation, there can be none connecting the p — 1 solution 
z[ of the transformed equation. Hence a knowledge of p solutions q 
the original reduced equation gives a netv reduced equation of whic 
p — 1 solutions are known. And the process of substitution may 1; 
continued to reduce the order further until the order ? 2 » — ^ is reachec 

As an example consider the equation of the third order 

(1 — x) y'" -h (ac2 ~ 1) y" — ic 2 y'+ %y = 0. 

Here a simple trial shows that ® and are two solutions. Substitute 
y^&^z, y' = e*(2; + 2jq, y" 2^" = e*(2; + 32' + 3«" + «"" 

Then (1- + ( 3.2 _ gj. + 2);s" + (x^ 3 x + \)z' = 0 

is of the second order in z'. A known solution is the derived ratio (x/e®)'. 

zf = (xe-®)' = e-® (1 — x). Let z' = e-® (1 -■ x)w. 

From this, z" and z'" may be found and the equation takes the form 

(1 — x)w"' + (1 + x) (x — 2 ) w' = 0 or ^ = xdx 

This is a linear equation of the first order and may be solved. 

logwj' = i x^ — 21og(x-- 1) + (7 or m/ = G\ei®*(x — 1)-*. 

w=z G^J ei**(x — + Oj, 

•'= - <’■©'/•*■'<■= - «-«• + 

‘= W+ c,i+ c„ 

yzi:e^z= f + C^x -f Cj®*, 


Hence 


The value for y is thus obtained in tenns of quadratures. It may be shown that in 
case the equation is of the nth degree with p known solutions, the final result wili 
call forp(n~-p) quadratures. 

105. If the general solution y — H f- of the reduced 

equation has been found (called the complementary function for the 
complete equation), the general solution of the complete equation may 
always be obtained in terms of quadratures by the important and far- 
reaching method of the variation of constants due to Lagrange. The 
question is : Cannot functions of x be found so that the expression 

y = Cx(f) .'/i + ;'/2 H i- Vn (24) 

shall be the solution of the complete equation ? As there are n of these 
functions to be determined, it should be possible to impose ^ — 1 condi- 
tions upon them and still find the functions. 

Differentiate y on the supposition that the C’s are variable. 

f = -f Cpf + • • • -i- + yiC[ -f y^C'^ + [- y^C'^. 

As one of the conditions on the suppose that 

d b Vn^n = 

Differentiate again and impose the new condition 
+ 2/2 ^2 H b y'n^n = 

so that 7 f = Cpj-[ + C^iji H h C^y '; . 

The differentiation may be continued to the (n — l)st condition 

+ . . . -f = 0, 

and == + <^22/2"“^^ H + 

Then 2/(”> = -| h 

-b + • • • 4- 

Now if the expressions thus found for y, y\ 2 /^”^ 1>6 

substituted in the complete equation, and it be remembered that 

’>yn solutions of the reduced equation and hence give 0 when 
substituted in the left-hand side of the equation, the result is 

+ • • • -b = r . 

Hence, in all, there are n linear equations 

~b ^2^2 + b yn^n = 

yiC[ +2/2C2 +-- + y;c; -0, 


( 25 ) 



for those derivatives -which wul then be expressed in terms oi x. l 
C'^s may then be found by quadrature. 

As an example consider the equation with constant coefficients 

(D® + D) 2 / = sec a; with y = + Og cos x + Cq sin x 

as the solution of the reduced equation. Here the solutions 1/a may be tah 

as 1, cosx, sin x respectively. The conditions on the derivatives of the C’s beco: 
by direct substitution in (26) 

C{ + cosxCa + sinxCg = 0, — sin xC.^ + cosxCq = 0, — cosxCj — sinxCg = sec 
Hence C[ = sec x, Cg = — 1, = — tan x 

and 0 ^ = log tan (J » + J tt) -f , Cg = — x + Cg , Og = log cos x + C 3 . 
Hence y = + log tan ( J x + J tt) + (Cg — x) cos x + (Cg + log cos x) sin x 

is the general solution of the complete equation. This result could not be obtain 
by any of the real short methods of §§ 90'-97. It could be obtained by the gene: 
method of § 96, but with little if any advantage over the method of variation 
constants here given. The present method is equally available for equations w: 
variable coefficients. 


106. Linear equations of the second order are especially frequent 
practical problems. In a number of cases the solution may be foun 
Thus when the coefficients are constant or may be made constant ’ 
a change of variable as in Ex. 7, p. 222, the general solution of f 
reduced equation may be written down at once. The solution of t 
complete equation may then be found by obtaining a particular integi 
I by the methods of §§ 95-97 or by the application of the method 
variation of constants. And 2'’ when the equation is exact, the soluti* 
may be had by integrating the linear equation (19) of § 103 of the hi 
order by the ordinary methods. And 3° when one solution of the ] 
duced equation is known (§ 104), the reduced equation may be co] 
pletely solved and the complete equation may then be solved by t' 
method of variation of constants, or the complete equation may 
solved directly by Ex. 6 below. 

Otherwise, write the differential equation in the form 






R. 


(2 


The substitution y = ux gives the new equation 

If u be determined so that the coefficient of «' vanishes, then 


fprf, ,( IdP 1 \ 


( 2 < 


(27) may be integrated ; and 5 ii at is /c/a; , the equation may also be 
integrated by the method of Ex. 7, p. 222. The integral of the com- 
plete equation may then be found. (In other cases this method may 
be useful in that the equation is reduced to a simpler form where solu- 
tions of the reduced equation are more evident.) 

Again, suppose that the independent variable is changed to Then 

dhj . , Q R 

dz^'^ z'^ dz, z''^’’'' z’^' 

Now 6® if 2 ;'^ = i Q will make z" Pz' = so that the coefficient 
of dy/dz becomes a constant k, the equation is integrable. (Trying if 

= ± will make Pz' ^ kz^'^/z is needless because nothing in 
addition to 6° is thereby obtained. It may happen that if z be deter- 
mined so as to make -f Pz' = 0, the equation will be so far simpli- 
fied that a solution of the reduced equation becomes evident.) 

2 du (P 

Consider the example —y = 0. Here no solution is apparent. 

dx^ xdx x^ 

Hence compute Q — J P' — i This is a^/x^ and is neither constant nor propor- 
tional to 1/®^. Hence the methods 4° and 6° will not work. From 2:'2 = Q = a’^/x* 
or z' = a/x^, it appears that z'^ + Pz' = 0, and 6° works ; the new equation is 

r. ‘i-i. ^ 

+ 2/ = 0 with z — 

dz^ X 

The solution is therefore seen immediately to be 

2 / = cos 2 — Cg sin 2 or y = cos (a/x) + sin (a/x). 

If there had been a right-hand member in the original equation, the solution could 
have been found by the method of variation of constants, or by some of the short 
methods for finding a particular solution if B had been of the proper form. 

EXERCISES 

1. If a relation C^y^^ + C^y^ H 1- C„2/n = 0, with constant coefficients not all 0, 

exists between n functions y^, y 2 , • • ’ , yn ot x for all values of x, the functions are 
by definition said to be linearly dependent; if no such relation exists, they are said 
to he linearly independent. Show that the nonvanishing of the Wronskian is a 
criterion for linear independence. 

2. If the general solution y — + G^y^ 4 + CnVu is the same for 

H + XnV = 0 and -f Piy<«-i) + • • • 4- PnV = 0, 

two linear equations of the nth order, show that y satisfies the equation 
(X,P, - XoP,) -h . . . + (X„P, XoP„)2/ = 0 

of the (n — l)st order ; and hence infer, from the fact that y contains n arbitrary 
constants corresponding to n arbitrary initial conditions, the important theorem ; 
If two linear equations of the nth order have the same general solution, the corr^ 
Bponding coefficients are proportional. 






(a) (l + x2)i/'"-2xi/'+2y = 0, (jS) x?/'" + (1 - x)?/' - 2 / = 0, 

( 7 ) (ax-&x2)?/"-^ a?/'-l-26y = 0, (5) ^ 2 /'" + xj/' — (x + 2)y = 0, 

(f) 7 /''-x/"+x/-2/ = 0, ( 77 ) (4x2-x + l)y'"+ 8xV'-4x2/'-8y = 0 


6. If y^ is a Iciiown solution of the equation y" + Ty' + Q 2 / = of the seconi 
order, show that the general solution may he written as 

!/ = 0,y, + 

7. Integrate: 

(a) xy"—{2x+ l)y' + (x + l)y = — a — 1, 

(/3) ?/' - xY + xy = X, ( 7 ) xy'" + (1 - x) y' - y = 

(5) y" — xy' H- (x — l)y = E, (e) y''"sin2x + y'sinxcosx — y = x — sinx, 

8 . After writing down the integral of the reduced equation by inspection, appl 
the method of the variation of constants to these equations : 

(a) (i )2 ^I'^y — tan x, (/3) (D^ + 1) y = vsec^ x, ( 7 ) {!> — l)^y = e^{l — x)- ' 
(5) (1 — x)y" + xy' — y = (1 — x)% (e) (1- 2x + x2)(y"''-- 1)- xV'+2xy'~y = 1 


9. Integrate the following equations of the second order: 

(a) 4 x^y" + 4 x^y' + (x^ + l) 2 y = 0, (/3) y" — 2 y' tan x — (a^ + 1) y = 0, 

( 7 ) xy" H- 2y' — xy »= 2 e% (5) y'^sinx + 2y' cosx + 3y sinx = 

(c) y" + y'tanx + ycos^x = 0, (f) (1 — x2)y'' — xy' + 4y = 0, 

iv) y" + (2 ~ l)y' + e 2 xy = e 4 x (( 9 ) + 3xV + y = 


10. Show that if X^y" + X^y' +' X^y = U may be written in factors as 
(XqD2 + X^D + ^ 2 ) y = (p^D + (P2-^> + ^ 2 ) 2^ == 

where the factors are not commutative inasmuch as the dijfferentiation in on 
factor is applied to the variable coefficients of the succeeding factor as well s 
to D, then the solution is obtainable in terms of quadratures. Show that 


9i P 2 -f + Prfj = A'l and + Vi<l 2 = A, . 

In this manner integrate the following equations, choosing and pg as factors ( 
Xq and determining and gj inspection or by assuming them in some form an 
applying the method of undetermined coefficients : 

(a) X]/" + (1 — x) y' — y = e^, {/3) 3 x^]/" + (2 — 6 x^) y' — 4 = 0, 

( 7 ) 3xV'+ (2+ 6x — 6x2)y^— 4y = 0, (5) (x^— l)y''— (3x + l)y'— x(x — l)y 
(c) a^y" 4- (3ci + ??x)y' + 3hy = 0, (i*) xy" — 2x(l + x)y' + 2(1 + 

11. Integrate these equations in any manner : 


ADDITIONAL OEDINAHY TYPES 


247 


(7) y" + y' tan X + y COS^ X = 0 , 

(e) i).-x^)y" - xy' - c^y - 0, 

( 1 ?) y" + -rr — y = + logx), 

x^logx \x / 

(0 Z/" + 2 x-'^y' -> = 0, 

(X) y" + 2 ny' cot mx + (m^ ^v?)y = 0, 

12. If and y^ are solutions of y" + Fy' + jR = 0, show by eliminating Q and 
integrating that - 

What if C = 0 ? If 0 7 ^ 0, note that y^ and y[ cannot vanish together ; and if 
I^i(a) = VxiP) = 0, use the relation • (wOft = 0 to show that as y\^ and 

y[^ have opposite signs, y^a and y^h have opposite signs and hence = 0 where 
a< f < 5. Hence the theorem : Between any two roots of a solution of an equation 
of the second order there is one root of every solution independent of the given 
solution. What conditions of continuity for y and y' are tacitly assumed here ? 

107. The cylinder functions. Suppose that Cj(x) is a function of x 
which is diferent for different values of n and which satisfies the two 
equations 

C.-iCa!) - C'«+i(*) = 2 ^ C„(a!), C'„_i(a:)+C„+i(a;) = ^C'„(a;). (29) 

Such a function is called a cylinder function and the index n is called 
the order of the function and may have any real value. The two equa- 
tions are supposed to hold for aU values of n and for all values of aj. 
They do not completely determine the functions but from them follow 
the chief rules of operation with the functions. Eor instance, by addi- 
tion and subtraction, 

Other relations which are easily deduced are 

i (32) 

Co(x) = — Cj(x), c_„(x) = (—iyc„(x), «. integral, (33) 

Cn(®) •^7l(®) — ^)>(*) ^a(*) = ^n+l(®) — ^»(®) l^n+l(®) ~ ~ ’ (34:) 

where C and K denote any two cylinder functions. 

The proof of these relations is simple, hut vdll be given to show the use of (29). 
In the first case differentiate directly and substitute from (29). 


(5) 2^u— 2/'+ 

(f) (a2-a:2)t/"-8x2/'- 12y = 0, 

/n\ // 9 — 4x . 6 — Sx _ 

W V — r^ + -5 — -y = ^^ 

O X tJ ““ X 

(k) y" — 4xy' + (4x2 — 3)y = e^, 

(/x) y" + 2 (x“i 4* Bx-2) y' + Ax-^y = 0. 
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The second of (31) is proved similarly. For (32), differentiate. 

Dx[®“0«(Vm)] = iiix2 ‘c„{V^+ 

= lVax * r-^C„(Vaa:) + Cn-i(V^) ^C„(V^ 

^ L V ax Vax 

Next (83) is obtained by substituting 0 for n in both equations (29). 

C_i(x) - C^(x) = 2 Co (x), C_i(x) + Cj(x) = 0, hence Cq (x) = - Ci(x) ; 
and 2° by substituting successive values for n in the second of (29) written in tl 
form xCn-i 4* xC?n+i = 2 nC„. Then 

xG — .1 4“ xGj = 0, xO— a 4" ® Gq =: — • 2 G— i , ~ ^ > 

xG- 3 4- »G_i = — 4 0-2, xCj 4- ajGg = 4 Gg, 

xO-4 4- xC_2 = — 0 Gg, xCg 4- aJG^ = 6 Gg, 

and so on. The first gives G-i= — Gj. Subtract the next two and use G-i 4- G^ = ■ 
Then G-g — Og = 0 or 0-2 = (— 1)^02. Add the next two and use the relatioj 
already found. Then C«a 4- Cg = 0 or G_8 = (— l)^Gg. Subtract the next tw 
and so on. For the last of the relations, a very important one, note first that tl 
two expressions become equivalent by virtue of (29) ; for 


CnK - C'nKn = " C„A'n - (7„ A„ - C„ A,. + 0„ +i A„ . 

X X 


Now ^[®(0„+iA„-CsA„+i)] =0,+iA„-C„A„+i + ®An(c„-!5-^0„+i) 

+ xGa +l(~ An — A„ +i) — *An +1 (- Cn — Gr +lj 

-*c„(a„-^a„+,) = o. 


Hence x(G„+iJ5rn — G,iir„+i) = const. = A, and the relation is proved. 


The cylinder functions of a given order n satisfy a linear different! 
equation of the second order. This may be obtained by differentiatii 
the first of (29) and combining with (30). 


2c;' = c;_i-c;+i = 


n — \ 


X 


C„_i-2C„ + 


4-1 


X 


-^n+l 


= I (C„_1 + - i (C„_1 - - 2 C„. 

th fZ/ 


,'^d y 




(3i 


This equation is known as BesseVs equation; the functions C„(£c), whi( 
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By a change of the independent Variable, the Bessel equation may 
take on several other forms. The easiest way to find them is to operate 
directly with the relations (31), (32). Thus 


”C„(x)] — X — X'X ” 

Dl\x-^C,,{x)'] = - + a: • 

^ + 2 (n + 1) -- x-C,. 


Hence 

jV + il + Mjj'+y.O, 

dx^ X ax 


(36) 

Again 

+ + !/.0, 

dx^ X dx 

II 

(37) 

Also 

+ (1 + W) y' + y = 0, 

y = x ^C„(2-V^). 

(38) 

And 

xy" + (1 — w) y' + y = 0, 

y = ^Cjyi. 

(39) 


In all these differential equations it is well to restrict x to positive values 

n n 

inasmuch as, if n is not specialized, the powers of a?, as aj”, x~ ”, cc^, x are 
not always real. 

108 , The fact that n occurs only squared in (35) shows that both 
CJ[x) and C_J^x) are solutions, so that if these functions are inde- 
pendent, the complete solution is y = aC„ + In like manner the 

equations (36), (37) form a pair which differ only in the sign of n. 
Hence if and denote particular integrals of the first and second 
respectively, the complete integrals are respectively 

y = aH^ + and y = -f- bH^x ^” ; 

and similarly the respective integrals of (38), (39) are 

y = al^ + hl^ ^x- ” and y al^ „ -f bl^x% 

where and J_„ denote particular integrals of these two equations. It 
should be noted that these forms are the complete solutions only when 
the two integrals are independent. Note that 

/„(*) = = (^ 0 ) 

As it has been seen that C« = (— 1)”C'_„ when n is integral, it follows 
that in this case the above forms do not give the complete solution. 

A particular solution of (38) may readily be obtained in series by the 
method of undetermined coefidcients (§ 88). It is 


4 ( 35 ) = 


t ! (n -f- 1) (/i 4“ 2) • • • (w + i) 


(41) 


from a certain point on, the coeflB.cients a,- have zeros in the denominator. 
The determination of a series for the second independent solution when 
n is integral will be omitted. The solutions of (35), (36) corresponding 
to /„(x) are, by (40) and (41), 


“ 2^^ A ! (71 + ^) ! 2 ^ 71 ! 

1 


X V„(a;) — j 4(4* 


(42) 

(420 


where the factor n ! has been introduced in the denominator merely to 
conform to usage.* The chief cylinder function (7„(a;) is J^{x) and it 
always carries the name of Bessel. 


To derive the series for I„(aj) write 


1 

In — Uq -t- O-^X 4" ^2®^ ‘I’ * 

• • 4* 4* • • • 7 

(1 + n) 

7' = Oj + 2 + 8 ttjX* + • 

. . + (*- l)a4_ix*--“+ ■ • 

X 

I''z= 2aj +3-2ajX +•• 

.. + (J:-l)(A:-2)at_,x*:-»+--., 


0 = K + ai(n 4* 1)] + a;[ai + + 2)] + + ^ 38(71 + 3)] 

+ . • • + + a*fc(n + A:)] + • ' • . 

+ a22(n + 2) = 0, • • • , ak^i + akk(n + A:) = 0, 
- a, a. 


Hence + ai(n + 1) = 0, 

m* n St 


n + 1’ ^ 2(n + 2) 2 I (n + 1) (n + 2) ’ 

a* = 

/c I (n + 1) • • ♦ (w + A:) 

If now the choice = 1 is made, the series for 4(x) is as given in (41). 

The famous differential equation of the first order 

xy' — ay + = cx", 

known as BiccaWs equation^ may be integrated in terms of cylinder functions. 
Note that if n = 0 or c = 0, the variables are separable ; and if 6 = 0, the equation 
is linear. As these cases are immediately integrable, assume hen 0. By a suitable 
change of variable, the equation takes the form 


(43) 


\ nj 


ndv^ 
V — — 

^ hd^v 


(480 


A comparison of this with (39) shows that the solution is 

a 

■, = 4r_ a (- bef) + BIa{- 6c|) • (- 6cf)S , 

n n 

which in terms of Bessel functions J becomes, by (40), 


V = ^2” Ja(2 V- bcO + BJ „(2 V- 6c£)]. 


# Tf -M i<3 rirtf. infocfrol Tinfh «. ! fn. J- f mnaf. Via rA-nloA.A/l 147^ "htr "Pfn. -4- n and 


( 44 ) 


n n 

I n Ja ^(2x2 V— bc/n) — ^e7^^o(2x2 V— bc/n) 

y = ^ ^-x^ _il Li 

\ 1 ) » 

Ja(2 x* V — bc/n) + -4 eT a(2 x^ V — 5c/ n) 

n ~n 

'VFhere ^ denotes the one arbitrary constant of integration. 

It is noteworthy that the cylinder functions are sometimes expressible in terms 
of trigonometric functions. For when n = J the equation (36) has the integrals 

y = ^ sinx + if cosx and y = xi[AC/j(x) + J50_^(x)]. 

Hence it is permissible to write the relations 

X J (7^ (x) = sin X, x^ G_ ^ (x) = cos x, (45) 

where O' is a suitably chosen cylinder function of order J. From these equations 
by application of (29) the cylinder functions of order p + i, where p is any integer, 
may be found. 

Now if Riccati’s equation is such that b and c have opposite signs and a/n is 
of the form p + the integral (44) can be expressed in terms of trigonometric 
functions by using the values of the functions just found in place of the /’s. 
Moreover if b and c have the same sign, the trigonometric solution will still hold 
formally and may be converted into exponential or hyperbolic form. Thus Riccati’s 
equation is integrable in terms of the elementary functions when a/n = p + i no 
matter what the sign of be is. 


EXERCISES 

1. Prove the following relations: 

(nr) 4 = Cn — 2 — 2 Gn + Gn 4. 2 , (^) xGfi = 2 (71 + 1) +1 xGn + 2 » 

( 7 ) = Gn-s - 3 Gn -1 + 3 Gn +1 - Gn+8, generalize, 

( 5 ) xGji = 2 (n 4* 1) C'n 41 — 2 (n H- 3) G » 4 8 + 2 (n + 6 ) 4, 6 xCn + s * 

2. Study the functions defined by the pair of relations 

•K-l (*) + Pn +l = 2i’n(x), F „ _i (x) - Fn+l (S) = - F„(x) 

ax X 

especially to find results analogous to (30)-(36), 

3. Use Ex. 12, p. 247, to obtain (34) and the corresponding relation in Ex. % 

4. Show that the solution of (38) is y = Ain f — 

I x^+^I- 

5. Write out five terms in the expansions of Iq, In -ZL j, t/i? 

6. Show from the expansion (42) that ^ ! = i sin X. 

7. From (46), (29) obtain the following: 

xi G| (x) = — cos X, x^ G^{x) = sin x — ^ cos x, 

^^G_^(x) = — sinx— j(®) = -sinx + cosx. 



8. Prove by integration by parts : f cJa: = ^ + 6^ + 6- 8 f 

9. Suppose On(sc) and jK'„(x) so chosen that ^ = 1 in (34). Show that 

y = ACn(x) + BKn(x) + L j^J!r„(») f ^ dx - C„(x) f dx j 

is the integral of the differential equation x^y" + xy' + (x^ — n^) y = Lx- 

10. Note that the solution of Riccati’s equation has the form 

y ~ {}/l ^ + P(^)y + Q(^)y^ =R(x) 

F(x) + AG(x) dx 

will be the form of the equation which has such an expression for its integral. 

11. Integrate these equations in terms of cylinder functions and reduce the 
results whenever possible by means of Ex, 7 ; 

(a) X 2 /" — 5?/ + 2/2 + x® = 0, (j3) xy' — By y^ = x®, 

(t) y" + = 0, (a) x^y" + rvxy' + (& + cx^w) y = 0. 

12. Identify the functions of Ex. 2 with the cylinder functions of ix. 

13. Let (x2 ~ 1) p; = (n + 1) (Pn +i - ®P«), K +i = + (n + 1) Pn (46) 

be taken as defining the Legendre functions Prt(x) of order n. Prove 

(cr) (x2 — 1) jP^ = n (xP ji — Pn —1)7 (/3) (2 71 + 1) xP n = (Tl+ l)Pn+l"t* TlP n —1 ^ 

( 7 ) (2n+l)Pn = J^„+i-P;_„ (8) (l-a:*)P;'-2xP; + n(n + l)P„ = 0. 

14. Show that — = and PnQn+i - P»+iQn =-^^> 

X* — 1 n + 1 

where P and Q are any two 'Legendre functions. Express the general solution of 
the differential equation of Ex. 13 (5) analogously to Ex. 4. 

15. Let w = x2 ~ 1 and let D denote differentiation by x. Show 


j>+iitn+i X)«+i(uu») = + 2(n + l)xl>»u»» + n(n + l)i>-iM»», 

I> +ll4n +1 — J)nJ}iin +1 = 2 (» + 1) I>(XU^) = 2 (n + 1) x2>U” + 2 W (n -f 1) 

Hence show that the derivative of the second equation and the eliminant of 
between the two equations give two equations which reduce to (46) if 

p 1 / 2 _ lYn rwhen n is integral these are 

^ 2”- n! dx»^ \Legenjdre's polynomials. 


16. Determine the solutions of Ex. 13 (d) in series for the initial conditions 

(a) P„(0) = 1, p;(0) = 0, (/3) P„(0) = 0, p;(0) = 1. 

17. Take Pq = 1 and P^ = «. Show that these are solutions of (46) and compute 
Pg , Pg , P^ from Ex. 13 (jS). If x = cos show 

Pg = I cos 2^ + 1, Ps = I cos 8 ^ + f cos J J cos 4 ^ + U cos 2 ^ 


18. Write Ex. 13 (5) as — [(1 - x*) + n(n + 1) P^ = 0 and show 

ax 


+ 1) - «(n+ 1)] /"‘pAdx = / P„£lL:i^ _ p.ill^^l 


dx, 


/.+1 

J ^ PnPmdx = 0, if n m. 


19. By successive integration by parts and by reduction formulas show 

" 22»»(n dx^ ^ ' 

/»+i _ 2 

and / P„dx = » n integral. 

J—i 2 n + 1 

.+1 (Zn(a:2-1). 

(Tom ' J. 


/» +1 /* + 
20. Show J x"*P„(ix = J ^ 




dx” 


= 0, if m < n. 


when 


Determine the value of the integral when m = n. Cannot the results of Exs, 18, 19 
for m and n integral be obtained simply from these results ? 

X® x^ 

21. Consider (38) and its solution 1^ = 1 — x + — — — + — — . 

2 u I'^ 4 

71 = 0. Assume a solution of the form y = IqV + ly so that 

d^w , dw , ^ ^ dir. dv ^ .. dH , dv ^ 

is the equation for ^y if u satisfies the equation xv" + t;' = 0. Show 
= A + Blogx, 


0 7? 2Bx^2J5x2 2Bx8 

xw' + w +v, = 2B-~ + — -~ + . 


By assuming w = ayX + + • * * , determine the a’s and hence obtain 


and (A + Blogx)!^) + ty is then the complete solution containing two constants. 
As AIq is one solution, Blogx • Zq + to is another. From this second solution for 
71 = 0, the second solution for any integral value of ?i may be obtained by differ- 
entiation ; the work, however, is long and the result is somewhat complicated. 


x/xj.' X' .1. JkAJW w Axxvrxi w xxi mxv/x^-x^ xxxaxi x tt vr * Axvxxxxpxwxvk.^ 


109. Total differential equations. An equation of the form 

P(a3, z)dx + Q,(x, y, z)dy -^Ti {x, y^ z)dz = 0, (1) 

involving the differentials of three variables is called a total differerir 
tial equation. A similar equation in any number of variables would 
also be called total; but the discussion here will be restricted to the 
case of three. If definite values be assigned to x, y, z, say a, Z>, c, the 
equation becomes 

Adx + Bdy + Cdz = A (x - a) A- B{y - h) A' C(z - c) = 0, (2) 

where x, y, z are supposed to be restricted to values near a, bj c, and 
represents a small portion of a plane passing tlirough (a, b, c). Trom 
the analogy to the lineal element (§ 85), such a portion of a plane may 
be called a 'planar elemerit. The differential equation therefore repre- 
sents an infimite number of planar elements, one passing through each 
point of space. 

Now any family of surfaces F(x, also represents an infinity 

of planar elements, namely, the portions of the tangent planes at every 
point of all the surfaces in the neighborhood of their respective points 
of tangency. In fact 

dF = F'Jix + Fydy + F'^dz = 0 (3) 

is an equation similar to (1). If the planar elements represented by 
(1) and (3) are to be the same, the equations cannot differ by more 
than a factor /A (a;, y, g:). Hence 

K = By — /aQ, jp; =sr fiR^ 

If a function Fix^ y, «) = (7 can be found which satisfies these condi- 
tions, it is said to be the integral of (1), and the factor fi (x, y, z) by 
which the equations (1) and (3) differ is called an integrating factor 
of (1). Compare § 91. 

It may happen that ^ = 1 and that (1) is thus an exact differential. 
In this case the conditions 
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( 4 ) 


Moreover if these conditions are satisfied, the equation (1) will be 
an exact equation and the integral is given by 

X 

where may be chosen so as to render the integration as simple 

as possible. The proof of this is so similar to that given in the case of 
two variables (§ 92) as to be omitted. In many cases which arise in 
practice the equation, though not exact, may be made so by an obvious 
integrating factor. 


Q (Xq, y, z) dy + J' R (x^, y^, z) dz = C, 


j' P{x,y,z)dx + 


As an example take zxdy — yzdoi + xHz = 0. Here the conditions (4) are not 
fulfilled but the integrating factor 1/x^z is suggested. Then 

■ “** 

is at once perceived to be an exact differential and the integral is y/x + log 2 = C. 
It appears therefore that in this simple case neither the renewed application of the 
conditions (4) nor the general formula for the integral was necessary. It often 
happens that both the integrating factor and the integral can be recognized at once 
as above. 


If the equation does not suggest an integrating factor, the question 
arises, Is there any integrating factor ? In the case of two variables 
(§ 94) there always was an integrating factor. In the case of three 
variables there may be none. For 


Bx'^^ dx’ 

Ti// ^ I T^// 

By’ 


dfi 

dx 


' dx 


dz 


dz ‘ 


R, 

P. 

Q. 


If these equations be multiplied by R, P, Q and added and if the result 
be simplified, the condition 



is found to be imposed on P, Q, R if there is to be an integrating fac- 
tor. This is called the condition of integr ability. For it may be shown 
conversely that if the condition (5) is satisfied, the equation may be 
integrated. 

Suppose an attempt to integrate (1) be made as follows : First assume 
that one of the variables is constant (naturally, that one which will 
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make the resulting equation simplest to integrate), say Then 
Pdx + Q,dy =0. Now integrate this simplified equation with an inte- 
grating factor or otherwise, and let F{x, y, z) = <^(^) be the integral, 
where the constant C is taken as a function of z. Next try to deter- 
mine so that the integral F(3c, y, z) = <^(s) will satisfy (1). To do 
this, differentiate ; 

F'Jix -f Fydy -h F'^dz = d<\>. 

Compare this equation with (1). Then the equations* 

F'^ = \P, F;=^\Q, (F'-\R)dz = d<l> 

must hold. The third equation (F' — KR) dz = d<l> may be integrated 
provided the coefficient S == F' — XR of dz is a function of z and </», 
that is, of z and F alone. This is so in case the condition (5) holds. It 
therefore appears that the integration of the equation (1) for which (5) 
holds reduces to the succession of two integrations of the type discussed 
in Chap. VIII, 

As an example take (2 x® + 2 »?/ + 2 a;2;2 + l) c?x + dy + 2zdz = 0. The condition 

(2x2 -I- 2xy + 2xz^ -f 1) 0 + 1(— 4x2) + 2z(2x) = 0 

of integrability is satisfied, The greatest simplification will be had by making x 
constant. Then d?/ + 2 2^2 = 0 and 2^ + 2^ = 0 (x). Compare 

dy + 2 zdz — d<p and (2 x® + 2 X 2 / + 2 X 22 + 1) dx + dy + 2 zdz = 0. 

Then \ = 1, — (2 + 2 xy + 2 xx^ + l) dx = d^ ; 

or — (2 x^ + 1 + 2 x0) dx = d0 or d^ -|- 2 x<^dx = — (2 x^ + 1) dx. 

This is the linear type with the integrating factor Then 

e*“(d0 + 2 x0dx) = — e“^(2 x^ + 1) dx or e^<f> = ” x^ + 1) dx + C. 

4- y'e^(2x2 4 1) dx = C 

is the solation. It may be noted that is the integrating factor for the original 
equation : 

e^\(2 x2 4 2 X 2 / 4 2 X22 + 1) dx 4 dy 4 2 zdz] = d ^ 6 ^( 1 / 4 2 ^) 4 J ^^(2 4 1) dxj * 

To complete the proof that the equation (1) is integrable if (5) is satisfied, it h 
necessary to show that when the condition is satisfied the coefficient S — F'^ — \E 
is a function of 2 and F alone. Let it be regarded as a function of x, F, 2 instead 
of X, y, z. It is necessary to prove that the derivative ot ;S by x when F and 2 are 
constant is zero. By the formulas for change of variable 

dS\ /SS\ , /dS\dF /dS\ /dS\ dF 


Hence y 4 2^ -f J* e^(2x^ 4 1) dx = Ce*-®"" or e^{y 4 z^) 
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y 
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\dX/F,K 
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dzdx 

dx 

dz 

dx 

Hence 


x( 

bP 

dR' 







\ dx) y, z 


,dz 

dx^ 

/ 

dz 

dx 



and 

(?) = 
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\dy dZj 


.dx dy/j 


pxQ axpi 

Vdx by y 


where a term has been added in the first bracket and subtracted in the second. 
Now as X is an integrating factor for Pdx -f Qdy, it follows that (XQ)' = (XP)^ ; and 
only the first bracket remains. By the condition of integrability this, too, vanishes 
and hence 5 as a function of P, z does not contain x but is a function of F and 
z alone, as was to be proved. 

110 . It has been seen that if the equation (1) is integrable, there is 
an integrating factor and the condition (5) is satisfied ; also that con- 
versely if the condition is satisfied the equation may be integrated, 
Gfeometrically this means that the infinity of planar elements defined 
by the equation can be grouped upon a family of surfaces F{x, y, z) = C 
to which they are tangent. If the condition of integrability is not satis- 
fied, the planar elements cannot be thus grouped into surfaces. Never- 
theless if a surface G(x^ = 0 be given, the planar element of (1) 
which passes through any point of the surface will cut the 

surface G = 0 in a certain lineal element of the surface. Thus upon the 
surface G (x, there will be an infinity of lineal elements, one 

through each point, which satisfy the given equation (1). And these 
elements may be grouped into curves lying upon the surface. If the 
equation (1) is integrable, these curves will of course be the intersections 
of the given surface G == 0 with the surfaces P = C defined by the 
integral of (1). 

The method of obtaining the curves upon G (x, y, which are 

the integrals of (1), in case (5) does not possess an integral of the form 
P(x, y, z) = G, is as follows. Consider the two equations 

Pdx + Qdy + Rdz = 0, G'Jx 4- G'^dy + G'^dz = 0, 

of which the first is the given differential equation and the second is 
the differential equation of the given surface. From these equations 
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one of the differentials, say may be eliminated, and the correspond- 
ing variable may also be eliminated by substituting its value obtained 
by solving G {x, y, z) = 0. Thus there is obtained a differential equa- 
tion Mdx -h Ndy = 0 connecting the other two variables x and y. The 
integral of this, F(x, y) = U, consists of a family of cylinders which cut 
the given surface (? = 0 in the curves which satisfy (1). 

Consider the equation ydx + xdy — (x + y + 2 ) dz = 0. This does not satisfy the 
condition (6) and hence is not completely integrable ; but a set of integral curves 
may be found on any assigned surface. If the surface be the plane 2 = x + y, then 

ydx + xdy — (sc + y + z) = 0 and dz — dz-\- dy 
give (x + z) dx + ( 2 / + 2 ^) dy = 0 or (2 x + y) dx + (2 y + x) dy = 0 
by eliminating dz and z. The resulting equation is exact. Hence 
+ xy + = C and 2 = x + y 

give the curves which satisfy the equation and lie in the plane. 

If the equation (1) were integrable, the integral curves may be used to obtain 
Ihe integral surfaces and thus to accomplish the complete integration of the equa- 
tion by Mayer's method. Tor suppose that F(x, y, z) = 0 were the integral surfaces 
and that T(x, y, 2 ) = ^(0, 0, z^) were that particular surface cutting the z-axis at Zq. 
The family of planes y = Xx through the z-axis would cut the surface in a series 
of curves which would be integral curves, and the surface could be regarded as 
generated by these curves as the plane turned about the axis. To reverse these 
considerations let y = Xx and dy = Xdx ; by these relations eliminate dy and y from 
(1) and thus obtain the differential equation Mdx + Ndz = 0 of the intersections 
of the planes with the solutions of (1). Integrate the equation as/(x, 2 , X) = O and 
determine the constant so that/(x, z, X) =/(0, Zq, X). Tor any value of X this gives 
the intersection of T(x, y, 2 ) = T(0, 0, z^) with y = Xx. Now if X be eliminated by 
the relation X = y/x, the result will be the surface 

^ (*’ *’ 1 ) ~ 1 ) ’ ^ y,e) = F ( 0 , 0 , *(,), 

which is the integral of (1) and passes through (0, 0, Zq), As Zq is arbitrary, the 
solution contains an arbitrary constant and is the general solution. 

It is clear that instead of using planes through the z-axis, planes through either 
of the other axes might have been used, or indeed planes or cylinders through any 
line parallel to any of the axes. Such modifications are frequently necessary owing 
to the fact that the substitution /(O, Zq, X) introduces a division by 0 or a log 0 or 
some other impossibility. Tor instance consider 

y*dx -h zdy — ydz = 0, y = Xx, dy = Xdx, X^x^dx -h Xzdx — Xxdz = 0. 
Then Xdx -h = 0, and Xx — - =/(x, z, X) . 

X X 

m. 






iJVvl 


.A 


T-C 4.1,. 


Hence x — = — Zt, or x — - = Zn — G, 

I + X® “ y ® 

is the solution. The same result could have been obtained with a; = or y = \ (cc — a) 
In the latter case, however, care should be taken to use /(a;, z, X) =/(a, Zq^ X). 

EXERCISES 

1 . Test these equations for exactness ; if exact, integrate ; if not exact, find an 
integrating factor by inspection and integrate : 

(a) (y z)dx (z + x) dy + (a; + y) dz = 0, (/3) y^dx + zdy — ydz = 0, 

(7) xdx + ydy — Va^ — — yHz = 0, (5) 2 2 (dx — dy) + (x — y) dz = 0, 

(c ) (2 X + 2/^ + 2 X2) dx + 2 xydy + xHz = 0, (f ) zydx — zxdy + yHz, 

U) X (y — 1) (2 — 1) dx 4- 2/ (2 — 1) (x — 1) dy + 2 (x — 1) (y — 1) d2 = 0. 

2. Apply the test of integrability and integrate these: 

(a) (x2 — dx + 2 xydy + 2 xzdz = 0, 

( j3) (x -h y^ + z^ -i- l)dx + 2 ydy + 2 2d2 = 0, 

(7) {2/ + a)®dx + zdy = (y + a) dz, 

(5) (1 — x^ — 2 yH) d2 = 2 X2dx + 2 yzHy, 

( c ) x^dx^ + y^dy^ — zHz^ + 2 xydxdy = 0, 

{^) 2 (xdx + ydy + zdzY — {z^ — x^ — y^) (xdx + ydy + zdz)dz» 

3. If the equation is homogeneous, the substitution x = U2, y = vz, frequently 
shortens the work. Show that if the given equation satisfies the condition of inte- 
grability, the new equation will satisfy the corresponding condition in the new 
variables and may be rendered exact by an obvious integrating factor. Integrate : 

(a) (y2 + yz) dx + (x2 + 2^) dy + (y^ — xy) d2 = 0, 

()3) (x2y — y3 — yH) dx + (xy^ — xH — x^) dy + (xy® + x^y) d.z = 0, 

(7) + y2 + 2®) dx + (x® + X2 + 2®) dy (x® + xy 4- V^) dz = 0. 

4. Show that (6) does not hold ; integrate subject to the relation imposed : 

(a) ydx 4- xdy — (x + y 4- g) d2 = Q, x y z = k or y — kx, 

(i 3 ) c (xdy 4* ydy) + Vl — a®x® — 5®y®d2 = 0, a®x® + 6®y® 4* c®2® = 1, 

(7) d2 = aydx 4 &dy, y — kx or x® + y® 4- 2:® = 1 or y=/(x). 

5. Show that if an equation is integrable, it remains integrable after any change 
of variables from x, y, 2 to u, u, w. 

6. Apply Mayer’s method to sundry of Exs. 2 and 3. 

7. Eind the conditions of exactness for an equation in four variables and write 
the formula for the integration. Integrate with or without a factor ; 

(a) (2 X + y® 4 2 X2) dx + 2 xydy 4- x®d2 + dw = 0, 

(/ 3 ) yzudx + xzudy 4- xyvjdz 4 - xyzdu =0, 

(7) (y 4 2 + w) dx 4* (x 4- 2: 4* dy 4- (x 4* y + w) d2 + (x 4- y + 2^) <^'1* = 0, 

(5) u{jy + 2)dx + it(y + 2 + l)dy -1- udz — (y 4- z)du = 0. 

8. If an equation in four variables is integrable, it must be so when any one of 
the variables is held constant. Hence the four conditions of integrability obtained 
by writing (6) for each set of three coefficients must hold. Show that the conditions 


remaining terms and determining the constant of integration as a function of tht 
fourth in such a way as to satisfy the equations. 

{a) z(y z)dx z (u — x) dy y (x — u)dz V (y -{■ z) du = 0, 

(j3) uyzdx + uzx log xdy + iLxy log xdz — xdu = 0. 

9. Try to extend the method of Mayer to such as the above in Ex. 8. 

10. If G (x, y^z) — a and jBr(x, y., z) = h are two families of surfaces defining i 
family of curves as their intersections, show that the equation 

(G'/i: - G',h;) dx + {G',II', - G'^:) dy + (G'^; - G'^K) dz = 0 

is the equation of the planar elements perpendicular to the curves at every poin 
of the curves. Find the conditions on G and JT that there shall be a family of sur 
faces which cut all these curves orthogonally. Determine whether the curves belov 
have orthogonal trajectories (surfaces) ; and if they have, find the surfaces : 

{a) y = X z =: X + (iS) 2/ = otx + 1, 25 = &x, 

(7) i- =z 2 = (d) xy = a, xz = h, 

(c) x® + 2/2 + = a2, xy = h, (i*) x^ + 2y^ Sz^ = a, xy^z- h, 

(t;) log xy = as:, x + 2 / + z = &, (^) y = 2 ox + a^, 2 = 2 &x + W‘. 

11. Extend the work of proposition 3, § 94, and Ex. 11, p. 234, to find the norma 
derivative of the solution of equation (1) and to show that the singular solution ma^ 
be looked for among the factors of yr'^ = 0. 

12. If F = Pi + Qj H- Ek be formed, show that (1) becomes F.dtr = 0. Shov 
that the condition of exactness is VxF = 0 by expanding VxF as the formal vecto; 
product of the operator V and the vector F (see § 78). Show further that the condi 
tion of integrability is F*(VxF) = 0 by similar formal expansion. 

13. In Ex. 10 consider VC? and VET. Show these vectors are normal to the sur 
faces (? = a, Pf = 6, and hence infer that (VCr)x(Vir) is the direction of the inter 
section. Finally explain why dr*(VGxVir) = 0 is the differential equation of th< 
orthogonal family if there be such a family. Show that this vector form of the family 
reduces to the form above given. 

111. Systems of simultaneous equations. The two equations 

^ = /(x, ?/, «), — == y, 2 ) (6^ 


in the two dependent variables y and % and the independent variable a 
constitute a set of simultaneous equations of the first order. It is mort 
customary to write these equations in the form 


X (x, y, z) Y (x, y, z) Z {x, y, z) 


which is symmetric in the differentials and where X: Y: Z = 1:/: g 
At any assigned point y^j of space the ratios dxidyidz of the 
differentials are determined by substitution in (7). Hence the equationg 
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2C1 


fix a definite direction at each point of space, that is, they determine a 
lineal element through each point. The problem of integration is to 
combine these lineal elements into a family of curves /"(.r, //, 

y, ,t) = Cj, depending on two parameters and one curve pass- 
ing through each point of space and having at that point the direction 
determined by the equations. 

For the formal integration there are several allied methods of pro^ 
cedure. In the first place it may happen that two of 
dx _ dy dy _^dz dx _ dz 

Y“T’ 'y~'z’ 1c~'z 


are of such a form as to contain only the variables whose differentials 
enter. In this case these two may be integrated and the two solutions 
taken together give the family of curves. Or it may happen that one 
and only one of these equations can be integrated. Let it be the first 
and suppose that F (cc, y) = is the integral. By means of this inte* 
gral the variable x may be eliminated from the second of the equations 
or the variable y from the third. In the respective cases there arises 
an equation which may be integrated in the form G (y, or 

G(x^ F) = and this result taken with F(x^ y) = will determine 
the family of curves. 

Consider the example ^ . Here the two equations 

yz xz y 


and 


xdx 


= dz 


xdx _ ydy 
y X z 

are integrable with the results x® — 2/® = = Gj , and these two integrals 


constitute the solution. The solution might, of course, appear in veiy different 
form j for there are an indefinite number of pairs of equations F(x, z, C^) = 0 , 
G (x, 2/, Gj) = 0 which will intersect in the curves of intersection of x® — 2/® = G^, 


and x2 — ^2 ~ (7^ ^ In fact (y® is clearly a solution and could 


replace either of those found above. 

dx 


Consider the example • 


. - 
2xy 


dz 
' 2xz 


Here 


x2 — ^2 , 

dy _ dz 
y z' 

is the only equation the integral of which can be obtained directly. If y be elimi- 
nated by means of this first integral, there results tire equation 


with the integral y = G^2, 


dx 


dz 


— or 2 xzdx + [(G/ -h 1) — 2 ^ 2 ] dz = 0. 


x2~.(02+1)22 2X2: 

This is homogeneous and may be integrated with a factor to give 


3:2 4 - n? 4 - 1 ^ 9;2 — n . 9 . nr r ,2 4. oy2 4. 22 ^ (7 2. 


possible so to cboose them that the last expression, taken with one c 
the first three, gives an equation which may be integrated. With th: 
first integral a second may be obtained as before. Or it may be the 
two diferent choices of X, /a, v can be made so as to give the two desire 
integrals. Or it may be possible so to select two sets of multipliers the 
the equation obtained by setting the two expressions equal may I 
solved for a first integral. Or it may be possible to choose X, /ot, v e 
that the denominator XX fjiY+vZ = 0, and so that the numerate 
(which must vanish if the denominator does) shall give an equation 

Xdx + fi,dy + vd» = 0 (^ 

which satisfies the condition (5) of integrability and may be integrate 
by the methods of § 109. 

Consider the equations = -- — ^ = — — Here take X, u, 

+ + (x+y)z 

as 1, — 1, — 1 ; then XX fiY + = 0 and dx-^dy ^ dz^Q is integrable i 

X — y — 2 = . This may be used to obtain another integral. But another choii 

of X, /w, V as X, y, 0, combined with the last expression, gives 


Hence 


xdx + ydx _ dz 
(x2 + yS) (x + y) ■“ (X + y)2 

X — y — 2 = Oj 


or log (x2 + y2) = log 2^ + Cg . 
and + y2 = G^z^ 


will serve as solutions. This is shorter than the method of elimination. 

It will be noted that these equations just solved are homogeneous. The subsl 
tution X = M2, y = r 2 might be tried. Then 


udz + zdu _ vdz + zdv _ d 2 _ zdu _ zdv 

+ + u t43-j-u2 — u u 4- r r® — MV + r m^ — mv — m’ 

du _ dv _dz 

V2 — MV 4* V m2 — MV — M 2 


Now the first equations do not contain 2 and may be solved. This always happe: 
in the homogeneous case and may be employed if no shorter method suggests itsel 


It need hardly be mentioned that all these methods apply equally 1 
the case where there are more than three equations. The geometr 
picture, however, fails, although the geometric language may be conti: 
ued if one wishes to deal with higher dimensions than three. In son 
cases the introduction of a fourth variable, as 


dx dy dz dt 
X “ F 





or 


three v< 7 .riables. This is particularly true when X, 7, Z are linear with 
constant coefficients, in which case the methods of § 98 may be applied 
with t as independent variable. 

112. Simultaneous differential equations of higher order, as 


df 


df ^ y’ 




dx 

—T- 3 

dt 

dr dcfi 


/ , dd>\ 



especially those of the second order like these, are of constant occur- 
rence in mechanics; for the acceleration requires second derivatives 
with respect to the time for its expression, and the forces are expressed 
in terms of the coordinates and velocities. The complete integration of 
such equations requires the expression of the dependent variables as 
functions of the independent variable, generally the time, with a num- 
ber of constants of integration equal to the sum of the orders of the 
equations. Frequently even when the complete integrals cannot be 
found, it is possible to carry out some integrations and replace the 
given system of equations by fewer equations or equations of lower 
order containing some constants of integration. 

No special or general rules will be laid down for the integration of 
systems of higher order. In each case some particular combinations of 
the equations may suggest themselves which will enable an integration 
to be performed.* In problems in mechanics the principles of energy, 
momentum, and moment of momentum frequently suggest combinations 
leading to integrations. Thus if 

= y''==r, = 

where accents denote differentiation with respect to the time, be multi- 
plied by dxj dyj d% and added, the result 

x^^dx + y^^dy -|- z^^dz = Xdx -f- Ydy + Zdz (11) 

contains an exact differential on the left ; then if the expression on the 
right is an exact differential, the integration 

y"* +«'")= r + Ydy +Zdz + C (11') 


♦ It is possible to differentiate the given equations repeatedly and eliminate all the 
dependent variables except one. The resulting differential equation, say in x and may 
then he treated by the methods of previous chapters ; hut this is rarely successful e&cept 
when the equation is linear. 


If two of the equations are multiplied by the chief variable of the other 
and subtracted, the result is 

^xif=^ yX-xY ( 12 ) 

and the expression on the left is again an exact differential; if the 
right-hand side reduces to a constant or a function of then 




is an integral of the equations. This is the principle of moment of 
momentum. If the equations can be multiplied by constants as 

-f- my^* “h = IX mY nZ^ 

so that the expression on the right reduces to a function of an inte- 
gration may be performed. This is the principle of momentum. These 
three are the most commonly usable devices. 

As an example : Let a particle move in a plane subject to forces attracting it 
toward the axes by an amount proportional to the mass and to the distance from 
the axes ; discuss the motion. Here the equations of motion are merely 


w — - = — kmy or 


. = — Ay. 


Then tl!t^ + <fV^=-A;(adx + ydy) and -*(** + *'“) + <?• 

Also and v^-x^-C' 

Also y__a,^^_0 and y--x--C. 

In this case the two principles of energy and moment of momentum give two 
integrals and the equations are reduced to two of the first order. But as it happens, 
the original equations could be integrated directly as 


~dx =— kxdxj 


The constants and of integration have been written as squares because they 
are necessarily positive. The complete integration gives 

Vto = C sin {-y/jct + (7^), -y/ky = K sin ( -f- iTg). 

As another example : A particle, attracted toward a point by a force equal to 
r/m^ + per unit mass, where m is the mass and h is the double areal velocity 
and r is the distance from the point, is projected perpendicularly to the radius vec- 
tor at the distance Vmh ; discuss the motion. In polar coordinates the equations 
of motion are 

\dt/ J r dt\ dt/ 


(^Y=-tea + c^ 

\dt/ 

(^%-ky^ + K^, 
\at/ 


dy 


-A. T T T 1 n 1 J 1 J l 




The second integrates directly as rH<f>/dt = h where the constant of integration h 
is twice the areal velocity. Now substitute in the first to eliminate 0. 

d^r _ r d^r _ r ^ 

dt^ r® ni2 r® ^ dt^ \(it/ ~ ’ 


Now as the particle is projected perpendicularly to the radius, dr/dt = 0 at the 
start when r = Vm/i. Hence the constant G is h/m. Then 


Hence 


dr 


\m 


; = dt and 


r^d(f) 

HT' 


: dt give 


’Vmkdr 



/l-Il 

\ 

' hm 


~ dtpm 


= + C or = 

\r^ h km 


(0 + C)" 

mil 


Now if it be assumed that 0 = 0 at the start when r = V mh^ we find G = Oi 

Hence = - — ; ■ is the orbit 

1 + 02 

To find the relation between 0 and the time, 

rH4> = hdt or = dt or t = mtan-i0, 

1+02 

if the time be taken as t = 0 when 0 = 0. Thus the orbit is found, the expression 
of 0 ag a function of the time is found, and the expression of r as a function of the 
time is obtainable. The problem is completely solved. It will be noted that the 
constants of integration have been determined after each integration by the initial 
conditions. This simplifies the subsequent integrations which might in fact be 
impossible in terms of elementary functions without this simplification. 
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1. Integrate these equations : 
daj _ dy _ dis 
^ yz xz xy^ 

ty\ ^ _d,y _^dz 
’ xz yz xy 

dx_dy dz 


y X 1 + 22 ' 
2. Integrate the equations : 
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\P) o 


dz 


aj 2 + y 2 2 xy xz + yz 

dx _ dy 

y^x — 2®* 2y* — x®y ” 2(a5® — y®)’ 

dx dy dz 


ia^ dx_dy _ 


dz 


y2 x^y^z^ 

daj dy dz 


yz xz a: + y 
dx dy 


dz 


(«) 

(■y) 

(‘) 

iv) 


-1 

3y + 4:Z 

2 y + 62 


dx 

_ dy 

_ dz 


bz — cy cx— az 

1 


dx 

- ^ 

dz 


y + 2 

X + 2 X + y' 


dx 

_ dy 

dz 


x(v- 

1 

1 

x) " 2 (X — 

y)’ 

dx 

— 

dy 

dz 


— v{z^ — x^) *(»* — ’’ x(y* — z*) y(z® + ®*) *(»“ + ?/’)’ 


of the family of surfaces F (aj, z) = U are dx:dy:dz = F^: Fy : F^ . Find the curv 
which cut the following families of surfaces orthogonally ; 

(a) = (7, (jS) xyz = 0, (7) = Cxz^ 

(5) y = x tan (z + C), (e) y — % tan Cz, (^) z = Cxy, 

4 . Show that the solution of dx : dy :dz X t Y : Z, where JT, F, Z are linei 
expressions in Zy can always he found provided a certain cubic equation C£ 
be solved. 

5 . Show that the solutions of the two equations 

^+T(ax + bv) = T„ ^+T{a'x + b'y):=T^, 

dt dt 

where T, Tj, are functions of may be obtained by adding the equation as 

— (a; + iy) + xr(aj + ly) = + IT^ 

after multiplying one by I, and by determining X as a root of 
X^ — (a + 6') X + a6' — a'b = 0. 

6. Solve: (a) + 2 (x — y) = «, i ^ 4* = ^2^ 

dt dt 

(/3) tdx=: (t — 2x)dt^ tdy = {tx + ty + 2x ^ t) dt^ 

/ \ ^ ^ mdy _ ndz _ ^ 

mn(y — z) nl {z — x) Im (x — y) t 

7 . A particle moves in vacuo in a vertical plane under the force of gravity alon 
Integrate. Determine the constants if the particle starts from the origin with 
velocity T and at an angle of a degrees with the horizontal and at the time i = 

8. Same problem as in Ex. 7 except that the particle moves in a medium whi( 
resists proportionately to the velocity of the particle. 

9. A particle moves in a plane about a center of force which attracts proportio: 
ally to the distance from the center and to the mass of the particle. 

10 . Same as Ex, 9 but with a repulsive force instead of an attracting force. 

11. A particle is projected parallel to a line toward which it is attracted wil 
a force proportional to the distance from the line. 

12 . Same as Ex. 11 except that the force is inversely proportional to the squa: 
of the distance and only the path of the particle is wanted. 

13 . A particle is attracted toward a center by a force proportional to the squai 
of the distance. Eind the orbit. 

14 . A particle is placed at a point which repels with a constant force und< 
which the particle moves away to a distance a where it strikes a peg and 
deflected off at a right angle with undiminished velocity. Eind the orbit of tl 
subsequent motion. 

15 . Show that equations (7) may be written in the form drxP = 0. Eind tl 
condition on F or on X, F, Z that the integral curves have orthogonal surfaces. 
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113. Introduction to partial differential equations. An equation 
which contains a dependent variable, two or more independent varia- 
bles, and one or more partial derivatives of the dependent variable 
with respect to the independent variables is called b, partial differential 
equation. The equation 

+ = ? = (i4) 

is clearly a linear partial differential equation of the first order in one 
dependent and two independent variables. The discussion of this equa^ 
tion preliminary to its integration may be carried on by means of the 
concept of planar elements^ and the discussion will immediately suggest 
the method of integration. 

When any point (cc^, of space is given, the coefficients P, (2, P 

in the equation take on definite values and the derivatives p and q 
are connected by a linear relation. Now any planar element through 
(a^o, 2/o? ^o) considered as specified by the two slopes p and q ; for 

it is an infinitesimal portion of the plane ^ = p + q (y -- 

in the neighborhood of the point. This plane contains the line or lineal 
element whose direction is 

dx:dy:dz = P:Q:Ry (15) 

because the substitution of P, Q, R for = cc — dy ^y y^^ 
= sj — in the plane gives the original equation Pp -f = P. 
Hence it appears that the planar elements defined by (14), of which 
there are an infinity through each point of space, are so related that all 
which pass through a given point of space pass through a certain line 
thi'ough that point, namely the line (15). 

Now the problem of integrating the equation (14) is that of grouping 
the planar elements which satisfy it into surfaces. As at each point 
they are already grouped in a certain way by the lineal elements through 
which they pass, it is first advisable to group these lineal elements into 
curves by integrating the simultaneous equations (15). The integrals 
of these equations are the curves defined by two families of surfaces 
P(£c, 3 /, z) = Cj and G{x^ y, z)^C^. These curves are called the charac- 
teHstic curves or merely the characteristics of the equation (14). Through 
each lineal element of these curves there pass an infinity of the planar ele- 
ments which satisfy (14). It is therefore clear that if these curves be in 


on two parameters into a surface, it is merely necessary to inti 

duce some functional relation C 2 =/(Cj) between the parameters 
that when one of them, as is given, the other is determined, ai 
thus a particular curve of the family is fixed by one parameter alo; 
and will sweep out a surface as the parameter varies. Hence to Integra 
(14), firH integrate (15) and then write 

G{x, y, ») = $[F(a:, y, «)] or (?) = 0, (1 

where denotes any arbitrary function. This will be the integral 
(14) and will contain an arbitrary function 


As an example, integrate (y — — jc) g = » — y. Here the equations 


dx _ dy 



give »* + y2 + 2 * = Cp 


X + y + 2 = Cj 


as the two integrals. Hence the solution of the given equation is 

® + y + 2 = ^ (x2 + y2 _|. or * (x* + y* + 2^^ X + y + 2) = 0, 

where ^ denotes an arbitrary function. The arbitrary function allows a soluti 
to be determined which shall pass through any desired curve ; for if the curve 
/(x, y, z) = 0, y{x, y, z) = 0, the elimination of x, y, z from the four simultanec 
equations 

F(x,y,z)=Ci, G{x,y,z)-C^, /(x,y,z) = 0 , g(x,y,z) = 0 

will express the condition that the four surfaces meet in a point, that is, that i 
curve given by the first two will cut that given by the second two ; and this elii 
nation will determine a relation between the two parameters and which v 
be precisely the relation to express the fact that the integral curves cut the gi's 
curve and that consequently the surface of integral curves passes through the gh 
curve. Thus in the particular case here considered, suppose the solution were 
pass through the curve y = x®, 2 = x ; then 

+ y^ + = C?!, X + y + 2 = Cg, y = X*, 2 =: x 

give 2 x^ + X* = Cj, X* + 2 X = Cg, 

whence (C| + 2 Cg - + 8 - 24 - 16 = 0. 

The substitution of = x^ -f y* -f and Cj = x + y + 2 in this equation v 
give the solution of (y — 2)p + (2; — x) g = x — y which passes through the parab 
y = x^,z = x. 


114 , It will be recallecjL that the integral of an ordinary diff 
ential equation f(x, 2/, y', • • • , = 0 of the nth order contains n c( 

slants, and that conversely if a system of curves in the plane, s 
F(x, y, Cj, • • •, C„) = 0, contains n constants, the constants may 
eliminated from the equation and its first n derivatives with re8p( 
to X. It has now been seen that the integral of a certain part 
differential equation contains an arbitrary function, and it might 


se to a partial differential equation of the first order. To show 
lis, suppose F{Xj y, is;) = y, is;)]. Then 

)llow from partial differentiation with respect to x and y ; and 

{f:g; - f;,g:)p + {f',g: - = f;g', f'^g; 

a partial differential equation arising from the elimination of 
[ore generally, the elimination of n arbitrary functions will give rise 
) an equation of the nth order ; conversely it may be believed that 
le integration of such an equation would introduce n arbitrary func- 
ons in the general solution. 


Ab an example, eliminate from z = (xy) + ^ (a; + y) the two arbitrary func- 
ons ^ and 'ir. The first differentiation gives 

. y 4 - O' = y — g = (y — jc) 

d^z d^z d^z 

ow differentiate again and let r = — s = , t = — . Then 

^xdy ay2 


r — s = — 4'' + (y — x) 4»" • y, 5 — t + (y x) . x. 

hese two equations with p — g = (y — x)4»' make three from which 

y , , , . x + y . . dh . , . dH , dH x-^y/dz Bz\ 

"“(x + y)s + yi = (p-q) or (» + y)-— + y_ = r-“^) 

X — y dx^ dxdy dy^ x — y\0x dy/ 

lay be obtained as a partial differential equation of the second order free from 
and The general integral of this equation would be x = ^ (xy) + ^ (x + y). 


A partial differential equation may represent a certain definite type 
f surface. Tor instance by definition a conoidal surface is a surface 
enerated by a line which moves parallel to a given plane, the director 
lane, and cuts a given line, the directrix. If the director plane be taken 
s is; = 0 and the directrix be the 2 :-axis, the equations of any line of 
he surface are 

« = y = with Cj == ^(Cg) 

s the relation which picks out a definite family of the lines to form a 
articular conoidal surface. Hence z = <^(y/x) may be regarded as the 
eneral equation of a conoidal surface of which == 0 is the director 
lane and the ;s:-axis the directrix. The elimination of O gives -j- gy = 0 
s the differential equation of any such conoidal surface. 

Partial differentiation may be used not only to eliminate arbitrary func- 
lons, but to eliminate constants. Tor if an equation /(cc, y, z, C^, C^) = 0 
ontained two constants, the equation and its first derivatives with respect 
0 X and y would yield thi-ee equations from which the constants could 
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be eliminated, leaving a partial differential equation F(x^ y, q) ; 
of the first order. If there had been five constants, the equation t? 
its two first derivatives and its three second derivatives with res] 
to X and y would give a set of six equations from which the constg 
could be eliminated, leaving a differential equation of the second or 
And so on. As the differential equation is obtained by eliminating 
constants, the original equation will be a solution of the resulting 
ferential equation. 

For example, eliminate from z — Ax^ + 2 Bxy + Cy^ + Dx + F?/ the five 
stants. The two first and three second derivatives are 

p =:2Ax + ^By + JO^ g = 2Fa3 4-2 0yH-F, r = 2A, s = 2B^ t = ^ 
Hence z i J ^ px -\r qy 

is the differential equation of the family of surfaces. The family of surface 
not constitute the general solution of the equation, for that would contain 
arbitrary functions, but they give what is called a complete solution. If there 
been only three or four constants, the elimination would have led to a differei 
equation of the second order which need have contained only one or two of 
second derivatives instead of all three ; it would also have been possible to find t 
or two simultaneous partial differential equations by differentiating in different v 

115. If f{x, y, z, = 0 and F(x, y, \ 

are two equations of which the second is obtained by the eliminatio 
the two constants from the first, the first is said to be the complete & 
tion of the second. That is, any equation which contains two dist 
arbitrary constants and which satisfies a partial differential equatio; 
the first order is said to be a complete solution of the differential ei 
tion. A complete solution has an interesting geometric interpretat 
The differential equation F = 0 defines a series of planar elemi 
through each point of space. So does f{x, y^ C^, = 0. For 

tangent plane is given by 

|[(* - *«) + f\iy - y.) + 1 [(« - «o) = 0 

/(*o> 0 

as the condition that and shall be so related that the snr: 
passes through y^, z^. As there is only this one relation betv 
the two arbitrary constants, there is a whole series of planar elemi 
through the point. As f(x, y, = 0 satisfies the differential e( 


MORE THAN TWO VARIABLES 
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Prom the idea of a solution of a partial differential equation of the 
rst order as a surface pieced together from planar elements which 
itisfy the equation, it appears that the envelope (p. 140) of any family 
f solutions will itself be a solution ; for each point of the envelope is 
point of tangency with some one of the solutions of the family, and 
le planar element of the envelope at that point is identical with the 
lanar element of the solution and hence satisfies the differential equa- 
,on. This observation allows the general solution to he determined from 
ny complete solution. For if in f{x, y, = 0 any relation 

\ = is introduced between the two arbitrary constants, there 

rises a family depending on one parameter, and the envelope of the 
imily is found by eliminating from the three equations 




dCfdC^ ' 


/= 0 . 


(18) 


.s the relation = 4>(Cj) contains an arbitrary function <&, the result 
t the elimination may be considered as containing an arbitrary func- 
on even though it is generally impossible to carry out the elimination 
sccept in the case where has been assigned and is therefore no longer 
rbitrary. 

A family of surfaces f(x, y, z, Cg) = 0 depending on two param- 
[;ers may also have an envelope (p. 139). This is found by eliminate 
ig and from the three equations 


f(x,y,^,C„C^ = 0, ^ = 0 , ^ = 0 . 

his surface is tangent to all the surfaces in the complete solution, 
his envelope is called the singular solution of the partial differential 
juation. As in the case of ordinary differential equations (§ 101), the 
ngular solution may be obtained directly from the equation ; * it is 
lerely necessary to eliminate p and g from the three equations 

dF dF 

F(x, y, ?) = 0, ^ = 0. 

he last two equations express the fact that F(p, y) = 0 regarded as 
function of p and g should have a double point (§ 57). A reference 
) § 67 will bring out another point, namely, that not only are all the 
irfaces represented by the complete solution tangent to the singular 
)lution, but so is any surface which is represented by the general 




1. Integrate these linear equations: 


(or) xzp + yzq = xy, 

(5) - + 1 + ^2 = 0, 

(ij) x2p — xyq + 1/2 = 0, 

(t) p tan X + g tan y = tan z, 


03) a (p + g) = z, ( 7 ) x^p + y^q = 

(e) yp-xq = x^-- y^, (f) (x + 2:)p = 2/ 

((9) {a.-x)p + (6-i/)g = c-z, 

(#c) (y^ + 22-^ x2jp _ 2x2/g + 2x2 = 0. 


2. Determine the integrals of the preceding equations to pass through the cur 

for (cr) x2 + 2/2 = 1, 2 = 0, for (/3) p = 0, x = 2 , 

for ( 7 ) y = 2 x, 2 — 1 , for (c) x = 2 , y = 2 . 


3. Show analytically that if J9’(x, p, 2 ) = is a solution of (16), it is a solii 
of (14). State precisely what is meant by a solution of a partial differential e( 
tion, that is, by the statement that F(x, p, 2 ) = satisfies the equation. Show 
the equations 


p^+ Q^-B and P—+Q— + B — = 0 
Sx dy dx dy dz 


are equivalent and state what this naeans. Show that if F= and G = Og 
two solutions, then F = ^ (G) is a solution, and show conversely that a functi< 
relation must exist between any two solutions (see § 62) . 

4. Generalize the work in the text along the analytic lines of Ex. 8 to ea 
lish the rules for integrating a linear equation in one dependent and four < 
independent variables. In particular show that the integral of 


'■dx. 




depends on 


dx^ 


dxn _ dz 


and that if • • • , = C„ are n integrals of the simultaneous system, 

integral of the partial differential equation is ^(i^i, • • •, i^'n) = 0. 


c T X . . , du . du , du 

5. Integrate ; (or) x H 1 / 2 — = xyz, 

dx dy dz 

(/S) + Z + m) + (2 + “ + *) ^ + (w + a; + y) ^ = * + • 

dx dy dz 


6. Interpret the general equation of the first order F{x, p, 2 , p, g) = 0 as de 
mining at each point (Xq, Zq) of space a series of planar elements tangent 
certain cone, namely, the cone found by eliminating p and g from the three sii 
taneous equations 

^(»oi J'ot Zq. P, 9) = 0, {X — Xf,)p + (y- ya)q = z - 

7. Eliminate the arbitrary functions : 

(a) X + 2 / + 2 = ^ (x2 + 2 /“ + z^), (^) 4> (x2 + — xy) = 0, 

(7) 2 = 4 > (x + 2/) + St- (x — y)j ($) 2 = (x — p), 

(f) af=:p2^2<l>(x-i + logp), (9 =0, 


(or) cylinders with generators parallel to the line x az, y ^ bz^ 

(/3) conical surfaces with vertex at (a, c), 

(7 ) surfaces of revolution about the line X:y :z = a :b:c. 

9. Eliminate the constants from these equations: 

(or) 2; = (x + a) (y + 6 ), (^) a(x^ + y^) + bz^ = 1 , 

(7) (x~-a)2 + (2/--6)2+(;j~.c)2 = l, (5) (a:^a)2 + (y~&)2+(;j^C)2=:d*, 

( e ) Ax^ + Bxy + Cy^ + Bxz + Byz = 

10 Show geometrically and analytically that F{x^ y, z) + aG {x, z) = b is a 
complete solution of the linear equation. 

11. How many constants occur in the complete solution of the equation of the 
third, fourth, or nth order ? 

12 . Discuss the complete, general, and singular solutions of an equation of the 
first order F{x, y, z, n, n', w', n') = 0 with three independent variables. 

13. Show that the planes 2; = ox + + C, where a and b are connected by the 

relation E(a, h) = 0, are complete solutions of the equation E{p, q) = 0. Integrate : 

(a) pg = 1, 0?) g = + 1, (7) + g* = m*, 

(d)pq = k, {() k\osq + p = 0 , (f) - 2 g2 = 4yg, 

and determine also the singular solutions. 

14. Note that a simple change of variable will often reduce an equation to the 
type of Ex. 13. Thus the equations 

with z = e*', X = z = e*', x = e^', y = 

take a simpler form. Integrate and determine the singular solutions : 

(a) g = 2 + pa, iP) a2p2 + ySq2 - 2 = pg, 

(8) g = 2 yp% («) (p - yf + (g - x)’ = 1, (f) z ^p-^q^. 

15. What is the obvious complete solution of the extended Clairaut equation 
z =xp A yq +/(p, q) ? Discuss the singular solution. Integrate the equations ; 

(a) z = xp A yq A + i, (|8) 2; = xp + + (p -f q)^, 

(7) z = xpAyq + pqi (5) 2: = xp + yg — 2 

116. Types of partial differential equations. In addition to the 
linear equation and the types of Exs. 13~15 above, there are several 
types which should be mentioned. Of these the first is the general 
equation of the first order. If F (x, Zy y?, 2 ') = 0 is the given equation 
and if a second equation $ (x, y, x, jp, g, a) — 0, which holds simultane- 
ously with the first and contains an arbitrary constant can be found, 
the two equations may be solved together for the values of jp and and 
the results may be substituted in the relation dz = pdx + qdy to give a 
total differential equation of which the integral will contain the con- 
stant a and a second constant of integration b. This integral will then 


with respect to x and y and use the relation that dz be exact. 

-4- 7} -4- -4- =0. — F' 

F' 4* F'q A- F' — + F' — = 0 

^ dy^ ^dy ^ 

qif'o _L, ^ 4. ^?£ = 0 — F' 

-1- -t* -f o, 


dp dq 


: 0, F'<3>' — ii/F' 


dy dx 

Multiply by the quantities on the right and add. Then 

(K+PK) ^ + (F; + qF:)^-F;^-F',-^- (pF; + qF') -^ = 0. (20) 

Now this is a linear equation for and is equivalent to 

dp ^2 dx dy ^ ^ 

f:+pf:^ F'y^qF:-^ ^f;^ ^{pF;^-qF';)^ o' ^ > 

Any integral of this system containing p ov q and a will do for $, and 
the simplest integral will naturally be chosen. 


As an example take 2 :p(x + +p(g — p) — 2;2 0. Then Charpit’s equa- 
tions are 

^ ^ 

- + y) ” zxy — 22g +pg(aj + y) ~ 2p - - 2 ( 3 ; + I/) 

_ dy __ dz 

— p 2 p 2 «- q,pq ^pz(X‘^- y) 

How to combine these so as to get a solution is not very clear. Suppose the sub 
stitution z = e*", p = e^y, q = e^'q' be made in the equation. Then 

+ y) + — j?') — 1 = ^ 

is the new equation. Tor this Charpit’s simultaneous system is 

^ ^ ^ dy _ dz 

p' p' 2p' — q' {x + y) — p' 2 p '2 _ 2pq — (x + y) 

The first two equations give at once the solution dp' = dq' or q' =p' + cb» Solving 




is a complete solution of the given equation. This will determine the general 
integral by eliminating a between the three equations 

z = + 25 + 2/), & =/{«)» 0 = (sr +/'(a))(a + x + 2 /) + 1, 

where f(a) denotes an arbitrary function. The rules for determining the singular 
solution give z = 0; but it is clear that the surfaces in the complete solution can- 
not be tangent to the plane 2 = 0 and hence the result 2 = 0 must be not a singula’ 
solution but an extraneous factor. There is no singular solution. 

The method of solving a partial differential equation of higher ordef 
than the first is to reduce it first to an equation of the first order and 
then to complete the integration. Frequently the form of the equation 
will suggest some method easily applied. For instance, if the deriva- 
tives of lower order corresponding to one of the independent variables 
are absent, an integration may be performed as if the equation were 
an ordinary equation with that variable constant, and the constant of 
integration may be taken as a function of that variable. Sometimes a 
change of variable or an interchange of one of the independent variables 
with the dependent variable will simplify the equation. In general the 
solver is left mainly to his own devices. Two special methods will be 
mentioned below. 

117 . If the equation is linear with constant coefficients and all the 
derivatives are of the same order, the equation is 

+ • • • + + “n-O;)* = R (*, V)- (22) 

Methods like those of § 95 may be applied. Factor the equation. 

» = R(x, y). ( 22 ') 

Then the equation is reduced to a succession of equations 

D^-aDy^z=.R(x,y), 

each of which is linear of the first order (and with constant coefSicients). 
Short cuts analogous to those previously given may be developed, but 
will not be given. If the derivatives are not all of the same order but 
the polynomial can be factored into linear factors, the same method will 
apply. For those interested, the several exercises given below will serve 
as a synopsis for dealing with these types of equation. 

There is one equation of the second order,* namely 

1 d^u _ d^u 

♦ This is one of the important differential equations of physics ; other important equtM 
tions and methods of treating them are discussed in Chap. XX. 



fore the name of the wave equation. The solution may be written dowr 
by inspection. For try the form 

u {xy ?/, Zy t) = F(ax -b — Vt) + G (ax by cz F^). (24' 

Substitution in the equation shows that this is a solution if the relatioi 
(i^ + -f- = 1 holds, no matter what functions F and G may be. Nob 

that the equation 

ax + == 0, -b = 1, 

is the equation of a plane at a perpendicular distance Vt from the origii 
along the direction whose cosines are a, Z>, g . If t denotes the time anc 
if the plane moves away from the origin with a velocity V, the functioi 
F(ax + by -V cz -- Vt) =: F (0) remains constant ; and if (? = 0, the valui 
of u will remain constant. Thus F represents a phenomenon whicl 
is constant over a plane and retreats with a velocity F, that is, a plam 
wave. In a similar manner u = G represents a plane wave approachinj 
the origin. The general solution of (23) therefore represents the super 
position of an advancing and a retreating plane wave. 

To Monge is due a method sometimes useful in treating differential equation 
of the second order linear in the derivatives r, s, t ; it is known as Mongers methoa 

Let Er b ^8 b Tt = F (2€ 

he the equation, where E, 5, T, V are functions of the variables and the derivative 
p and q. From the given equation and 

dp = rdx b sdy, dq = sdx b tdy, 
the elimination of r and t gives the equation 

s (Rdy^ — Sdxdy b Tdx^) — (Bdydp b Tdxdq — Vdxdy) = 0, 
and this will surely be satisfied if the two equations 

Rdy^ — Sdxdy b Tdx^ = 0, Rdydp b Tdxdq — Vdxdy = 0 (26' 

can be satisfied simultaneously. The first may be factored as 

dy-/i{x,v,z,p,q)dx=0, dy-f^(x,y,z,p,q)dx = ii. (26 

The problem then is reduced to integrating the system consisting of one of these f ac 
tors with (25') and dz=pdx-]-qdy, that is, a system of three total difierential equations 
If two independent solutions of this system can be found, as 

(s, y, z, J>, ?) = 0„ itjj (®, y, z, p, q) = Cj, 

then ^ (Ug) is a first or intermediary integral of the given equation, the genei’i 

integral of which may be found by integrating this equation of the first order. I 
the two factors are distinct, it may happen that the two systems which arise ma 
both be integrated. Then two first integrals ^ (u^) and = ’k (v^) will be f ounc 

and instead of integrating one of these equations it may he better to solve both f c 
p and q and to substitute in the expression dz = pdx b and integratCi Whei 
however, it is not possible to find even one first integral, Monge’s method fails. 


(x + y) — (oj + 2/) (ic2 =p 0 or dy — cte = 0, dy + dar. = 0 
and (X + y) dydp — (x + y) dxdq + ^pdxdy = 0. (A) 

Now the equation dy — dx — 0 may be integrated at once to give y = x + Cj. The 
second equation (A) then takes the form 

2xdp 4- 4pdx — 2xdg + G^(dp — dg) = 0 ; 
but as dz = pdx + qdy = (p + q)dx in this case, we have by combination 
2 (xdp + pdx) — 2 {xdq + qdx) + {dp — dg) + 2 da: = 0 
or (2x + 0^) (p - g) + 22 = Cg or (x + y) (p — q) 2z = C^. 

Hence (x + 2/) (p — g) + 2 z = ^ (y — x) (27) 

is a first integral. This is linear and may be integrated by 

dx dy dz dz dz 

r= or X + 2/=iLi, 

X + S' X + 2 / (S' — X) — 2 z ' ^ {K^ — 2 x) — 2 z 

This equation is an ordinary linear equation in z and x. The integration gives 


Hence 


2a; 

z= 


f 


2x 

(Ki — 2 x) dx 4* ^ 2 • 


2 a- 

(x + y}ze''^J/— 


f 


2x 

— 2 x) dx = jfC,, = ^ (K^) = (x *f y) 


is the general integral of the given equation when has been replaced by x + y 
after integration, — an integration which cannot be performed until ^ is given. 

The other method of solution would be to use also the second system containing 
dy + dx = 0 instead of dp — dx = 0. Thus in addition to the first integral (27) a 
second intermediary integral might be sought. The substitution of dp + dx = 0, 
p + X = in (A) gives (dp + dq) + 4pdx = 0. This equation is not integrable, 
because dp + dg is a perfect differential and pdx is not. The combination with 
dz = pdx 4* qdy = (p ^ g)dx does not improve matters. Hence it is impossible to 
determine a second intermediary integral, and the method of completing the 
solution by integrating (27) is the only available method. 

Take the equation ps •— gr = 0. Here S=:p, i2= — 5^, r=:F=0. Then 

— gdp2 — pdxdy — 0 or dp = 0, pdx 4- qdy = 0 and — qdydp = 0 

are the equations to work with. The system dp = 0, qdydp = f), dz = pdx + gdp, 
and the system pdx + gdp = 0, qdydp = 0, dz = pdx 4- qdy are not very satisfactory 
for obtaining an intermediary integral = # (Ug), although p = ^ (z) is an obvious 
solution of the first set. It is better to use a method adapted to this special 
equation. Note that 


dx \p/ p2 dx \p/ p 


By (11), p.124, 


»nd 


then ^=-/(y) 


i=_ . 

P \Syh’ 

X =- J'f{y)dy + sy(a) = *(y} + 


(a) pi + qi = 2x, 
(«) pq=px + qy, 
{p) q^ = z^(p-q), 

(k) a:j>(l + 9) = 5*, 
(v) p={z-{-yq)\ 


(P) (JP“ + 9“)® =JJz, 
(e) + g“ = ® + y, 

(ff) q{pH + g“) =1, 
(X) =a:V, 


(7) {P + g)(px + qy) = lLi 
it) ®p“ — 2zp + xy = 0, 
(>) P(l+ 9“) = 9(«-<!), 
(m) z“ (i>“ + + 1) = 


(o)pz = l+ 3 «, (ir)z-j)g = 0, (p)9 = ®J) + 25’ 


2. Show that the rule for the type of Ex. 13, p. 273, can be deduced by Charpit’ 
method. How about the generalized Clairaut form of Ex. 16 ? 


3. (or) For the solution of the type/i(a5, p) =/2(2/, q), the rule is: Set 
/i(®,P)=/2(V, 9) = «. 

and solve for p and g as jp = g^{x, a), g = 6^2 complete solution is 
^ flfifx, a)daj + J g^{y^ a)dy + h. 


(p) For the type F{z, p-,q) =0 the rule is : Set X = a: + ay, solve 




dz 


<p{z, a) 


=/(z, a); 


the complete solution is ® + ay + =/(25, <26). Discuss these rules in the light o 
Charpit’s method. Establish a rule for the type F(» + y, p, q) = 0. Is there an; 
advantage in using the rules over the use of the general method ? Assort the exart 
pies of Ex. 1 according to these rules as far as possible. 


4. What is obtainable for partial differential equations out of any characteristic 
of homogeneity that may be present ? 


5. By differentiating p =/(», y, 2, q) successively with respect to x and y sho^ 
that the expansion of the solution by Taylor’s Formula about the point (Xq, Vq, 
may be found if the successive derivatives with respect to y alone, 

6y' ay2* ay®' ’ ay"' 

are assigned arbitrary values at that point. Note that this arbitrariness allows th 
solution to be passed through any curve through (Xq, yo, 2^0) plane x = Xq. 

6. Show that F (x, y, z, i?, g) = 0 satisfies Charpit’s equations 

du = J^=-^ = ^ (28 

-F; -F'^ -(^pF;+qF^ K + pK F; + qF: 

where u is an auxiliary variable introduced for symmetry. Show that the firs 
three equations are the differential equations of the lineal elements of the cones c 
Ex. 6, p. 272. The integrals of (28) therefore define a system of curves which hav 
a planar element of the equation F = 0 passing through each of their lineal tat 
gential elements. If the equations be integrated and the results be solved for th 
variables, and if the constants be so determined as to specify one particular curv 
with the initial conditions 2/01 ^0? 

» = *(«, Xo,j/oi«o-i’o.?o). y = y(" ), 2 = «(- ••), p=p{---), 2 = «0”)‘ 


]U8t mentionea inusi ne upon a aeveiopaoie sunace containing tne curve 07). xne 
curve and the planar elements along it are called a characteristic and a characteristic 
strip of the given differential equation. In the case of the linear equation the 
characteristic curves afforded the integration and any planar element through 
their lineal tangential elements satisfied the equation ; but here it is only those 
planar elements which constitute the characteristic strip that satisfy the equation. 
What the complete integral does is to piece the characteristic strips into a family 
of surfaces dependent on two parameters. 


7. By simple devices integrate the equations. Check the answers : 

02^ 


(a) 




dx&y y 


(5) s + i)/(ai) = £r(v), (e) ar^xy, (f) xr = (n-l)p. 


8 . Integrate these equations by the method of factoring; 

(a) {Dl - a?Dl) « = 0, ip) (D. - 2 = 0, (7) (DJ)" - Jlj) 0 = 0, 

(5) (I^+3I>*D,+ 2D2)z = x + y, (e) (I^ _ - 6 1^) s = aj/, 

(i-) (Pj-Pj-3P:. + 3P,)z = 0, („) (P|-PJ + 2Px + l)z = e-«. 


9 . Prove the operational equations : 

(cr) (y) = (1 + axDy + i + • • •) ^ (y) = ^ (y + ax), 

' CCJJy 

( 7 ) j K (a, V) = /“e- “i^vR (f, y) df = J B (f, y + a»-a:f)d{. 

10, Prove that if [{Da: — • • • {Dx — akl>y )^'] « = 0, then 

2= ~ ^11 (y + + ^1®) + • • • + + • . • 

+ ^A:l(y + aj^) + X^*2(y + (Xi^) + • • • + + ^ifeX), 

where the ^’s are all arbitrary functions. This gives the solution of the reduced equa- 
tion in the simplest case. What terms would correspond to (Dx — aDy — = 0 ? 


11 . Write the solutions of the equations (or equations reduced) of Ex. 8, 


12 . State the rule of Ex. 9 (7) as : Integrate E (x, y — orx) with respect to x and 
in the result change y to y ax. Apply this to obtaining particular solutions of 
Ex. 8 (5), (c), (1;) with the aid of any short cuts that are analogous to those of 
Chap. VIII. 

13 . Integrate the following equations: 

(u) (D| — + Dy — 1) 2: = cos (x + 2 2/) + el/, (jS) xV + 2 xys 4- 2/®^^ = 

W (D|+Da:y 4 -Dy-I) 2 : = sin(x + 2y), {5) r - t - 3p + 3g = + 

(0 (DS_2D^D2 + D8)2; = x- 2, (f) r-t + p + 3g~22: = e^-“*'~x2y, 

it}) (Dj-Da:Dy- 2D2 4. 2D^+ 2Dy)2 = + 8 m( 2 x + y) -{■ xy. 

14 . Try Monge’s method on these equations of the second order : 

(a) q^r — 2 pqs + pH = 0, (/3) r — a^t = 0, (7) 4- s = — p, 

(5) g(l 4. g)r — (p + g + 2pg)s 4-i)(l 4'P)^ == 0, (c) x^r + 2x^s 4* = 0, 

( f ) {?> 4* cg)2r 2 (6 + eg) {a + cp) s + (a + cp)H = 0, (t}) r + JeaH = 2 as. 

If any simpler method is available, state what it is and apply it also. 



15. Show that an equation of the form jRr + Ss + Tt ^ U (rt — — 7 neces- 

sarily arises from the elimination of the arbitrary function from 

y, 2, p, q) y, z, p, q)]. 

Note that only such an equation can have an intermediary integral. 

16. Treat the more general equation of Ex. 15 by the methods of the text and 
thus show that an intermediary integral may be sought by solving one of the systems 

Udy + Xj Tdx + X^ Udp = 0, Udx + \Rdy + \ Udq = 0, 

Udx + \Bdy + \Udq = 0, Udy + \Tdz +• XaUdp = 0, 

dz = pdx 4- qdy, dz =jodx + qdy^ 

where \ and \ are roots of the equation \^{KT + 1 / 1 ^),+ "f^US + 17 ^ = 0 . 

17. Solve the equations : (a) — ri = 0 , (/ 3 ) — ri = a^, 

(7) ar + 6s + ct + e (rt — s*) = ( 5 ) xqr + ypt + xy (s^ — rt) = pq. 



PART III. INTEGRAL CALCULUS 


CHAPTEK XI 


OH SIMPLE INTEGRALS 


118. Integrals containing a parameter. Consider 


<!>(«)= f f{x,a)dx, 


a definite integral whicli contains in the integrand a parameter a. If 
the indefinite integral is known, as in the case 


cos axdx = - sin ax, 
a 


2 , 1 . 2 1 
cos axdx = ~ sin ax = 
a , a 


it is seen that the indefinite integral is a function of x and ec, and that 
the definite integral is a function of a alone because the variable x 
disappears on the substitution of the limits. If the limits themselves 
depend on a^ as in the case 

1 1 . 

cos axdx = - sin ax = - (sin — sin 1), 

I ^ 1 ^ 

« <t z\ 

the integral is still a function of a. 

In many instances the indefinite integral 
in (1) cannot be found explicitly and it then 
becomes necessary to discuss the conti- 
nuity, differentiation, and integration of the 
function (or) defined by the integral with- 
out having recourse to the actual evaluation 
of the integral; in fact these discussions 
may be required in order to effect that > 
evaluation. Let the limits x^ and x^ be taken 
as constants independent of a. Consider the range of values 
for X, and let a^'^a^ a^ be the range of values over which the func- 
tion (a) is to be discussed. The function /(x, a) may be plotted as 
the surface z —/(x, a) o\ er the rectangle of values for (x, a). The 
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value <!> of the function when a = is then the area of the section 
of this surface made by the plane a = cc^. If the surface /(ic, a) is con- 
tinuous, it is tolerably clear that the area <l> (jx) will be continuous in a:. 
The function <;/> (a) is continuous if /{x^ (x) is continuous in the two varia- 
bles (x, a) 


To discuss the continuity of 0 (a) form the difference 


0(ar + Act) — 0(a) = f *[/(», a + Aa) — /(x, a)]dx. 


( 2 ) 


Now 0 (a) will he continuous if the difference 0 (a + Aa) — 0(a) can be made as 
small as desired by taking Aa sufficiently small. If /(x, y) is a continuous func- 
tion of (x, y), it is possible to take Ax and Ay so small that the difference 


(/(x + Ax, y + Ay) -/(x, 2 /) [ < e, | Ax| < 5, |A?yl < d 

for all points (x, y) of the region over which /(x, y) is continuous {Ex. S, p. 92). 
Hence in particular if /(x, a) be continuous in (x, a) over the rectangle, it is pos- 
sible to take Aa so small that 


|/(x, a + Aa) — /(x, a)| < c, |Aa| < d 


for all values of x and a. Hence, by (66), p. 26, 

|0(a + Aa)-0(a)| = | f ^[/(x, a + Aa) — /(x, a)] dxU f 'edx = e(xi - x^). 

I *^^0 

It is therefore proved that the function 0(a) is continuous provided /(x, a) is con- 
tinuous in the two variables (x, a); for €(Xi — Xq) may be made as small as desired 
if e may be made as small as desired. 

As an illustration of a case where the condition for continuity is violated, take 


^ f 1 adx ^ , X 

Jo a 


= cot-^a if a 0, and 0 (0) = 0. 


Here the integrand fails to be continuous for (0, 0); it becomes infinite when 
(x, a) == (0, 0) along any curve that is not tangent to a =: 0. The function 0 (a) is 
defined for all values of a^O, is equal to cot-^a when a 5*^ 0, and should there- 
fore be equal to ^tt when a = 0 if it is to be continuous, whereas it is equal to 0, 
The importance of the imposition of the condition that /(x, a) be continuous is 
clear. It should not be inferred, however, that the function 0(a) will necmarily 
be discontinuous when/(x, a) fails of continuity. Eor instance 


0(a) =/' 
Jo . 


dx 


Va + X 



— Va), 



This function is continuous in a for all values a ^ 0 ; yet the integrand is dis- 
continuous and indeed becomes infinite at (0, 0). The condition of continuity 
imposed on /(x, a) in the theorem is suffi,cient to insure the continuity of 0(a) 
but by no means necessary ; when the condition is not satisfied some closer exami- 
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the function (f> (a) will surely be continuous if f(x, a) is continuous 
over the region bounded by the lines a = «„, a = and the curves 
®o = *1 = S'lC®)* functions g^{a:) and g^(a) are continuous. 

!For in this case 

+ Aa) 

/(cc, a + Aa) dx 

/?(,(«+ A O') 

/(x, a)dx— I /(x, a-{- Aa)dx 

g^Ccc) +• Aa) 

j o gAa + A«') 

/(x, a-{- Aa)dx 

J o t?i (a) 

[fix, a + Aa) -./(X, a)]dx. 

The absolute values may be taken and the inte 
grais reduced by (66), (66'), p. 25. 

1 0 (a + Aa) - (a) I < c] g^{a) - gfo (a) [ + 1 /(f^, a + Aa) 1 1 AflTi ] + 1 /(^q, a + Aa) 1 1 Ag ^ |, 
where and are values of x between and + AgQ, and g^ and g^ + Apf^. By 
taking Aa small enough, g^{a + Aa) — g^{a) and made 

as small as desired, and hence A<l> may be made as small as desired. 



119* To find the derivative of a function <f>(a) defiited by an integral 
containing a joarameter, form tlie quotient 


^ (a 4~ Aa) — ^ (a) 
Aa Aa 


==:-Lr 


I7^(flr + Aa) 


f(xy a + Aa) dx 


Aa) 


a + Aar) — f(x, a) 

J ffoCa:) 


Aa 


Aa 


I f{x,a)dx\, 

J 

J r^o 

/' 

a I 


f(x, « + 

(t + Ag) 
Aa 


c?a?. 


The transformation is made by (63), p. 25. A further reduction may 
be made in the last two integrals by (65'), p. 25, which is the Theorem 
of the Mean for integrals, and the integrand of the first integral may be 
modified by the Theorem of the Mean for derivatives (p, 7, and Ex. 14, 
p. 10). Then 



in (Xj a) and (a), (a) are differentiable. In the particular case that 

the limits and g^ are constants, (4) reduces to Leibnizes Rule 


c/ ar* 


(4') 


which states that the derivative of a function defined by an integral 
with fixed limits may be obtained by differentiating under the sign of 
integration. The additional two terms in (4), when the limits are varia-- 
ble, may be considered as arising from (66), p. 27, and Ex, 11, p. 30. 

This process of differentiating under the sign of integration is of 
frequent 7ise in evaluating the function <i>(a) in cases where the indefi- 
nite integral of /(x, a) cannot be found, but the indefinite integral of 
can be found. Tor if 


<>(«)= f '/(»=, o:)dx, then ^ = f 'f'Jx = f (a). 

Jxq J Xf, 


Now an integration with respect to or will give as a function of a 
with a constant of integration which may be determined by the usual 
method of giving a some special value. Thus 


Hence 

But 

Hence 


j / \ x*^\ogx _ j 

’ Jo Jo log* Jo 


d<f> 


da a: + 1 


r +1 


<r-{-l 


log a; 

<^(a) = log (« + !) + C. 


«^(0) = i: 0 dx = 0 and (0) = log 1 + C. 


In the way of comment upon this evaluation it may be remarked that the func- 
tions (aj« — 1)/ log X and x« are continuous functions of (x, a) for all values of x in 
the interval of integration and all positive values of a less than any 

assigned value, that is, 0^ K, The conditions which permit the differen- 
tiation under the sign of integration are therefore satisfied. This is not true for 
negative values of or. When a <0 the derivative x** becomes infinite at (0, 0). The 
method of evaluation cannot therefore be applied without further examination. 
As a matter of fact ^(or) = log(cr + 1) is defined for a>“-l, and it would be 
natural to think that some method could be found to justify the above formal 
evaluation of the integral when — l<{rSjK’ (see Chap. XIII). 

To illustrate the application of the rule for differentiation when the limits are 
functions of a, let it be required to differentiate 


Tills formal result is only good subject to the conditions of continuity. Clearly a 
must be greater than zero. This, however, is the only restriction. It might seem at 
first as though the value x = 1 with logx = 0 in the denominator of (x«^— l)/log x 
would cause difficulty ; but when x = 0, this fraction is of the form 0/0 and has a 
iinite value which pieces on continuously with the neighboring values. 


120. The next problem would be to find the integral of a function 
defined by an integral eontaining a parameter. The attention will be 
restricted to the case where the limits and are constants. Consider 
the integrals 

I <l> (fx) da = I • I f(x, a) dx • da. 


where a may be any point of the interval a^-^ a ^ of values over 
which ^(o:) is treated. Let 

^(a)= I • j f(x^a)da-dx. 

Jxq Ja^ 


Then 



f(x, a)da^dx = 


f 


/(x, a)dx = €l> (d) 


by (4'), and by (66), p. 27 ; and the differentiation is legitimate if /(x, a) 
be assumed continuous in (x, a). Now integrate with respect to a. Then 


I ^\d) = ^(d) — ^(a^)= j <f>{a)da. 

But = 0. Hence, on substitution, 

J /^x^ n<t ncc 

f . I /(x, a) da ’ dx == j ^(a)da=: I • / /(x, a) dx • da. (5) 

Xn dxf, ^ d Xf. 


Hence appears the rule for integration, namely, integrate under the 
sign of integration. The rule has here been obtained by a trick from 
the previous rule of differentiation; it could be proved directly by 
considering the integral as the limit of a sum. 

It is interesting to note the interpretation of this integration on the 
figure, p. 281. As is the area of a section of the surface, the 
product ff>{a)da is the infinitesimal volume under the surface and 
included between two neighboring planes. The integral of <^{a) is 
therefore the volume* under the surface and boxed in by the four 


* For the " volume of a solid with paraUel bases and variable cross section ” see 
10, p. 10, and § S5 with Kxs. 20, 23 thereunder. 


is in this case merely that the volume may be regarded as generated 
by a cross section moving parallel to the ^a:-plane, or by one moving 
parallel to the ^x-plane, and that the evaluation of the volume may 
be made by either method. If the limits and depend on cc^ the 
integral of </»(«) cannot be found by the simple rule of integration 
under the sign of integration. It should be remarked that integration 
under the sign may serve to evaluate functions defined by integrals. 


As an illustration of integration under the sign in a case where the method leads 
to a function which may be considered as evaluated by the method, consider 

^ rV(«)da=r'-i^-=iog^. 

Ja ^ ’ Joa + 1 *a + l 




x^dx = - 
0 a -H 1 


J 'l!!) ^1^6 vcc or s= 6 p 

<p(ct:)da=: • x<^da-dx= j dx= f 

a Jo Ja Jo logX a=za Jo 


Hence 


r 


- dx rr log - 


log a 
= yp (a, h), 


a ^ 0, 


1 

logx 

6^0. 


dx. 


/ 0 log X a + 1 

In this case the integrand contains two parameters a, &, and the function defined 
is a function of the two. If a = 0, the function reduces to one previously found. 
It would be possible to repeat the integration. Thus 


1 — 1 pCC 

- 1 ~— ~dx = log(cr + 1), log(a + l)da = (cr + 1) log(a: + 1) - a. 


/. 

/;•/. 


«x^ — 1 


da • dx 




^ x^ -- 1 — g log X 


dx = (g + 1) log (g + 1) — g.. 


logx Jo (iogx)2 

This is a new form. If here a be set equal to any number, say 1, then 

•lx — 1 — log X, „ 

^^dx =:21og2- 




• 1 . 


/ 0 (log x)2 

In this way there has been evaluated a definite integral which depends on no 
parameter and which might have been difficult to evaluate directly. The introdico 
iion of a parameter arid its subsequent equation to a particular value is of frequent use 
in evaluating definite integrals, 

EXERCISES 

1 . Evaluate directly and discuss for continuity, 0 ^ g 

• 1 dx 

-x2' Jo ''' Vg2 + x2 

2 . If f (x, g, jS) is a function containing two parameters and is continuous in 

the three variables (x, a, jS) when Xq ^ x ^ x^, g^ s g ^ g^, ^ ^ /3i, show 

/(x, g, /3) dx = 0 (g, is continuous in (g, j3). 

Xn 


il: 


. , g^dx 

i. st; 


<» £': 


xdx 
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3 . Differentiate and hence evaluate and state the valid range for a ; 

^ 1 “I* "v/ 7 — 

log (1 + a: cos x) cix = tt log — , 

0 2 

iP) £ log (1 - 2 a oosx + a‘‘) dx = |q ^”2 ~ ^ ’ 

4 . rind the derivatives without previously integrating ; 

Bin“^ar 1 ^ or* ^ pccx Z 

-tanaxdx, {p) I tan-i — dx, (7) f e 

tan X t/0 (X* J^ax 


dx. 


5 . Extend the assumptions and the work of Ex. 2 to find the partial deriva- 
tives and 0^ and the total differential d<f) if Xq and x^ are constants. 

6. Prove the rule for integrating under the sign of integration by the direct 
method of treating the integral as the limit of a sum. 

7 . From Ex. 6 derive the rule for differentiating under the sign. Can the com- 
plete rule including the case of variable limits be obtained this way ? 

X (7(a;, a) 

/(x, a) dx will be a function of (x, a). Derive 

-0 

formulas for the partial derivatives with respect to x and a. 


^ pccx ^ /’V* 

9 . Differentiate ; (or) — ( sin (x -f oc) dx, (/ 3 ) — / x^dx. 

dec do dx*/o 


1/0 dxJo 

10 . Integrate under the sign and hence evaluate by subsequent differentiation ; 


^ TT ^ 

(or) x'^^logxdx, {^) J^^xsinaxdx, (7) j' xsec® oxdx. 
11 . Integrate or differentiate both sides of these equations : 

= ^ toshow X » 

ip) = toshow r ^ 

'Wo a:“ + a zVa + ^ 22 . 4 . 6 .-. 2 n 


dx 
• or 

■» eo ^ — — 


dx 


«”+ 4 ’ 
1, //32 + m^ 


00 Q- pOD Q — C 

g-airposmxdx = — T to show / 

0 Jq xsecmx 

J mto yyi /» 00 g~' g— fix R ^ 

g - arx sin mxdx = to show 1 dx = tan-i tan-i — 

0 or^ + m 2 do X CSC ??zx m m 

^ TT X 43 j r’*’ cto r\ 6— cosx 

to find I / log 

do (or— cosx)2 do a — 


'•> £~ 


0 or — cosx Va2 — 1 
« x«~idx 


toflnd r"E!ir 

do 1 + X do (1 + 


0 " a — cos X 

CO aj*' — 1 — x*^ 


-dx. 


0 1 -h X sin wor do 1 + x do (1 -h x) logx 

Kote that in {^)-{d) the integrals extend to infinity and that, as the rules of 



(a) C Va® — 5c3 cos~-i -dx — /— + , 

'Jo a \10 4/ 

Jo cosx 2\4 / 

It 

( 7 ) f ^ log (a^ cos® X + j9® sill® x)dx = ir log ^ ^ , 

Jo 2 

« /.' 


ct® — j9® 

cos 8xdx = — , 

Jo (<3r®+i8®)® 


/xr2i a + &8mxdx . 

{<) I log — : — = irsiii'-i-, 6<a, 

Jo a — osmxsinx a 


'« /. 


^ log(l + A; cosx) 


cosx 


dx = iruin-^/ct 


W r*log/(a + *)da:= r“^*log/(a!)da! = f^log' ^y - ^ da+ f^logf{x)da 
*Jo Jfl Jo / (ft) Jo 


121. Curvilinear or line integrals. It is familiar that 

j f^b pb 

ydx — I f{x) dx 

a *J a 


is the area between the curve ?/=/(»?), tlie a:-axis, and the ordinate 
X == ^. The formula may be used to evaluate more complicate< 
areas. For instance, the area between the parabola 2 /^= 0 : and the semi 
cubical parabola 1 / = is 

L 

ydx — I ydx, 
sJo 

where in the second expression the subscripts P and S denote that th 
integrals are evaluated for the parabola and semicubical parabola. A 
a change in the order of the limits changes the sign of 
the integral, the area may be written 

pO po pi 

' ydx 4- I ydx = — j ydx — j ydx, 

0 sJi pJi sJo 

and is the area bounded by the closed curve formed 
of the portions of the parabola and semicubical parabola from 0 to 1 
In considering the area botinded by a closed curve it is convenient t' 
arrange the limits of the different integrals so that they follow the curv 
in a definite order. Thus if one advances along P from 0 to 1 and re 
turns along S from 1 to 0, the entire closed curve has been describes 
ill a uniform direction and the inclosed area has been constantly on th 
right-hand sidej whereas if one advanced along from 0 to 1 an( 



A = r x^dx — f x^dx = C 
Jo Jo fJo 


in the opposite direction and the area would have been constantly 
on the left-hand side. Similar considerations apply to more general 
closed curves and lead to the definition: If a closed curve which 
nowhere crosses itself is described in such a direction as to keep the 
inclosed area always upon the left, the area is considered as positive ; 
whereas if the description were such as to leave the area on the right, 
it would be taken as negative. It is clear that to a person standing in the 
inclosure and watching the description of the boundary, the descrip- 
tion would appear counterclockwise or positive in the first case (§76). 

In the case above, the area when positive is 


— f + f y^A ~ r y^^^^ 

LsJo pJi J Jo 


( 6 ) 


where in the last integral the symbol O denotes that the integral is to 
be evaluated around the closed curve by describing the 
curve in the positive direction. That the formula holds 
for the ordinary case of area under a curve may be 
verified at once. Here the circuit consists of the con- _ 

tour ABB' A' A. Then A isx 


J n pB' pA' pA 

ydx = I ydsc -f- f ydx -f- I ydx -{- j ydx. 
o Ja Jb Jb' Ja' 


The first integral vanishes because 2 / = 0, the second and fourth vanish 
because x is constant and dx = 0. Hence 


J p p A'' pB' 

[ ydx = — I ydx = I ydx, 
o Jb* j A' 

It is readily seen that the two new formulas 


= I xdy 

Jo 


and A 


= i I {^y - 

Jo 


ydx) 


( 7 ) 


also give the area of the closed curve. The first is proved as (6) was 
proved and the second arises from the addition of the two. Any one 
of the three may be used to compute the area of the closed curve ; the 
last has the advantage of symmetry and is particularly useful in finding 
the area of a sector, because along the lines issuing from the origin 
y\x=^dy\dx and xdy — ydx = 0 ; the previous form with the integrand 
xdy is advantageous when part of the contour consists of lines parallel 
to the cc-axis so that dy the first form has similar advantages 
when parts of the contour are parallel to the jy-a-xia 


290 


INTEGRAL CALCULUS 


The connection of the third formula with the vector expression fo3? 
the area is noteworthy. For (p. 175) 

c?A = 4 rxflJr, A = J / txrir, 

Jo 

and if r == xi y% dr = idx 4- jdy,- 


then 


. = j rxf/r = ^ k / (xdij ■ 
Jo Jo 


■ ydx). 


The unit vector k merely calls attention, to the fact that the area lies 
in the xy-plane perpendicular to the ;5J-axis and is described so as to 
appear positive. 

These formulas for the area as a curvilinear integral taken around 
the boundary have been derived from a simple figure whose contour 
was cut in only two points by a line parallel to the axes. The exten- 
sion to more complicated contours is easy. In the first place note that 
if two closed areas are contiguous over a part of their contours, the inte- 
gral around the total area following both contours, but omitting the part 


in common, is equal to the sum of the integrals. For 


/ 4 -/"/"/ "/-/ 


pqn 


QRSP 



since the first and last integrals of the four are in oppo- _ 

site directions along the same line and must cancel. But ^ 

the total area is also the sum of the individual areas and hence the 
integral around the contour PQRSP must be the total area. The for- 
mulas for determining the area of a closed curve are therefore applicable 
to such areas as may be composed of a finite number of areas each 
bounded by an oval curve. 


If the contour bounding an area be expressed in parametric form as £c=/(0» 
y = the area may be evaluated as 


f (U=-f <t>{t)f\t) dt = if («)/'(«)] (I") 


where the limits for t are the value of t corresponding to any point of the contour 
and the value of t corresponding to the same point after the curve has been 
described once in the positive direction. Thus in the case of the strophoid 


^2 — 3,2 ? , the line y — ix 


a + aJ 


cuts the curve in the double point at the origin and in only one other point ; the 



JUJ.J.4U V^Cl/XAV-/VA lA/ WiAff U Vi/Vi \J t VKftXfXJ VIVV\^^ i U/U \Ajlf\J9V\J V i VXU VM/f Ut> ^*1. ^ J \^ / 

from the point (a, h) to (x, y). It is possible to eliminate y by the rela- 
tion y = /(ic) and write 

r /(»)) + Q (=«) /H)/'(»)] (9) 

%J a 

The integral then becomes an ordinary integral in x alone. If the curve 
had been given in the form x =/(?/), it would have been better to con- 
vert the line integral into an integral in y alone. The method of evaluat- 
ing the integral is therefore defined. The differential of the integral 
may be written as 

J px,y 

f {Pdx + Qdy) = Pdx + Qdy^ (10) 

a, 6 

where either x and dx or y and dy may be eliminated by means of the 
equation of the curve C, Tor further particulars see § 123. 

To get at the meaning of the line integral^ it is necessary to con- 
sider it as the limit of a sum (compare § 16). Suppose that the curve 
C between (a, h) and (x, y) be divided into n parts, that ^Xi and 
are the increments corresponding to the ^th part, and that rji) is 
any point in that part. Form the sum 


^ “ X Vi) Q (ft? Vi) ^y<]* 


(il) 


If, when n becomes infinite so that Ax and Ay each 
approaches 0 as a limit, the sum cr approaches a 
definite limit independent of how the individual 
increments AXi and Ay,- approach 0, and of how the 
point (^i, is chosen in its segment of the curve, 
then this limit is defined as the line integral 



(.HOjU) 

y 

n\ 


. I 1 


AXi X 


I [P (x, y)dx-\-Q (Xj y) dy^- (12) 

a, b 

It should be noted that, as in the case of the line integral which gives 
the area, any line integral which is to be evaluated along two curves 
which have in common a portion described in opposite directions may 
be replaced by the integral along so much of the curves as not repeated ; 
for the elements of <r corresponding to the common portion are equal 
and opposite. 




IIS UAJuVJUliUO 


That (T does approach a limit provided P and Q are continuous functions of (as, y) 
and provided the curve O is monotonic, that is, that neither Ax nor Ay changes ita 
sign, is easy to prove. For the expression for <r may be written 

=X + Q(/-M’Ji)> ’?.) Ay.] 

by using the equation y =/{x) or x (y) of C. Now as 


(®, /(*)) d® and "q {/-i (y), y) dy 


are both existent ordinary definite integrals in view of the assumptions as to con- 
tinuity, the sum <r must approach their sum as a limit. It may be noted that thit 
proof does not require the continuity or existence of /'(x) as does the formula (9) 
In practice the added generality is of little use. The restriction to a monotonic 
curve may be replaced by the assumption of a curve C which can be regarded at 
made up of a finite number of monotonic parts including perhaps some portions oJ 
lines parallel to the axes. More general varieties of G are admissible, but axe noi 
very useful in practice (§127). 


Further to examine the line integral and appreciate its utility foi 
mathematics and physics consider some examples. Let 

(*7 y) = -S’ (*> y)+iy (*, y) 

be a complex function (§ 73). Then 


f F(x,y)dz= f lX(x,y)+ir(x,y)']ldx + {dy'} 

U%Jtx»c C%/a,h 


px,y 

I (Xdx—Ydy)Jri I (Ydx+Xdy) 

Otb C*Ja,b 


(13; 


It is apparent that inte^gval of the complex function is the sum of tWi 
line integrals in the complex plane. The value of the integral can b< 
computed only by the assumption of some definite path C of integra 
tion and will differ for different paths (but see § 124). 

By definition the work done hy a constant force F acting on a particle 
which moves a distance s along a straight line inclined at an angle 6 t< 
the force, is W = Fs cos 0, If the path were curvilinear and the forc( 
were variable, the differential of work would be taken 
as = Fcos Bdsy where ds is the infinitesimal arc 
and 6 is the angle between the arc and the force. 

Hence 

/ px, V px 

dW^j Fcos0ds= FodTj 

f a, b 



verted into the ordinary form of the line integral. For 

F == A'i + yj, dx = idx -f ]dy^ F*cZr = Xd.x -f Ydy, 

F eos Bds = I (^Xd.x 4- FtZy), 

a, b \J a, h 

where X and Y are the components of the force along the axes, lb is 
readily seen that any line integral may be given this same inter- 
pretation. If 

f Pdx + Qd?/j form F == Pi + Qj, 

rt, ft 


Pdx + Qdy ■ 


F cos $ds. 


To the principles of momentum and moment of momentum (§ 80) may now be 
added the principle of work and energy for mechanics. Consider 


m^ = F and m^.dr = F-dr = dlF. 
dt^ dt^ 


Then 

d n dT dT\ _ldh^dT Idi dh _ d^t dt 
dt \2 dt'dl) ~2dt^’dt'^^i dt’dP ~ dfi’dt ’ 

or 

d(i»2) = ^.dr and d(^mv^'j = dW. 

Hence 

f'^F.dr=W. 

2 2 " Jt, 


In words : The change of the kinetic energy J mu® of a particle moving under the 
action of the resultant force F is equal to the work done by the force^ that is, to the line 
integral of the force along the path. If there were several mutually interacting 
particles in motion, the results for the energy and work would merely he added as 
S J — S J muj = S IT, and the total change in kinetic energy is the total work 
done by all the forces. The result gains its significance chiefly by the consideration 
of what forces may he disregarded in evaluating the work. As dlF = F-dr, the 
work done will be zero if dr is zero or if F and dr are perpendicular. Hence in 
evaluating W, forces whose point of application does not move may be omitted 
(for example, forces of support at pivots), and so may forces whose point of appli- 
cation moves normal to the force (for example, the normal reactions of smooth curvea 
or surfaces). When more than one particle is concerned, the work done by the 
mutual actions and reactions may be evaluated as follows. Let r^, Tj be the vectors 
to the particles and r^ — the vector joining them. The forces of action and re- 
action may be written as ± c (r^ — rg), as they are equal and opposite and in the line 
joining the particles. Hence 

dW = dWj + dWg = c(ri — i^ydt^ c(ri — r2)«dr3 
= «(*!- (^1 -h) = i cd [(1^1 - r2)*(ii - h)} = i 

where is the distance between the particles. Now dJV vanishes whei and only 
when drj 2 vanishes, that is, when and only when the distance between the paiticles 



are tJie energy, pressure, vouime oi a gas inciosea in any receptacle, ancl it du and 
dv are the increments of energy and volume when the amount d// of heat is added 

to the gas, then „ 

dll = + pdv, and hence H = I dJJ -{■ pdv 

is the total amount of heat added. By taking p and u as the independent variables, 

+-p) = f 

The amount of heat absorbed by the system will therefore not depend merely oi 
the initial and final values of (^, v) but on the sequence of these values between 
those two points, that is, upon the path of integration in the pu-plane. 


123. Let there be given a simply connected region (p. 89) bounded by 
a closed curve of the type allowed for line integrals, and let P (x, y) and 
Q (Xj y) be continuous functions of (x, y) over this region. Then if the 
line integrals from (a, h) to (x, y) along two paths 

' Pdx H- Qdy = j Pdx + Qdy 

a, b T*J a, 6 

are equal, the line integral taken around the combined path 


a,b 



Pdx + Qdy = 0 


vanishes. This is a corollary of the fact that if the order of description 
of a curve is reversed, the signs of and and hence of the line 
integral are also reversed. Also, conversely, if the in- 
tegral around the closed circuit is zero, the integrals 
from any point (a, b) of the circuit to any other point 
(x, y) are equal when evaluated along the two different 
parts of the circuit leading from (a, h) to (x^ y). 

The chief value of these observations arises in their application to 
the case where P and Q happen to be such functions that the line inte- 
gral around any and every closed path lying in the region is zero. In 
this case if (a, b') be a fixed point and (Xj y) be any point of the region, 
the line integral from (a, h) to (x, y) along any two paths lying within 
the region will be the same ; for the two paths may be considered as 
forming one closed path, and the integral around that is zero by hy- 
pothesis. The value of the integral will therefore not depend at all on 



I [P (x, y)dx+Q, {x, y) dy'] = F{x, y), (14) 

a, 6 


xtended from a fixed lower limit (a, h) to a variable upper limit (x, y), 
mst be a function of (x, y). 

This result may be stated as the theorem : The necessary and suffi.- 
lent condition that the line integral 



dx Q(x, y)dy'\ 


efine a single valued function of (x, y) over a simply connected region 
5 that the circuit integral taken around any and every closed curve in 
he region shall he zero. This theorem, and in fact all the theorems on 
ne integrals, may be immediately extended to the case of line integrals 
1 space, 


f 

a, 6 , 


[P (», y, «) dxt. 4- Q (a;, y, z)dy ■\-R (x, y, «) dz], (15) 


If the integral about every closed path is zero so that the integral from 
fixed lower limit to a variable upper limit 


y)= i 

Ja,h 


P (x, y)dx -\- Q{x, y)dy 


efines a function F(x^ y), that function has continuous first partial 
erivatives and hence a total differential^ namely. 

Bp 

^ = P, dFr=Pdx + Qdy. (16) 

'o prove this statement apply the definition of a derivative. 


SF AP 

— = hm — : 

OX Ax = 0 Ax 


: lim 

Aa; = 0 


X 


X + Ax, y 


Pdx “h Qdy 


a, b 


Pdx + Qdy 


Ax 


low as the integral is independent of the path, the integral to 
r + Ax, y) may follow the same path as that to (x, y), except for 
he passage from (x, y) to (x + Ax, y) which may be taken along the 
traight line joining them. Then Ay = 0 and 


AF 

Ax 


H ^x+Aix:,y h 

— J p(x, y)dx = y)^ y)> 


value i intermediate between x and x Ax will approach x and P (^, y) 
will approach the limit P(x, y) by virtue of its continuity. Hence 
AF/Ax approaches a limit and that limit is P(Xj y) = dFjdx. The othei 
derivative is treated in the same way. 

If the integrand Pdx + Qdy of a line integral is the total differentiai 
dF of a single valued function F(x^ ij), then the integral about any closea 
civcAut is zero and 

I Pdx •+• Qdy = / dF — F(.t, y) — i^(a, h). (17^ 

fl, & «✓ a» & 

If equation (17) holds, it is clear that the integral around a closed patl 
will be zero provided F(x, y) is single valued; for F(x, y) must come 
back to the value F(a, h) when {x, y) returns to (a, b). If the functior 
were not single valued, the conclusion might not hold. 

To prove the relation (17), note that by definition 

fdF=j' Pdx + Qdy = hm^ 7}i)Axi + Q(^u m)Ayi\ 

and AFi = rji) AXi + 17,) Ayi + c^AXi + c^Ay^ 

where and are quantities which by the assumptions of continuity for P and ^ 
may be made uniformly (§ 26) less than c for all points of the curve provided Ax 
and Ayi are taken small enough. Then 

I ^ (Pii^ + Qt-Ay,-) - ^ A?;- 1 < « ^ (I AXi I + I Ay, I ) ; 

and since SAF* = F{x, y) — F{a, 6), the sum SPfAx,* 4- QiAyt approaches a limit 
and that limit is 

lim^ \_PiAxi + Q,A2/i] ^J'^'JPdx + Qdy = F(«, y) - F(a, 6). 

EXERCISBS 

1 . Find the area of the loop of the strophoid as indicated above. 

2 . Find, from (6), (7), the three expressions for the integrand of the line into 
grals which give the area of a closed curve in polar coordinates. 

3. Given the equation of the ellipse » = a cost, y = 6 sin t. Find the total area 
the area of a segment from the end of the major axis to a line parallel to the mino 
axis and cutting the ellipse at a point whose parameter is t, also the area of a sector 

4 . Find the area of a segment and of a sector for the hyperbola in its parametri 
form X = a cosh t, y =zb sinh t, 

5 . Express the folium + y® = 8 axy in parametric form and find the area o 
the loop. 

6 . What area is given by the curvilinear integral around the perimeter of th 
closed curve r = a sin® i4>? What in the case of the lemniscate r* = a* cos 2 « 
described as in making the figure 8 or the sign oo? 
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7. Write for y the analogous form to (9) for x. Show that in curvilinear 
cobrdinates x = (p(u^ r), y = u) the area is 



. du + 


0 f 



8. Compute these line integrals along the paths assigned: 


J ^i.i 

x'^ydx + yHy^ 2/2 = ® or y — x or y^ ^ 

0 , 0 

(/5) r ' (x® + y)dx + (x + 2 /“)d 2 /, y’^^x or y = » or y^:=x% 

vO, 0 

j '' «» 1 1 / 

-dx + dy, y = log» or y = 0 and x = e, 

1 , 0 ® 

J tXyU 

X sin ydx + y cos xdy, y = mx or rc = 0 and y = y, 

0, 0 

1 + i 

(x — iy)dZy y = X or x = 0 and y^l or y = 0 and x = 1, 

j r » 2 = 1 

(x^ — (1 + i) xy + y^) dz^ quadrant or straight line. 

2=1 


Pdx + Qdy =j VP2 4- Q2 cos 6ds by working directly with the 
figure and without the use of vectors. 

10. Show that if any circuit is divided into a number of circuits by drawing 
lines within it, as in a figure on p. 91, the line integral around the original circuit is 
equal to the sum of the integrals around the subcircuits taken in the proper order. 

11. Explain the method of evaluating a line integral in space and evaluate : 

1 , 1,1 

xdx + 2 ydy + xdx, — -x or y = 2; = x, 

0, Q, 0 

(/3) f y log xdx + y^dy + -cfe, y =: x — 1, z = x® or y = logx, z = x. 
t/i, 0, 1 z 

Pdx + Qdy + Rdz + + cos^ds. 

13. A bead of mass m strung on a frictionless wire of any shape falls from one 
point (Xq, y^, Zq) to the point (x^, y^, z^) on the wire under the influence of gravity. 
Show that mg (Zq — z^) is the work done by all the forces, namely, gravity and 
the normal reaction of the wire, 

14. If X =f{t), y = y (0, and/'(i), g'(t) be assumed continuous, show 

where /(t^) = a and g (t^) = b. Note that this proves the statement made on page 290 
in regard to the possibility of substituting in a line integral. The theorem is also 


12. Show that J' 


9, Show that j* 


arc and (r, n) the angle between the radius produced and the normal to the curve, 
is the angle subtended at r = 0 by the element ds. Hence show that 


r2^Mds=r^^as:= f^ds, 

J r J r dn J dn 


where the integrals are line integrals along the curve and dr/dn is the nonnal 
derivative of r, is the angle 0 subtended by the curve at r = 0. Hence infer that 


I 


d logr 
dn 


ds = 2 TT or 




dlogr 
o dn 


ds = 0 or 


X 


d logr 
o dn 




according as the point r = 0 is within the curve or outside the curve or upon 
the curve at a point where the tangents in the two directions are inclined at the 
angle 0 (usually tt). Note that the formula may be applied at any point (^, tj) if 
7-2 _ _ 3 j )2 4 . (t; — 7/)2 where (x, y) is a point of the curve. What would the inte- 

gral give if applied to a space curve ? 

17. Are the line integrals of Ex. 16 of the same type J P(x, y)dx + Q{a;, y)dy 
as those in the text, or are they more intimately associated with the curve ? Cf . § 156. 


A 0,1 i^0,l 

18. Compute (a) j (x y)ds, {^) / xyds along a right line, along a quad- 
Vl, 0 d— 1, 0 

rant, along the axes. 


124. Independency of the path. It has been seen that in case the 
integral around every closed path is zero or in case the integrand 
Pdx 4- Qd^ is a total differential, the integral is independent of the 
path, and conversely. Hence if 

r ^ dp dp 

P{xy y)—J Pdx + Qdyy then — = p, 

dxdy dx ’ dydx ““ ’ dy dx ' 

provided the partial derivatives Py and are continuous functions.* 
It remains to prove the converse, namely, that : If the two paHial 
derivatives Py and are continuous and equals the integral 


Pdx 4 - Qdy with 


P' = O' 


a, b 


(18) 


is independent of the path, is zero around a closed path, and the quantity 
Pdx 4- Qdy is a total diffei'ential. 

To show that the integral of Pdx 4- Qdy around a closed path is zero 
if Py= Qxj consider first a region R such that any point (x, y) of it may 


* See § 52. In particular observe the comments there made relative to differentials 

TirliT/.Vi ..ivck 'trrl'.ir.li Qfci 'T'Vlia a in'fa.ri.ala orVlll'K A.rR 


efine the function F(v, y) as 

■^(*)2/)=r P(x,d)dx+C Q(x,y)dy (19) 

*Ja Jb 

)r all points of that region R, Now 

dF , dF d 

— = Q{x,y), 

d r*' do F^dP 


-m 




his results from Leibnizes rule (4') of § 119, which may be applied 
ince is by hypothesis continuous, and from the assumption = P'. 
hen 

— == P(x, h) -^Pix, y) - P(x, h) = P(x, y). 


[ence it follows that, within the region specified, Pdx + Qdy is the 
>tal differential of the function F(x, y) defined by (19). Hence along 
iiy closed circuit within that region R the integral of Pdx + Qdy is 
le integral of dF and vanishes. 


It remains to remove the restriction on the type of region within which the 
Ltegral around a closed path vanishes. Consider any closed path G which lies 
ithin the region over which and are equal continuous functions of (x, y). 
8 the path lies wholly within R it is possible to rule R so finely that any little 
^ctangle which contains a portion of the path shall lie wholly within E. The 
iader may construct his own figure, possibly with reference to that of § 128, where 
finer ruling would be needed. The path C may thus he surrounded by a zigzag 
le which lies within R, Each of the small rectangles within the zigzag line is a 
igion of the type above considered and, by the proof above given, the integral 
'ound any closed curve within the small rectangle must be zero. Now the circuit 
may be replaced by the totality of small circuits consisting either of the pexim- 
ers of small rectangles lying wholly within C or of portions of the curve C and 
)rtions of the perimeters of such rectangles as contain parts of C. And if C be so 
placed, the integral around C is resolved into the sum of a large number of inte- 
•als about these small circuits ; for the integrals along such parts of the small 
rcuits as are portions of the perimeters of the rectangles occur in pairs with oppo- 
fce signs. ^ Hence the integral around C is zero, where C is any circuit within R. 
ence the integral of Pdx + Qdy from (a, b) to (x, y) is independent of the path 
id defines a function F{x^ y) of which Pdx + Qdy is the total differential. As 
is function is continuous, its value for points on the boundary of R may be defined 
i the limit of F (x, y) as (x, y) approaches a point of the boundary, and it may thereby 
j seen that the line integral of (18) around the boundary is also 0 without any fur- 
,er restriction than that P' and Q' be equal and continuous within the boundary. 

* See Ex. 10 above. It is well, in connection with §§ 123-125, to read carefully the 
ork of §§ 44-45 dealing with varieties of regions, reducibility of circuits, etc. 




r Pdx + Qdt/ = f P (»■> *) + r Q (*, y) (19) 

%Jath UtL h 

when Pdx + Qdt/ is an exact differential, that is, when P' = Q', may he 
evaluated by the rule given for integrating an exact differential (p. 209), 
provided the path along y — h and x = x does not go outside the region. 
If that path should cut out of P, some other method of evaluation would 
be required. It sliould, however, be borne in mind that Pdx -f Qdy 
is best integrated by inspecjtion whenever tlie fum^tion F, of which 
Pdx + Qdy is the differential, (*.an be recognized ; if F is multiple valued, 
the consideration of the path may be required to pick out the par- 
ticular value which is needed. It may be added that the work may be 
extended to line integrals in space without any material modifications. 

It was seen (§ 73) that the conditions that the complex function 

F{x, y) = X (x, y) + ir {x, y), « = sc + iy, 

be a function of the complex variable z are 

x;==-7' and X'=r;. (20) 

If these conditions be applied to the expression (13), 


/ pXyV px,v 

F(x, y)= I Xdx — Ydy + ^ I Ydx + Xdy, 

Uath *Ja,h 


for the line integral of such a function, it is seen that they are pre- 
cisely the conditions (18) that each of the line integrals entering into 
the complex line integral shall be independent of the path. Hence 
the integral of a function of a complex variable is independent of the 
path of integration in the complex plane, and the integral around a 
closed path vanishes. This applies of course only to simply connected 
regions of the plane throughout which the derivatives in (20) are equal 
and continuous. 

If the notations of vectors in three dimensions be adopted, 


J Xdx + Ydy + Zdn = J" F.dr, 


where F = + Tj + Z^, dr = idx + ^dy + ^ds. 

In the particular case where the integrand is an exact -differential and 
the integral around a closed path is zero, 


Xdx d- Ydy + = F*dT ^ dU ^ c2r»Vi7, 


¥=-VV or .Y = -— , 
ox 


r = - 


dj/’ 


^==- 




i called the potential function of the force F. The negative of the 
lope of the potential function is the force F and the negatives of the 
}artlal derivatives are the component forces along the cuxes. 


If the forces are such that they are thus derivable from a potential function, 
liey are said to be conservative. In fact if 

d^T 

m^ = F=-VF, m^.dr = -dr.VF=-dr, 


nd 


X: 


i , mdr dx 

m——*dx = — 

dt^ 2 dt dt 
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— (r)i 
2 ^ ^ 


^-v,^)=:Vo-^Vi or + 


'hus the sum of the kinetic energy imv^ and the potential energy V is the same 
t all times or positions. This is the principle of the conservation of energy for the 
imple case of the motion of a particle when the force is conservative. In case the 
orce is not conservative the integration may still be performed as 


|W-B“)=£’F.dr = >F, 

^here W stands for the work done by the force F during the motion. The result is 
hat the change in kinetic energy is equal to the work done by the force ; but dW 
5 then not an exact differential and the work must not be regarded as a function 
f (x, y^z)^ — it depends on the path. The generalization to any number of particles 
s in § 123 is immediate, 

125. The conditions that and be continuous and equal, which 
iisures independence of the path for the line integral of Pdx + Qdy^ 
leed to be examined more closely. Consider two examples : 


Ftet /Pci* + Qiy = 

.here ^ 

dy 

b appears formally that P' = Q'. If the integral be calculated around a square of 
ide 2 a surrounding the origin, the result is 


X + » + cwZx “ Ordy 

-a + a^ J-o a* + y^ 


+r 

d+a 


— adx 


x^ + a^ 


j '* — ady 

+ a ct® + 



+ ^ adx 
a x2 + a* 


•/- d + y2 


• a ^ ^ 4 * U-® 


= 4— = 27r 
2 


0 . 


the derivatives Py and Q' are not defined for (0, 0), and cannot be so defined 
to be continuous functions of (x, y) near the origin. As a matter of fact 


J ri a;, 1/ _ 
a, & 


, xdy 
x2 + 


da,b X X 


t 

a, b 


and tan-i (y/x) is not a single valued function ; it takes on the increment 2 tt wh 
one traces a path surrounding the origin (§ 45). 

Another illustration may be found in the integral 



dx idy 
iy 



xdx + ydy 

aj2 _J. y2 



— ydx + xdy 
x2 + 2/2 


taken along a path in the complex plane. At the origin « = 0 the integrand ] 
becomes infinite and so do the partial derivatives of its real and imaginary par 
If the integral be evaluated around a path passing once about the origin, t 
result is 


r ~ = rilog(x^ + ^tan-i -1 = 

Jo z xja,b 


In this case, as in the previous, the integral would necessarily be zero about a 
closed path which did not include the origin ; for then the con- 
ditions for absolute independence of the path would be satisfied. 

Moreover the integrals around two different paths each encircling 
the origin once would be equal ; for the paths may be considered 
as one single closed circuit by joining them with a line as in the 
device (§ 44) for making a multiply connected region simply con- 
nected, the integral around the complete circuit is zero, the parts 
due to the description of the line in the two directions cancel, 
and the integrals around the two given circuits taken in opposite directions i 
therefore equal and opposite. (Compare this work with the multiple valued nati 
of log z, p. 161.) 



Suppose iu general that P(xj y) and Q(a;, y) are single valued fui 
bions which, have the first partial derivatives P' and Q' continue 
and equal over a region R except at certain points A, P, • ••. Snrrou; 
these points with small circuits. The remaining portion of R is su 
that Py and are everywhere equal and continuous ; but the regi 
is not simply connected, that is, it is possible to draw in the regi 
circuits which cannot be shrunk down to a point, owing to the ii 
that the circuit may surround one or more of the regions which ha 
been cut out. If a circuit can be shrunk down to a point, that is, if 
is not inextricably wound about one or more of the deleted portioi 
the integral around the circuit will vanish ; for the previous reason! 
will apply. But if the circuit coils about one or more of the delet 
regions so that the attempt to shrink it down leads to a circuit whi 
consists of the contours of these regions and of lines joining them, t 
integral need not vanish j it reduces to the sum of a number of integr£ 


can be slirunk into another, the integrals around the two circuits are 
equal if the direction of description is the same ; for a line connecting 
the two circuits will give a combined circuit which can be shrunk down 
to a point. 

The inference from these various observations is that in a multiply 
connected region the integral around a circuit need not be zero and 
the integral from a fixed lower limit (a, b) to a variable upper limiu 
(xj y) may not be absolutely independent of the path, but may be dif- 
ferent along two paths which are so situated relatively to the excluded 
regions that the circuit formed of the two paths from (a, h) to (cc, ij) 
cannot be shi*unk down to a point. Hence 

F{x,y)= C Pdx-\-Qdy, p; = (generally), 

joyh 

the function defined by the integral, is not necessarily single valued 
Nevertheless, any two values of F(xy y) for the same end point will 
iifier only by a sum of the form 

y ) — y ) == + ^2^2 + • • • 

where Ji, Jg, . . . are the values of the integral taken around the con- 
tours of the excluded regions and where mg, . . . are positive oi 
negative integers which represent the number of times the combined 
circuit formed from the two paths will coil around the deleted regions 
in one direction or the other, 

126, Suppose that ^ (a?, y) +iY (ar, y) is a single valued func- 

tion of z over a region R snrronnding the origin (see figure above), and 
that over this region the derivative /'(^) is continuous, that is, the 
relations X' = — F' and X'^ = F' are fulfilled at every point so that 
no points of R need be cut out. Consider the integral 

rf(^dz =:= r — (tfo; + idy) (22) 

over paths lying within R, The function f if) I ^ ^ contin- 

uous derivative at all points of R except at the origin gf = 0, where the 
denominator vanishes. If then a small circuit, say a circle, be drawn 
about the origin, the function /(;?)/;$? will satisfy the requisite condi- 
tions over the region which remains, and the integral (22) taken around 
a circuit which does not contain the origin will vanish. 

The integral (22) taken around a circuit which coils once and only 
once about the origin will be equal to the integral taken around the 
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small circle about the origin. Now for the circle, 


Jo 


r.m±3^ 

Jo 




dZy 


where the assumed continuity of f(z) makes \yj(z)\< c provided th 
circle about the origin is taken sufficiently small. Hence by (21) 


with 



rm 

Jo ^ 


dz — 2 7rlf(0) -f- ( 


f 1 \dx\^.rde = 2 

Jo ^ Jo 


TTf. 


Hence the difference between (22) and 2 Tri f(0) can be made as sma 
as desired, and as (22) is a certain constant, the result is 



dz = 2 7rif(0). 


(22 


A function f(z) which has a continuous derivative /'(«) at ever 
point of a region is said to be analytic over that region. Hence if tt 
region includes the origin, the value of the analytic function at tl 
origin is given by the formula 

Jo 

where the integral is extended over any circuit lying in the region an 
passing just once about the origin. It follows likewise that ii z^ a 
any point within the region, then 

^ 2m ] z — a 
Jo 

where the circuit extends once around the point a and lies wholly withi 
the region. This important result is due to Cauchy. 

A more convenient form of (24) is obtained by letting t :=: z repr 
sent the value of z along the circuit of integration and then writm 
a; = « and regarding z as variable. Hence Cauchy^s Integral : 


/(«)= 



m. 

t — z 


dt. 


(21 


This states that tf anv circuit he drawn in the reaion over which fU 


OSes this IS convenient, it may be remarked that when the values of 
‘(,1;) are given along any circuit, the integral 
lay be regarded as defining f{z) for all points 
dthin that circuit. 

To find the successive derivatives of it 
\ merely necessary to differentiate with respect 
1 « under the sign of integration. The condi- 
lons of continuity which are required to justify 
tie differentiation are satisfied for all points z 
ctually within the circuit and not upon it. Then 



lS the differentiations may be performed, these formulas show that an 
nalytic function has continuous derivatives of all orders. The definition 
f the function only required a continuous first derivative. 

Let a be any particular value of z (see figure). Then 


1 1 11 




row t is the variable of integration and isf — a is a constant with respect 
0 the integration. Hence 

/(«) =/(«) + (« _ a)f(a) + 

ihis is Taylor’s Formula for a function of a complex variable. 



1 . U Py ^ Qxt Qz- Kc = ^'z these derivatives are continuous, sho 

that Pdx + Qdy + Rdz is a total differential. 


2. Show that y, a)d;c+ Q(x, y, a)dy, where C is a given curv 

cda,b 

defines a continuous function of a, the derivative of which may be found by diffe 
entiating under the sign. What assumptions as to the continuity of P, Q, > < 
do you make ? 




'^yvxdx, + ydy 
0 2/2 


J -ia;, y . 
- 

1,0 


• ydx + xdy 
x^ + if 


definition of log z, draw paths which make log (i + i = i 


be taken as t'. 

TTl, 2^7ri, - If 7 


j f'is 3 2 — 1 

with especial reference to closed paths which surround + 

0 ^2 _ 1 

— 1, or both. Draw a closed path surrounding both and making the integral vanis 

5. If/(2) is analytic for all values of z and if |/(2:)| < K, show that 

/« - /« = X « - g « = X <«. 

taken over a circle of large radius, can be made as small as desired. Hence inf 
that/ (2) must be the constant/ (2) =/(0). 

6. liG{z)-aQ’\-ayZ-\ 1- anZ^ is a polynomial, show that /(«) = \/G (z) mi 

be analytic over any region which does not include a root of G{z) — 0 either with 
or on its boundary. Show that the assumption that 6? (2) = 0 has no roots at ; 
leads to the conclusion that f(z) is constant and equal to zero. Hence infer ti 
an algebraic equation has a root. 

7. Show that the absolute value of the remainder in Taylor’s Eormula is 

IB |_ |g- Q^l’‘ | C /(Qdt ^ \ ML 
" 27r 1 Jo (t — a:)”(t — *) 2ir/>"/o — r 

for all points 2 within a circle of radius r about a as center, when p is the radi 
of the largest circle concentric with a which can be drawn within the circuit abc 
which the integral is taken, M is the maximum value of fit) upon the circuit, a 
L is the length of the circuit (figure above). 

8. Examine for independence of path and in case of independence integrate 
(a) j* x^ydx + xyHy, (/3) J xy^dx + x^ydy, (7) xdy + ydXy 
(3) / (x2 + «2/) dx + (y2 4- xy) dy, (c) ^ y cos xdy + f sin xdx, 

9. Find the conservative forces and the potential : 


(a) X=: r= 1 Z= ? jy 

(x2 + t/2)^ (x2 + (x2 + |/2)i 

(/3) X = - nx, r = - Tiy, ( 7 ) X = 1/x, r = 1 //X, 


rcuwuj. otiiu. pcijjcin-injuictj. uxic xauiuo, oiiuvr bucbu w rr — xmx^ “f i'*ru,%p lo tuc Ullicl- 

jntial of work, and express the condition that the forces iZ, $ he conservative. 

11. Show that if a particle is acted on by a force = — /(r) directed toward 

Jie origin and a function of the distance from the origin, the force is conservative. 

12. If a force follows the Law of Nature, that is, acts toward a point and varies 
nversely as the square of the distance from the point, show that the potential 
8 — fc/r. 


F*dr = J Xdx + Ydy + Zdz show 

-hat if F-i is the potential of and Fg of F^ then F = + Fg will be the 

potential of F = + Fg, that is, show that for conservative forces the addition of 

potentials is equivalent to the parallelogram law for adding forces. 


13. From the results F = — VForF= — J 


14. If a particle is acted on by a retarding force — fcv proportional to the 
velocity, show that jR = J is a function such that 

dR , dR 

—— — ■— 

dVoc 0 % 

dW = — fcv*dr = — k(vaJdx + Vj/dy + Vgdz). 

Sere R is called the dissipative function ; show the force is not conservative. 




dR 

dVz 


16. Pick out the integrals independent of the path and integrate : 

(a) j* yzdx + xzdy + xydz, {p) 

(y) J xyz{dx + d?/ + dz), (d) 

16. Obtain logarithmic forms for the inverse trigonometric functions, analogous 
x> those for the inverse hyperbolic functions, either algebraically or by considering 
ihe inverse trigonometric functions as defined by integrals as 


J ydx/z 4* xdy/z — xydzjz^, 
J log (xy) dx + xdy + ydz. 


tan-ig: 



dz 

1+z^' 


sin-i^; 


Jo 


17, Integrate these functions of the complex variable directly according to the 
rules of integration for reals and determine the values of the integrals by 
substitution : 


'»>X 

<*>x 


1+i 

ze^’^^dz, 
Vl — 2:2 


(0 


X 

X 


2t 

cos 3 zdz, 
2 dz 
zVz"^ — 1 


(t) + 



dz 

Vl + 2:2 


[n the case of multiple valued functions mark two different paths and give two values. 


18. Can the algorism of integration by parts be applied to the definite (or indefi- 
aite) integral of a function of a complex variable, it being understood that the 
integral must be a line integral in the complex plane? Consider the proof of 
laylor’s Formula by integration by parts, p. 67, to ascertain whether the proof is 
valid for the complex plane and what the remainder means. 


F = — VF. The induction or Jlvx of the force F outward across the element d. 
a curve in the plane is by definition — F cos (F, n) ds. By reference to Ex, 
p. 297, show that the total induction or flux of F across the curve is the line inte^ 
(along the curve) 

— f F cos (F, n) ds = m f - ds — f — ds ; 

J J dn J dn 

— 1 r 1 /» dV 

and m = — ~ ( F cos ( F. n) ds = — / — ds. 

2 TT do 2 TT do dn 

where the circuit extends around the point r = 0, is a formula for obtaining 
jnass m within the circuit from the field of force F which is set up by the mass 

20. Suppose a number of masses • • • , attracting as in Ex. 19, are situa 

at points t^i), • • • in the plane. Let 

F = Fi + Fg + • • •, F = F, + Fi = mi\og[{^i^x)^ + 

be the force and potential at (x, y) due to the masses. Show that 

Ji C W »H. = i 2: /„ 

where S extends over all the masses and 2' over all the masses within the ciri 
(none being on the circuit), gives the total mass M within the circuit. 

127. Some critical comments. In the discussion of line integr 
and in the future discussion of double integrals it is necessary to sp( 
frequently of curves. For the usual problem the intuitive concept 
of a curve suffices. A curve as ordinarily conceived is continuous, ] 
a continuously turning tangent line except perhaps at a finite num 
of angular points, and is cut by a line parallel to any given direction 
only a finite number of points, except as a portion of the curve ir 
coincide with such a line. The ideas of length and area are also ap] 
cable. For those, however, who are interested in more than the intuit 
presentation of the idea of a curve and some of the matters therew 
connected, the following sections are offered. 

If <p (t) and \j/ (t) are two single valued real functions of the real variable t defl: 
for all values in the interval ^ ^ ip the pair of equations 

X = 0 (i), y — (i)) io — ^ ^ 

will be said to define a curve. If 0 and f are continuous functions of i, the cu 
will be called continuous. If 0 (t^) — <p (i^) and 0 (i^) =, 0 (i(j), so that the initial j 
end points of the curve coincide, the curve will be called a closed curve provi' 
it is continuous. If there is no other pair of values t and t' which make I 
0 (Q = 0 (V) and 0 (i) = 0 (i'), the curve will be called simple; in ordinary languj 
the curve does not cut itself. If i describes the interval from to continuoi 
and constantly in the same sense, the point (x, y) will be said to describe the cu 
in a given sense ; the opposite sense can be had bv allowing t to describe the intei 
in the opposite direction. 


• • • , A„c. There will be n corresponding increments for x and 
AiX, AjX, ■ • • , A„x, and A^y, . . . , A„y. 

AiC = V (AiX)2 + (Ai 2/)2 ^ 1 At-x I 4- lAf2/|, |A£X| ^ AfC, \Aiy\^AiC 
bvious inequalities. It will be necessary to consider the three sums 

o-g =^|Afyl, o-y V^£x)2 + {Aivf. 

1 1 II 

,ny division of the interval from to each of these sums has a definite 
ve value. When all possible modes of division are considered for any and 
value of n, the sums <r^ will form an infinite set of numbers which may be 
' limited or unlimited above (§22). In case the set is limited, the upper 
ier of the set is called the variation of x over the curve and the curve is said 
of limited variation in x; in case the set is unlimited, the curve is of unlimited 
tion in x. Similar observations for the sums <r^. It may be remarked that the 
Btric conception corresponding to the variation in x is the sum of the projec- 
of the curve on the x-axis when the sum is evaluated arithmetically and not 
raically. Thus the variation in y for the curve 2 / = sinx from 0 to 2 tt is 4. 
lurve y = sin(I/x) between these same limits is of unlimited variation in y, 
th cases the variation in x is 2 tt, 

both the sums and have upper frontiers and the sum ff 
per frontier Xg ^ + Xg ; and conversely if (Tq has an upper f 

1 (Tg will have upper frontiers. If a new point of division is 
im <ri cannot decrease and, moreover, it cannot increase I 
scillation of x in the interval Ait. For if AuX + A 2 fX = 

\Aiix\ + 1A2i'X 1 ^ |A/x|, lAiiXl + |A 2 tX| ? 

Aii'i and Aiii are the two intervals into which i 
ition in the interval Ait. A similar theorem is 
that if the interval from t^ to t^ is divided sum 
iiffer by as little as desired from their frontieri 
>f the similar problem of § 28. First, the fact thj 
some method of division can be found so that X, 
f points of division is n. Let it next be assura 
then be uniformly continuous (§ 25), and hen< 
that when Ait < d the oscillation of x is Mi - 
Dd of division for which Ait < 5, and its sum (r{. 
on with n points upon this gives a sum tr^ ^ . 
i ~ (Ti, Hence X^ — ^ e and X^ — o-jj < e 

^en for and Xg. 

treat the sum o-g and its upper frontier Xg note that hert 
additional point of division cannot decrease <7g and, as 

V(Ax)2 + (Aj^)2S1Ax 1 + |A3^|, 
not increase <r^ by more than twice the sum of the 
iterval At. Hence if the curve Is continuous, that is 
us, the division of the interval from to can he t 


<r,=]^|AiXl, »•» V(A,x)2 + {Aiyf. 

1 1 II 

For any division of the interval from to \ each of these sums has a definite 
positive value. When all possible modes of division are considered for any and 
every value of n, the sums <r^ will form an infinite set of numbers which may be 
either limited or unlimited above (§22). In case the set is limited, the upper 
frontier of the set is called the variation of x over the curve and the curve is said 
to be of limited variation in x; in case the set is unlimited, the curve is of unlimited 
variation in x. Similar observations for the sums (Tg. It may be remarked that the 
geometric conception corresponding to the variation in x is the sum of the projec- 
tions of the curve on the x-axis when the sum is evaluated arithmetically and not 
algebraically. Thus the variation in y for the curve y = sin x from 0 to 2 tt is 4. 
The curve y = sin(l/x) between these same limits is of unlimited variation in y. 
In both cases the variation in x is 2 tt. 

If both the sums (t^ and (Tj have upper frontiers Xj and Xg, the sumcTg will have 
an upper frontier Xg ^ X^ -f Xg ; and conversely if has an upper frontier, both 
and tr^ will have upper frontiers. If a new point of division is intercalated in AiL 
the sum <r^ cannot decrease and, moreover, it cannot increase by more than twice 
the oscillation of x in the interval Ait. For if Aux + A 2 iX = AjX, then 

|Ai;x| + |A2 £x1 ^ |A;X|, |Ai£x| + |A2z*x| ^ — m^). 

Here Ant and A 2 t^ are the two intervals into which Ait is divided, and Mi — Mi is the 
oscillation in the interval Ait. A similar theorem is true for <r^. It now remains to 
show that if the interval from to t^ is divided sufficiently fine, the sums and 
will differ by as little as desired from their frontiers X^ and Xg. The proof is like 
that of the similar problem of § 28. First, the fact that X^ is the frontier of shows 
that some method of division can be found so that X^ — J c. Suppose the nuin- 
her of points of division is n. Let it next be assumed that </> (t) is continuous ; it 
must then be uniformly continuous (§ 26), and hence it is possible to find a 5 so 
small that when Ait < d the oscillation of x is Mi — mt < 6/4n. Consider then any 
method of division for which Ait < 5, and its sum <r[. The superposition of the former 
division with n points upon this gives a sum ^ <ry But (tJ' — < 2 ne/4n = jc, 

and ff'l ^ (T^. Hence L-^ — <\€ and X^ — cr^ < c. A similar demonstration may 

be given for (Tg and Xg. 

To treat the sum cr^ and its upper frontier Xg note that here, too, the intercalation 
of an additional point of division cannot decrease o-g and, as 

V(Ax)2 4-(Ay)^^|Ax| + [A2/|, 

it cannot increase (Tg by more than twice the sum of the oscillations of x and y 
the interval At. Hence if the curve Is continuous, that is, if both x and y are con- 
tinuous, the division of the interval from to can be taken so fine that <rg sha 


small, in tins case JL^ = s is cauea tne lengt/i oj me curve, it is tnereiore seen tnat 
the necessary and sifffi.cient condition that any continuous curve shall have a length is 
that its Cartesian coordinates x and y shall both be of limited variation. It is clear that 
if the frontiers L^(t)^ from value of t be regarded as functions 

of they are continuous and nondecreasing functions of t, and that L^{i) is an 
increasing function oi t; it would therefore be possible to take s in place of i as 
the parameter for any continuous curve having a length. Moreover if the deriva- 
tives x' and y' of x and y with respect to t exist and are continu ous, the d erivative s' 
exists, is continuous, and is given by the usual formula s' = Vx'^ + y'^. This will 
be left as an exercise; so will the extension of these considerations to three 
dimensions or more. 

In the sum — Xq = 2AiX of the actual, not absolute, values of AiX there may 
be both positive and negative terms. Let tt be the sum of the positive terms and 
V be the sum of the negative terms. Then 

Xi — Xg = TT — »/, (Tj = TT + V, 2 TT = XjL ^0 + ^11 2 V = Xg — X^ + (T^. 

As cTt has an upper frontier when x is of limited variation, and as Xg and x^are con- 
stants, the sums tt and y have upper frontiers. Let these be IT and N. Considered 
as functions of t, neither n (t) nor N (i) can decrease. Write x(^) = Xg + n(i) — N (i). 
Then the function x (t) of limited variation has been resolved into the difference of 
two functions each of limited variation and nondecreasing. As a limited non- 
decreasing function is integrable (Ex. 7, p. 64), this shows that a function isintegrable 
over any interval over which it is of limited variation. That the difference x = x" — x' 
of two limited and nondecreasing functions must be a function of limited variation 
follows from the fact that | Ax| ^ | Ax" [ + | Ax'|. Eurthermore if 

X = Xg + n — N be written x = [Xg + H + |Xg| -f ^ — tg] - [N -t- IXg] + t - y , 

it is seen that a function of limited variation can be regarded as the difference of two 
positive functions which are constantly increasing^ and that these functions are con- 
tinuous if the given function x (i) is continuous. 

Let the curve C defined by the equations x = y tg ^ ^ tj, be 

continuous. Let P(x, y) be a continuous function of (x, y). Eorm the sum 

P Vi) A,* = 2^ ^ ’'*•) - 2) ^ (28) 

where A^x, AgX, • • * are the increments corresponding to A^i, Ag^, • • • , where (^f, m) 
is the point on the curve which corresponds to some value of t in Afi, where x is 
assumed to be of limited variation, and where x" and x' are two continuous increas- 
ing functions whose difference is x. As x" (or x') is a continuous and constantly 
increasing function of t, it is true inversely (Ex. 10, p. 46) that t is a continuous and 
constantly increasing function of x" (or x'). As P(x, y) is continuous in (x, y), it 
is continuous in t and also in x" and x'. ISfow let Ait = 0 ; then AfX" = 0 and 
Afx' = 0. Also 

^ Pdx" and lim^^ PiAiX' = 

The limits exist and are integrals simply because P is continuous in x" or in x' 
Hence the sum on the left of (28) has a limit and 





’he assumption that y is of limited variation and that Q («, y) is continuous would 
3ad to a corresponding line integral. Th^ assumption that both x and y are of limited 
aviation, that is, that the curve is rectifaJble, and that F and Q are continuous would 
iad to the existence of the line integral 

y)da + Q(x, y)dy, 

i considerable theory of line integrals over general rectifiable curves may be con- 
bructed. The subject will not be carried further at this point. 

128 . The question of the area of a curve requires careful consideration. In the 
rst place note that the intuitive closed plane curve which does cut itself is intui- 
Lvely believed to divide the plane into two regions, one interior, one exterior to the 
urve ; and these regions have the property that any two points of the same region 
[lay be connected by a continuous curve which does not cut the given curve, 
ir’hereas any continuous curve which connects any point of one region to a point 
f the other must cut the given curve. The first question which arises with regard 
0 the general closed simple curve of page 308 is : Does such a curve divide the plane 
iito just two regions with the properties indicated, that is, is there an interior and 
xterior to the curve ? The answer is affirmative, but the proof is somewhat difficult — 
LOt because the statement of the problem is involved or the proof replete with 
advanced mathematics, but rather because the statement is so simple and elemen- 
ai-y that there is little to work with and the proof therefore requires the keenest 
aid most tedious logical analysis. The theorem that a closed simple plane curve 
las an interior and an exterior will therefore be assumed. 

As the functions x(t), y{t) which define the curve are continuous, they are lim- 
ted, and it is possible to draw a rectangle with sides x = a, a? = &, y = c, y = d so 
^ entirely to surround the curve. This rectangle may next be ruled with a nmn- 
)er of lines parallel to its sides, and thus be 
livided into smaller rectangles. These little rec- 
angles may be divided into three categories, those 
>utside the curve, those inside the curve, and 
hose upon the curve. By one upon the curve is 
neant one which has so much as a single point 
)f its perimeter or interior upon the curve. Let 
4., Ai, Au, Ae denote the area of the large rec- 
;angle, the sum of the areas of the small rectan- 
gles, which are interior to the curve, the sum of 
he areas of those upon the curve, and the sum of 
hose exterior to it. Of course A. = + Au+Ae. 

Sfow if all methods of ruling be considered, the 
juantities A,- will have an upper frontier Li, the quantities A<. will have an upper 
■rontier Le, and the quantities A„ will have a lower frontier If to any method 
)f ruling new rulings be added, the quantities Ai and Ae become A', and Ag with 
he conditions Aj ^ Ai, A^ ^ Ag, and hence A' ^ A„. From this it follows that 
A = Xf + + Lg. For let there be three modes of ruling which for the respective 

3 ases Ai, Ag, A„ make these three quantities differ from their frontiers Li, Xg, lu 
by less than Je. Then the superposition of the three systems of rulings gives rise 
bo a ruling for which Aj, A', A' must differ from the frontier values by less than 



by less than c, and must therefore be equal to it. 

It is now possible to define as the {qualified) areas of the curve 

Li = inner area, = area on the curve, Li + lu = total area. 

In the case of curves of the sort intuitively familiar, the limit is zero an 
Li = A — L^ becomes merely the (unqualified) area bounded by the curve. TIi 
question arises : Does the same hold for the general curve here under discussion 
This time the answer is negative; for there are curves which, though closed an 
simple, are still so sinuous and meandering that a finite area Ui lies upon the curv( 
that is, there is a finite area so bestudded with points of the curve that no part c 
it is free from points of the curve. This fact again will be left as a statement witl 
out proof. Two further facts may be mentioned. 

In the first place there is applicable a theorem like Theorem 21, p. 61, namelj 
It is possible to find a number 5 so small that, when the intervals between tb 
rulings (both sets) are less than 6, the suras Ac differ from their frontiei 

by less than 2 c. For there is, as seen above, some method of ruling such that thes 
sums differ from their frontiers by less than e. Moreover, the adding of a sing] 
new ruling cannot change the sums by more than AD, where A is the largest inte: 
val and D the largest dimension of the rectangle. Hence if the total number ( 
intervals (both sets) for the given method is N and if 6 be taken less than e/iVAI 
the ruling obtained by superposing the given ruling upon a ruling where the inte: 
vals are less than S will be such that the sums differ from the given ones by lej 
than e, and hence the ruling with intervals less than 5 can only give rise to sun 
which differ from their frontiers by less than 2 c. 

In the second place it should be observed that the limits D;, have been obtaine 
by means of all possible modes of ruling where the rules were parallel to the x- an 
y-axes, and that there is no a priori assurance that these same limits would ha\ 
been obtained by rulings parallel to two other lines of the plane or by covering tl 
plane with a network of triangles or hexagons or other figures. In any thoroug 
treatment cf the subject of area such matters would have to be discussed. Ths 
the discussion is not given here is due entirely to the fact that these critical con 
ments are given not so much with the desire to establish certain theorems as wit 
tlie aim of showing the reader the sort of questions which come up for consider 
tlon in the rigorous treatment of such elementary matters as the area of a plan 
curve,” which he may have thought he knew all about.” 

It is a common intuitive conviction that if a region like that f onned by a squai 
be divided into two regions by a continuous curve which runs across the squai 
from one point of the boundary to another, the area of the square and the sum c 
tlie areas of the two parts into which it is divided are equal, that is, the curv 
(counted twice) and the two portions of the perimeter of the square form tw 
simple closed curves, and it is expected that the sum of the areas of the curves ; 
the area of the square. Now in case the curve is such that the frontiers lu and * 
formed for the two curves are not zero, it is clear that the sum Li + for th 
two curves will not give the area of the square but a smaller area, whereas th 
sum (Li + 1„) + (L'i A O ^ greater area. Moreover in this case, it is nc 

easy to formulate a general definition of area applicable to each of the regions an 
such that the sum of the areas shall be equal to the area of the combined regioi 
Hut if 4 and Z' both vanish, then the sum -f does give the combined ares 


closed curves as have iu = 0 , and to say that the quadrature of such curves is possible^ 
but that the quadrature of curves for which i,* 0 is impossible. 

It may be proved that ; If a curve is rectifiable or even if one of the functions x (t) 
or y (t) is of limited variation^ the limit Ut is zero and the quadrature of the curve is 
possible. For let the interval be divided into intervals Aji^ • • ’ in 

wliicli the oscillations of x and y are eg, • • • , rjii • Then the portion of 

tlio curve due to the interval Af may be inscribed in a rectangle and that 
portion of the curve will lie wholly within a rectangle 2€i-2r}i concentric with 
this one. In this way may be obtained a set of rectangles which entirely contain 
the curve. The total area of these rectangles must exceed i„. For if all the sides 
of all the rectangles be produced so as to rule the plane, the rectangles which go 
to make up for this ruling must be contained within the original rectangles, 
and as Au > lu, the total area of the original rectangles is greater than 1^. Next 
suppose x{i) is of limited variation and is written as Xq + n (i) — N (t), the differ- 
ence of two nondecreasing functions. Then Sci ^ n(tj) + that is, the sum 

of the oscillations of x cannot exceed the total variation of x. On the other hand 
as y (t) is continuous, the divisions Af could have been taken so small that vi < v- 
Hence 

S 2^ 2 e; • 2 7,i < 4 , ti s 4 „ [n(t,) + ^-(4,)] . 

The quantity may be made as small as desired, since it is the product of a finite 
quantity by tj. Hence = 0 and the quadrature is possible. 

It may be observed that if x (t) or y (^) or both are of limited variation, one or 
all of the three curvilinear integrals 

i J xdy — ydx 

may be defined, and that it should be expected that in this case the value of the 
integral or integrals would give the area of the curve. In fact if one desired to 
deal only with rectifiable curves, it would be possible to take one or all of these 
integrals as the dqfnition of area, and thus to obviate the discussions of the pres- 
ent article. It seems, however, advisable at least to point out the problem of 
quadrature in all its generality, especially as the treatment of the problem is very 
similar to that usually adopted for double integrals (§ 132). From the present 
viewpoint, therefore, it would be a proposition for demonstration that the curvi- 
linear integrals in the cases where they are applicable do give the value of the 
area as here defined, but the demonstration will not be undertaken. 

EXERCISES 

1. For the continuous curve (27) prove the following properties: 

(a) Lines x = a, x = b may be drawn such that the cui’ve lies entirely between 
them, has at least one point on each line, and cuts every line x = ^, a < ^ < b, in at 
least one point ; similarly for y. 

(j9) From p = x cos u: + 2 / sin cr, the normal equation of a line, prove the prop- 
ositions like those of (or) for lines parallel to any direction. 

( 7 ) If (f, 17 ) is any point of the X2/-plane, show that the distance of (^, i?) from 
the curve has a minimum and a maximum value. 



ii If) ana jyiyi:, v) are me minimum ana maximum aistances or 
from the curve, the functions m (^, 17) and if (f, tj) are continuous functions of (^, % 
Are the coordinates x(f, 9;), y ($, 17) of the points on the curve which are at mir 
mum (or maximum) distance from (^, rj) continuous functions of (^, 97) ? 

( c ) If t'\ ♦ • • , • • • are an infinite set of values of t in the interval 

and if is a point of condensation of the set, then x® = (i®) 'is a poi; 

of condensation of the set of points (x', y')^ (x", 2/"), •••, (x(^*>, corr 

sponding to the set of values i'' • • ♦ , .... 

(f) Conversely to (e) show that if (x', y')i V")t * • * ? • • • are j 

infinite set of points on the curve and have a point of condensation (x°, ^/O), th< 
the point (x<^, y^) is also on the curve. 

(97) From (f) show that if a line x = ^ cuts the curve in a set of points y\ y'\ • • 
then this suite of y‘‘s contains its upper and lower frontiers and has a maximum 
minimum, 

2 . Define and discuss rectifiable curves in space. 

3. Are y = x^ sin i and y = Vx sin i rectifiable between x = 0, x = 1 ? 

X X 

4. If x(t) in (27) is of total variation n (t^) + N (i^), show that 

r‘P(x, y)dx < Min ( t ,) + 

where M is the maximum value of P (x, y) on the curve, 

5 . Consider the function 97, t ) = tan-i ^ which is the inclination 

f ® (0 

the line joining a point {^, 97) not on the curve to a point (x, y) on the curve, Wi 
the notations of Ex. 1 (5) show that 

I VI = i^(«, V, t + At)- ,, t)| < _Ji^, 

w — 2 iuo 

where 5 > | Ax | and 5 > | Ay 1 may be made as small as desired by taking At sufficient 
small and where it is assumed that m 96 0. 

6. From Ex. 6 infer that 0 (^, 97, t) is of limited variation when t describes tl 

interval defining the curve. Show that 0 (^, 97, t) is continuous in (f, 

through any region for which m > 0. 

7. Let the parameter t vary from to and suppose the curve (27) is closed 
that (x, y) returns to its initial value. Show that the initial and final values 

17, t ) differ by an integral multiple of 27r. Hence infer that this difference 
constant over any region for which m > 0. In particular show that the constant 
0 over all distant regions of the plane. It may be remarked that, by the study ' 
this change of ^ as i describes the curve, a proof may be given of the theorem th 
the closed continuous curve divides the plane into two regions, one interior, oj 
exterior. 

8. Extend the last theorem of § 123 to rectifiable curves. 
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ON MULTIPLE INTEGRALS 


129. Double sums and double integrals. Suppose that a body of 
matter is so thin and flat that it can be considered to lie in a plane. 
If any small portion of the body surrounding a given point P(x, y) be 
considered, and if its mass be denoted by and Its area by A^, the 
average (surface) density of the portion is the quotient A??z,/A^, and the 
actual density at the point P is defined as the limit of this quotient 
when A A == 0, that is, . ^ 


The density may vary from point to point. Now conversely suppose 
that the density D (x, y) of the body is a known function of (cc, y) and 
that it be required to find the total mass of the 
body. Let the body be considered as divided 
up into a large number of pieces each of which 
is small in every direction^ and let A^^ be the 
area of any piece. If >;,•) be any point in 
AAi, the density at that point is rji) and 
the amount of matter in the piece is approxi- 
mately provided the density be regarded as continuous, 

that is, as not varying much over so small an area. Then the sum 

extended over all the pieces, is an approximation to the total mass, 
and may be sufficient for practical purposes if the pieces be taken 
tolerably small. 

The process of dividing a body up into a large number of small pieces 
of which it is regarded as the sum is a device often resorted to ; for the 
properties of the small pieces may be known approximately, so that 
the corresponding property for the whole body can be obtained approx- 
imately by summation. Thus by definition the moment of inertia of a 
small particle of matter relative to an axis is mr% where m is the mass 
of the particle and r its distance from the axis. If therefore the 
moment of inertia of a plane body with respect to an axis perpendicular 
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fco its i^Iane were required, the body would be divided into a largi 
number of small portions as above. The mass of each portion wouh 
be approximately distance of the portion fror 

the axis might be considered as approximately the distance fror 
the point where the axis cut the plane to the point in the poi 

tion. The moment of inertia would be 

or nearly this, where the sum is extended over all the pieces. 

These sums may be called double sums because they extend over tw 
dimensions. To pass from the approximate to the actual values of th 
mass or moment of inertia or whatever else might be desired, th 
underlying idea of a division into parts and a subsequent summatio; 
is kept, but there is added to this the idea of passing to a limit. Con 
pare §§16-17. Thus 


limit 

n = oo, AA 




would be taken as the total mass or inertia, where the sum over 
divisions is replaced by the limit of that sum as the number c 
divisions becomes infinite and each becomes small in every directior 
The limits are indicated by a sign of integration, as 


lim'^ r;i)AAi = J' D(x, y)dA, V^rfAAi =J DM/. 


The use of the limit is of course dependent on the fact that the lim: 
is actually approached, and for practical purposes it is further depenc 
ent on the invention of some way of evaluating the limit. Both thea 
questions have been treated when the sum is a simple sum (§§16-1( 
28-30, 35) ; they must now be treated for the case of a double sum lik 
those above. 

130 . Consider again the problem of finding the mass and let Di t 
used briefly for 17 ,), Let Mi be the maximum value of the densit 
in the piece and let be the minimum value. Then 


^ Di/SAi ^ Mi^Ai. 

In this way any approximate expression Dil^Ai for the mass is shut i 
between two values, of which one is surely not greater than the tm 
mass and the other surely not less. Porm the sums 

s = mAAt m 2) DAAi S MAAt = 5 

extended over all the elements Ail,-. Now if the sums s and S approac 




term is then repre- 

sented by the volume of a 
small cylinder upon the base 
Ail; and with an altitude equal 
to the height of the surface 
z = D(x, y) above some point 
of Ad;. The sum of 

all these cylinders will be ap- 
proximately the volume under 
the surface ^ = D (a*, y) and 
over the total area A = SAd^. 

The term il/;Ad; is represented 
by the volume of a small cylin- 
der upon the base Ad; and cir- 
cumscribed about the sui-face ; 
the term rnfAd;, by a cylinder 
inscribed in the surface. When the number of elements Ad; is increased 
without limit so that each becomes indefinitely small, the three sums s, 
Sy and 2l>;A^t all approach as their limit the volume under the surface 
and over the area d. Thus the notion of volume does for the double 
sum the same service as the notion of area for a simple sum. 

Let the notion of the integral be applied to find the formula for the center of 
gravity of a plane lamina. Assume that the rectangular coordinates of the center 
of gravity are (x, y). Consider the body as divided into small areas Ad;. If rji) 
is any point in the area Ad;, the approximate moment of 
the approximate mass i);Ad; in that area with respect to 
the line x = x is the product (f; — x) D;Ad; of the mass 
by its distance from the line. The total exact moment 
would therefore be 

lim^ (^; — x) A-Ad; —J(x — x)D (x, y) dA = 0, 

and must vanish if the center of gravity lies on the line 
X = X as assumed. Then 

xD(x, y)dd — j* xD{x, y)dd = 0 or xDdA = x y)^A. 

These formal operations presuppose the facts that the difference of two integrals is 
the integral of the difference and that the integral of a constant x times a function 2) 






iJM XJjiUJtt AJj L;AijUUJjU» 


is the product of the constant by the integral of the function. It should he imme- 
diately apparent that as these rules are applicable to sums, they must be applicable 
to the limits of the sums. The equation may now be solved for x. Then 


J xDdA 

X = 

f DdA 



f vDdA 
y = - 


f 


DdA 



( 1 ) 


vvhere m stands for the mass of the body and dm for DdA^ just as Ami might replace 
'OiAAi ; the result for y may be written down from symmetry. 

As another example let the kinetic energy of a lamina moving in its plane be cal- 
culated. The use of vectors is advantageous. Let Tq be the 
vector from a fixed origin to a point which is fixed in the 
body, and let ri be the vector from this point to any other 
point of the body so that 


li = To + Xu 


dr,- 
dt ■ 


-^4. ^ 
' dt 


or v,- = Yo + V]f. 



The kinetic energy is S I- or better the integral of j^v^dm. Now 

■»( = Vi'V,' = Vo>Vo + Vii-Vii + 2 Vo.Vii = + 2 Vo.Vu. 

That Tii-Vii = rf, a)2, where rn = |rii| and w is the angular velocity of the body 
about the point Tq, follows from the fact that rif is a vector of constant length ru 
and hence |dri,'| = rudO^ where dO is the angle that ru turns through, and conse- 
quently 0 ) = d6/dt. Next integrate over the body. 

J' Yo^Yidm 

= ^ v^M -f I r}dm + Vo* j* Vidm ; (2) 

for and are constants relative to the integration over Ijie body. Note that 



Vq* J Y^dm = 0 


Vo = 0 or if r Vidm = C — r,dm z= f xAm = 0. 

J ^ J dt ^ dtJ ^ 


But Vo = 0 holds only when the point Tq is at rest, and j r^dm = 0 is the condition 
that Xq be the center of gravity. In the last case 

vHm = i v^M + i ^ — f 

As I is the integral which lias been called the moment of inertia relative to an axis 
through the point Tq perpendicular to the plane of the body, the kinetic energy is 
seen to be the sum of | Mvl, which would be the kinetic energy if all the mass were 
concentrated at the center of gravity, and of | which is the kinetic energy of 
rotation about the center of gravity ; in case Tq indicated a point at rest (even if 
only instantaneously as in § 39) the whole kinetic energy would reduce to the 
kinetic energy of rotation 1- Ico^. In case r,, indicated neither the center of gravity 
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131. To evaluate the double integral in case the region is a rectangle 
parallel to the axes of coordinates^ let the division be made into small 
rectangles by drawing lines parallel to the 
aKes. Let there be m equal divisions on one 
side and n on the other. There vnll then be 
mn small pieces. It will be convenient to in- 
troduce a double index and denote by the 
area of the rectangle in the ^th column and^'th 
row. Let rif) be any point, say the mid- 
dle point in the area Then the sum may be written 

^ + OjiAXjAyi -\ 1- 

+ DijAXiAi/a + I>22Ax2Ay2 H h D^^Ax^Ay^ 



+ + 

Now the terms in the first row are the sum of the contributions to 
of the rectangles in the first row, and so on. But 

(Dj^-Axi + Dj^j-Ax^ H h Z)„„.Ax„,)A%. = Aijj'^ D{ti, Vj)^i 


i ^ ® do Vj) ’2') 


That is to say, by taking m sufficiently large so that the individual 
mcrements A^r,- are sufficiently small, the sum can be made to differ 
from the integral by as little as desired because the integral is by 
definition the limit of the sum. In fact 


%\ = '% Wij - my\AXi S £(x, - X,) 


if c be the maximum variation of D (x, g) over one of the little rectangles. 
After thus summing up according to rows, sum up the rows. Then 


^ DiA^'h- = j D{x, dxAy^ + I D(x, y.^ dxAy^ 

J " “ 

I D{x,y,^dxAy„ + \, 

1^1 = H HLAz/nl ^ Ay = i(x- x„)(y - 

D(x, y)dx = <^(//), 


then = tATn.^A?/. -I- -l- • . . 4- Av^ "h X 


neiiue ' giiii y ^ = i = i i xj \o 

ij ^ ‘Afl 

It is seen that the double integral is equal to the result obtained b] 
first integrating with respect to Xj regarding ?/ as a parameter, and then 
after substituting the limits, integrating with respect to y. If the sum 
Illation had been first according to columns and second according t( 
rows, then by symmetry 

D (x^ y) dxdy I I D(^^y)dydx. ( 3 ' 

This is really nothing but an integration under the 
sign (§ 120). 

If the region over which the summation is extended 
is not a rectangle parallel to the axes, the method 
could still be applied. But after summing or rather 
integrating according to rows, the limits would not 
be constants as and sCj, but would be those func- 
tions X = a-nd x = of y which represent 

right-hand curves which bound the region. Thus 

D{x, y')dxdy. 

And if the summation or integration had been first 
with respect to columns, the limits would not have 
been the constants y^ and y^^ but the functions 
y = ^fx) and y = ^fx) which represent the lower 
and upper bounding curves of the region. Thus 

I>{x^ y)dydx. 

The order of the integrations cannot be inverted without making tli 
corresponding changes in the limits, the first set of limits being sue 
functions (of the variable with regard to which the second integration i 
to be performed) as to sum up according to strips reaching from one sid 
of the region to the other, and the second set of limits being constant 
which determine the extreme limits of the second variable so as to sur 
up all the strips. Although the results (3") and (3'”) are equal, it frt 
quently happens that one of them is decidedly easier to evaluate than th 
other. Moreover, it has clearly been assumed that a line parallel to th 





the left-hand ani 


( 3 " 




^ The result may also be obtained as in Ex. 8 below. 
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axis of the first integration cuts the bounding curve in only two points ; 
if this condition is not fulfilled, the area must be divided into subareas 
for which it is fulfilled, and the results of integrating over these smaller 
areas must be added algebraically to find the complete value. 

To apply these rules for evaluating a double integral, consider the problem of 
finding the moment of inertia of a rectangle of constant density with respect to 
one vertex. Here 

1 = f DrHA = dJ (/'■ i + ?/2) dA = !>£'’ JJ (x^ + y^)dxdy 

= -D P 1^5 y^y = 5 -DoJi (a^ + !)2). 

If the problem had been to fiiul the moment of inertia of an ellipse of uniform 
density witli respect to the center, then 

i = Df{x^ + ?/2) dA^nf r} V + y'‘) y^y 

X + « f* 

I ft"*/ (x^ -h j/^)dxd2/, 

-a V a- — x- 

a 

Either of these forms might be evaluated, but the moment of inertia of the whole 
ellipse is clearly four times that of a quadrant, and hence the simpler results 

n x — 

(x^ + V^) dxdy 

J r*(i /*K a® — X* w 

/ (x2 + 2 / 2 ) dydx ^^Ddb (a^ + &2). 

0 «/o 4 

It is highly advisable to make use of symmetry, wherever possible, to reduce the 
region over which the integration is extended. 

132 . With regard to the more careful consideration of the limits involved in the 
definition of a double integral a few observations will be sufficient. Consider the 
sums S and s and let Mi^Ai be any term of the first and the corresponding 

term of the second. Suppose the area AAi divided into two parts AAu and AA 2 i, 
and let Mu^ M 2 i be the maxima in the parts and mii, the minima. Then since 
the maximum in the whole area AAi cannot be less than that in either part, and 
the minimum in the whole cannot be greater than that in either part, it follows 
that mu ^ me, m 2 i ^ rui, Mu ^ Mi^ M^i ^ Mi^ and 

miAAi s muAA\i q- m^iAA^i^ MuAAu *4* M^tAA^i = MiAAi, 

Hence when one of the pieces AAi is subdivided the sum S cannot increase nor the 
sum s decrease Then continued inequalities may be written as 

mA S s V{)AAi S s MA. 



only the sums S and s due to some particular mode of subdivision, but consider ali 
such sums due to all possible modes of subdivision. As the sums S are limited 
below by mA they must have a lower frontier i, and as the sums s are limited 
above by MA they must have an upper frontier 1. It must be shown that I ^ L. 
To see this consider any pair of sums S and s corresponding to one division and 
any other pair of sums S' and s' corresponding to another method of division ; alsc 
the sums S" and s" corresponding to the division obtained by combining, that is 
by superposing the two methods. Now 

S' ^ S" S s" S 5, Ns S" S 8" S s'. Ns X, S' ^ L, s ^ I, s' ^ L 

It therefore is seen that any N is greater than any s, whether these sums correspond 
to the same or to different methods of subdivision. Now if i</, some N would 
have to be less than some s ; for as L is the frontier for the sums N, there must b( 
some such sums which differ by as little as desired from Z ; and in like mannei 
there must be some sums 8 which differ by as little as desired from I Hence as n( 
N can be less than any s, the supposition X < Hs untrue and L^l, 

Now if for any method of division the limit of the difference 

lim (N — s) = lim ^ (Mi — ini) AA,* = lim ^ 0,AA,- = 0 

of the two sums corresponding to that method is zero, the frontiers X and I must b( 
the same and both N and s approach that common value as their limit ; and if th< 
difference N — 8 approaches zero for every method of division, the sums S aiu 
s will approach the same limit X = f for all methods of division, and the sun 
XDiAAi will approach that limit independently of the method of division as wel 
as independently of the selection of (^/, tji). This result follows from the fact tha 
X— Z^N — 8, N — X^N—8, 8^N"-8, and hence if the limit of N — 8 ii 

zero, then X = I and N and s must approach the limit X = i. One case, whicl 
covers those arising in practice, in which these results are true is that in whicl 
2)(a, y) is continuous over the area A except perhaps upon a finite number o; 
curves, each of which may he inclosed in a strip of area as small as desired anc 
upon which D (», y) remains finite though it be discontinuous. Eor let the ourvei 
over which D (x, y) is discontinuous be inclosed in strips of total area a. The con 
tribution of these areas to the difference N — 8 cannot exceed (Jf — w)a. Apar 
from these areas, the function J) (x, y) is continuous, and it is possible to take thi 
divisions AA,* so small that the oscillation of the function over any one of then 
is less than an assigned number c. Hence the contribution to N — s is less thai 
e (A — a) for the remaining undeleted regions. The total value of N — 8 is there 
fore less than (M — m) a -f e (A — a) and can certainly be made as small as desired 
The proof of the existence and uniqueness of the limit of SX^AA; is therefor 
obtained in case X is continuous over the region A except for points along a finit' 
number of curves where it may be discontinuous provided it remains finite 
Throughout the discussion the term ” area ” has been applied ; this is justified by th' 
previous work (§ 128). Instead of dividing the area A into elements AA, one ma; 
rule the area with lines parallel to the axes, as done in § 128, and consider the sum 
ZMAxAy^ JimAxAy, ZZAxAy, where the first sum is extended over all the rectan 
gles which lie within or upon the curve, where the second sum is extended ove 
all the rectangles within the curve, and where the last extends over all rectangle 


way of rigorous analysis than to treat the simpler questions and to indicate the 
need of corresponding treatment for other questions. 

The justification for tlie method of evaluating a definite double integral as given 
above offers some difficulties in case the function D{x^ y) is discontinuous. The 
proof of the rule may be obtained by a careful consideration of the integration of 
a function defined by an integral containing a parameter. Consider 

^{y)= f '-^(*1 r\(y)dy = f''' f 'D(x, v)dxdy. (4) 

•'"o ■'"o •^^0 

It was seen (§ 118 ) that <t>{v) is a continuous function of y if jD(aj, y) is a con- 
tinuous function of (x, y). Suppose that Il(x, y) were discontinuous, but remained 
finite, on a finite number of curves each of which is cut by a line parallel to the 
x-axis ill only a finite number of points. Porm A9!) as before. Cut out the short 
intervals in which discontinuities may occur. As the number of such intervals is 
finite and as each can be taken as shoii; as desired, their total contribution to (p{y) 
or 0(y + Ay) can be made as small as desired. Por the remaining portions of the 
interval Xq ^ x ^ x^ the previous reasoning applies. Hence the difference A<f) can 
still be made as small as desired and <p (y) is continuous. If Z)(x, y) be discontinuous 
along a line 2/ = ^ parallel to the x-axis, then (y) might not be defined and might 
have a discontinuity for the value y = But there can be only a finite num- 
ber of. such values if i)(x, y) satisfies the conditions imposed upon it in considering 
the double integral above. Hence 0 (y) would still be integrable from to y^ Hence 


j D (x, y) dxdy exists 

and y)dxdv S - 


under the conditions imposed for the double integral. 

Now let the rectangle Xq ^ x ^ ^ y ^ be divided up as before. Then 


I I) (x, y) dxdy ^ MijAiXAjy, 

V 

Add : ^ myAXi^yj f <^<^V S ^ MyA(xA/y 

^ (*, y) ^^y = f’'' f (*. y) ^v- 

^ dy Jx dy^ dxf^ 

Now if the number of divisions is multiplied indefinitely, the limit is 

J ^ J y)dxdy = liin = lim "^M^fAAy = J' i>(x, y)dA. 

Thus the previous rule for tlie rectangle is proved with proper allowance for pos- 
sible discontinuities. In case the area A did not form a rectangle, a rectangle 
could be described about it and the function i)(x, y) could be defined for the 
whole rectangle as follows ; For points within A the value of D (x, y) is already 



allowable for either integral in (4), and the integration when applied to the rec 
tangle would then clearly give merely the integral over A. The limits could thei 
be adjusted so that 

f y)dxdy - f y)dxdy = f I>{x^ y)dA. 

The rule for evaluating the double integral by repeated integration is therefore 
proved. 

EXERCISES 

1 . The sum of the moments of inertia of a plane lamina about two perpendicula 
lines in its plane is equal to the moment of inertia about an axis perpendicular t< 
the plane and passing through their point of intersection. 

2. The moment of inertia of a plane lamina about any point is equal to the sun 
of the moment of inertia about the center of gravity and the product of the tota 
mass by the square of the distance of the point from the center of gravity. 

3. If upon every line issuing from a point 0 of a lamina there is laid off a dis 
tance OP such that OP is inversely proportional to the square root of the moment o 
inertia of the lamina about the line OP, the locus of P is an ellipse with center at 0 

4 . Find the moments of inertia of these unifoiun laminas: 

(a) segment of a circle about the center of the circle, 

(/3) rectangle about the center and about either side, 

{7) parabolic segment bounded by the latus rectum about the vertex or diametei 

( 5 ) right triangle about the right-angled vertex and about the hypotenuse. 

5. Find by double integration the following areas: 

(cr) quadrantal segment of the ellipse, (/3) between and y = ®, 

(7) between 3 — 26 a; and 6a;2 — 9y, 

(5 ) between _ 2 a; = 0, a;2 ^ ^2 _ 2 y = 0, 

(e) between — 4 05^5 q. 4 y2 = — 46x + 462, 

) within (y — a; — 2)2 = 4 — a;2, 

(77) between a;2 = 4 ay, y(x^ + 4a2) = 8 a®, 

{ 0 ) y^ z= aaj, a:2 + y2 _ 2 aa; = 0. 

6 . Find the center of gravity of the areas in Ex. 5 (or), (/3), (7), (5), and 

(or) quadrant of a^y2 = a^a;^ — x®, (y3) quadrant of xi + y^ = ai, 

(7) between a;i = q- ai, a; + y = a, ($) segment of a circle. 

7 . Find the volumes under the surfaces and over the areas given: 

(or) sphere z = Va® — x® — y2 and square inscribed in x2 -f y® _ ^2^ 

(/?) sphere z = Va2 — x2 — y2 and circle x2 + y2 aa; = 0, 

{7) cylinder 2: = V4a2 — y2 circle x2 + y2 — 2 aa; = 0, 

(6) paraboloid z = kxy and rectangle O^x^a, 0^y^6, 

( c ) paraboloid z — kxy and circle x2 q- y2 — 2 ax — 2 ay = 0, 

( f ) plane x/a + y/b + z/c = 1 and triangle xy {x/a + y/6 — 1) = 0, 

(rj) paraboloid z = 1 — x2/4 — y2/9 above the plane 2 = 0, 

{$) paraboloid z = (x + y)2 and circle x2 q- y2 = a2. 


ON MULTIPLE INTEGRALS 


8. Instead of ciioosing t/,) as particular points, namely the middle points, of 

the rectangles and evaluating tjj) AXiA-i/j subject to errors X, k which vanish in 

the limit, assume the function D (x, y) continuous and resolve the double integral 
into a double sum by repeated use of the Theorem of the Mean, as 

X ' I) (x^ y)dx = (If, y) Axi, |’s properly chosen, 

^ "V (y) dy ='^4, (rii) -D iiu vj) Aa;< j ^ 

9. Consider the generalization of Osgood’s Theorem {§ 36) to apply to double 
integrals and sums, namely : If aij are infinitesimals such that 

a , 7 = r}j) AAij + 

where is uniformly an infinitesimal, then 


i^ao = f D(x, y)dA = f' pD 


(x, y)6xdy. 


Discuss the statement and the result in detail in view of § 34. 

10 . Mark the region of the x^z-plane over which the integration extends : * 

‘“'X"/.’®**- mX'X""™**’ <'''X'X’“''’ 

_ e 

11 . The density of a rectangle varies as the square of the distance from one 
vertex. Find the moment of inertia about that vertex, and about a side through 
the vertex. 

12 . Find the mass and center of gravity in Ex. 11. 

13 . Show that the moments of momentum (§ 80) of a lamina about the origin 
and about the point at the extremity of the vector satisfy 

J rx vdni = TqX J vdm + J x'xydm, 

or the difference between the moments of momentum about P and Q is the moment 
about P of the total momentum considered as applied at Q. 

14 . Show that the formulas (1) for the center of gravity reduce to 

f xyDdx f \yyJDdx T y^Mz 

aj — — ! , y~~ or x = — 

y' yBdx JyDdx J — yo)Tldx 

P'l(vi + yo)(yi-yo)^^ 

y = — — 

j '{Vi-yo)^ 


diameter of the sphere. Find the volume cut out. Discuss the problem by double 
integration and also as a solid with parallel bases. 

16. Show that the moment of momentum of a plane lamina about a fixed point 
or about the instantaneous center is Iw, where w is the angular velocity and I the 
moment of inertia. Is this true for the center of gravity (not necessarily fixed) ? 
Is h true for other points of the lamina ? 

17. Invert the order of 

18. In these integrals cut down the region over which the integral must he 
extended to the smallest possible by using symmetry, and evaluate if possible : 

(a) the integral of Ex. 17 with D = y^ — 2 

(/?) the integral of Ex, 17 with jD := (x — 2 Vs)V or D = (x — 2 Vs) y\ 

(y) the integral of Ex. 10(e) with D = r (1 + cos <p) or D = sin <p cos 0. 

19. The curve y =/(x) between x = a and x = 6 is constantly increasing. 
Express the volume obtained by revolving the curve about the x-axis as 
TT [/(u)]®(f> — a) plus a double integral, in rectangular and in polar coordinates. 

20. Express the area of the cardioid r = a (1 — cos 0) by means of double inte- 
gration in rectangular coordinates with the limits for both orders of integration. 

133. Triple integrals and change of variable. In the extension from 
double to triple and higher integrals there is little to cause difficulty. 
For the discussion of the triple integral the same foundation of mass 
and density may be made fundamental. If D (x, y, z) is the density of 
a body at any point, the mass of a small volume of the body surround- 
ing the point} rji, ^i) will be approximately 2) rji, and will 

surely lie between the limits and where M( and m,- are 

the maximum and minimum values of the density in the element of 
volume AVi, The total mass of the body would be taken as 

lim T D (ic, Vi, AF, = fi? {x, y, «) dV, (6) 

where the sum is extended over the whole body. That the limit of the 
sum exists and is independent of the method of choice of the points 
(f,., 7 /,., f,) and of the method of division of the total volume into elements 
AF,-, provided D (x, y, z) is continuous and the elements AFj- approach 
zero in such a manner that they become small in every direction, is 
tolerably apparent. 


/» I r VSy + 2 Vs 

integration in Ex. 10 and in J J Ddydx, 


tioii is the immediate generalization of the method used for the double 
integral. If tlie region over which the integration takes place is a rec- 
tangular parallelepiped with its edges parallel to the axes, the integral is 


f D(x, y, s)dV — f f C D(x,y, g)dxdyds. (5') 

J Jzq Jy^ Jx^ 

The integration with respect to x adds up the mass of the elements in 
the column upon the base dydz^ the integration with respect to y then 
adds these columns together into a lamina of thickness dz^ and the 
integration with respect to z finally adds 
together the laminas and obtains the mass 
in the entire parallelepiped. This could 
be done in other orders ; in fact the inte- 
gration might be performed first with re- 
gard to any of the three variables, second 
with either of the others, and finally with 
the last. There are, therefore, six equivar 
lent methods of integration. 

If the region over which the integration 
is desired is not a rectangular parallele- 
piped, the only modification which must be introduced is to adjust the 
limits in the successive integrations so as to cover the entire region. 
Thus if the first integration is with respect to x and the region is 
bounded by a surface x = ij/^ (y, z) on the side nearer the ^/^f-plane and 
by a surface x = on the remoter side, the integration 

= O/i *) 



£ 


7) (x, y, z) dxdydz = O (y, z) dydz 

will add up the mass in elements of the column which has the cross 
section dydz and is inter(»-epted between the two surfaces. The problem 
of adding up the columns is merely one in double integration over the 
region of the y^-plane upon which they stand ; this region is the pro- 
jection of the given volume upon the y^-plane. The value of the 
integral is then 

BdV =11 Q dydz = i / I Ddxdydz. (5 ) 

Here again the integrations may be performed in any order, provided 
the limits of the integrals are carefully adjusted to correspond to that 
order. The method may best be learned by example. 




volume of the cylinder -f- 2^2 — 2 aj; = 0 which lies in the first octant and uudei 
paraboloid x^ + — ^^ 2 :, if the density be assumed constant. The integrals to eval- 

uate are : 




. f 


xdm 


V - 


fydm _ f 


zdm 


( 0 ) 


T, = Jd(v^ + z^dY, = D J {?? + z^)dr, (*’* + V") <21^. 

The consideration of how the figure looks shows that the limits for z are 2 = 0 and 
2 = (x2 + y^)/a if the first integration be with respect to 2 ; then the double integral 
in X and y has to be evaluated over a semi- 
circle, and the first integration is more simple 
if made wi th respec t to y with limits 2 / = 0 
and y = V2 ox — x*^, and final limits x = 0 
and X = 2 a for x. If the attempt were made 
to integrate first with respect to y, there 
would be difficulty because a line parallel to 
the 2 /-axis will give different limits according 
as it cuts both the paraboloid and cylinder or 
the X2“plane and cylinder ; the total integral 
would be the sum of two integrals. There 
would he a similar difficulty with respect 
to an initial integration by x. The order of 
integration should therefore be 2 , x. 



m 


/%2a rtVaox — ai* /» (** -f 2/^)/a 

=■^1 r r 

VaSEI 0 t///=0 VZssQ 


dzdydx 

= ^ ^ ^ (2 ox — x2)i J dx 


j «2a /»va 

f 

a?=0 vy = 0 


ax - X* 3.2 ^ 2/2 


dydx 




j f»'2a /»(a:* + y*)/a /»2a /» V 2 ox — x* gj# J. xi/* , , 

I / xdzdLydx^B I I dydx 

X=0vy3=0 dz=sQ «/X=0*'y=0 ^ 

= ^ l^x® V 2^ ~ x^ + ^x (2 ox — J dx = 

Hence x = 4 a/3, The computation of the other integrals may be left as an exercise. 


2 sin2 ^ -f - sin* 0 
3 

» (a* + »*)/« 




-7ra®D 


X = g (1 — C OB 0) 

V2 ox — x® = a sin 6 
dx = a sin &d0 


134. Sometimes the region over which a multiple integral is to be 
evaluated is such that the evaluation is relatively simple in one kind 
of coordinates but entirely impracticable in another kind. In addition 
to the rectangular cohrdinates the most useful systems are polar coor- 
dinates in the plane (for double integrals) and polar and cylindrical 
coordinates in space (for triple integrals). It has been seen (§ 40) that 
the element of area or of volume in these cases is 

dA = rdrd<l», dV = sin 6drd0d<f>, dV rdrd/^dz^ (7) 


substituted in the double or triple integral and the evaluation may be 
made by successive integration. The proof that the substitution can 
be made is entirely similar to that given in §§ 34-35. The proof that 
the integral may still be evaluated by successive integration, with a 
proper choice of the limits so as to cover the region, is contained in 
the statement that tlie formal work of evaluating a multiple integral 
by repeated integration is independent of what the coordinates actually 
represent, for the reason that they could be interpreted if desired as 
representing rectangular coordinates. 

Find the area of the part of one loop of the lemiiiscate = 2a‘^co82<p which is 
exterior to the circle r = a ; also the center of gravity and the moment of inertia rela- 
tive to the origin under the assumption of constant density. Here the integrals are 

rt = y * dAy ^ Ay ^ ^ ydA, I = dJ rHA^ m = DA. 

The integrations may be performed first with respect 
to r so as to add up the elements in the little radial 
sectors, and then with regard to (f> so as to add the 
sectors ; or first with regard to 0 so as to combine tlie 
olenieuts of the little circular strips, and then with re- 
gard to r so as to add up the strips. Thus 

4 = 2 r® f ^rdrdip =1 {2 cos 2 ^ = MS 

«/<J, = 0«/r = a do V 0/ 

Ax = 2 r ® r cos </> • rdrd<f> = “ T ^(2 V2 a* cos2 2 ^ — a®) cos <pd<p 

~ - a® f ^ (1 — 2 sin20)S d sin ^ — cos = ^ a® = .393 a®. 

3 t/o 

Hence x = 3^a/(l2 Vs — 4ir) = 1.16 a. The sym- 
metry of the figure shows that y = 0. The calcula- 
tion of I may be left as an exercise. 

Given a sphere of wliich the density varies as the 
distance from some point of the surface ; required the 
mass and the center of gravity. If polar coordinates 
with the origin at the given point and the polar axis 
along the diameter through that point be assumed, 
the equation of the sphere reduces to r = 2 a cos 0 
where a is the radius. The center of gravity from 
reasons of symmetry will fall on the diameter. To 
cover the volume of the sphere r must vary from r = 0 
at the origin to r = 2acos0 upon the sphere. The 
polar angle must range from ^ = 0 to ^ ^ tt, and the 

longitudinal angle from ^ = 0 to ^ = 2 tt. Then 





j f*2Tr p /\ra=2aco80 

I I kr ‘V cos ^ sin 0drd0d(f>, 

0 = 0 '/ff=0 dr = 0 

L = r r ^ 4 ka^ cos^ 0 sin 0d0d<l) = f - ka^d<p = ^ 
J0=o*^0 = o do 6 


2’>- i^2 S2 ka^ 


f 

dd» = 0 da 


COS® 6 sin 


J^=0dQz=i0 5 
The center of gravity is therefore i = 8 a/7. 


sdddtp = r 

do 


2 ^ 82 A;a'^ Mirka^ 
cZ0 = 

0 36 36 


Sometimes it is necessary to make a change of variable 
x = ^(u, v), y = v) 

or X = V, w), y = v, w)^ z = ia(u, v, w) (8' 

in a double or a triple integral. The element of area or of volume hai 
been seen to be (§ 63, and Ex. 7, p. 135) 


Hence 

and 


dA=j{^^) 

\tOj vj 


dudv or dV - 


JjliiJiii) 

\ \Uy Vf Wj 

J* Dix, y)dA^ J* 

jDi^, y, z)dV=jD(<l., 


dudvdw,. 


dudvdw. 


(K 

(K 


It should be noted that the Jacobian may be either positive or negative 
but should not vanish ; the diifference between the case of positive anc 
the case of negative values is of the same nature as the difference 
between an area or volume and the reflection of the area or volume 
As the elements of area or volume are considered as positive wher 
the increments of the variables are positive, the absolute value of tht 
Jacobian is taken. ; 

EXERCISES 

1 . Show that (6) are the formulas for the center of gravity of a solid body. 

. 2 . Show that dm, j * + 2®) dm, Iz= j * + y^)dm are the 

formulas for the moment of inertia of a solid about the axes. 

3. Prove that the difference between the moments of inertia of a solid aboui 
any line and about a parallel line through the center of gravity is the product of the 
mass of the body by the square of the perpendicular distance between the lines. 

4 . Find the moment of inertia of a body about a line through the origin in the 
direction determined by the cosines I, m, n, and show that if a distance OP be laid 
off along this line inversely proportional to the square root of the moment oi 
inertia, the locus of P is an ellipsoid with 0 as center. 


(a) trirectangular tetrahedron between xyz ~ 0 and x/a + y/b + z/c = 1, 

(§) solid bounded by the surfaces ■=: = oux^ x = Z 

(7) solid common to the two equal perpendicular cylinders x^-^y^ — a^, x® + 2^ _ ^2 

(8) octant of 1, 


(e) octant of ( - 


Me =’• 


7 . rind the center of gravity in Ex. 6 (5), Ex. 6 (cr), (iS), (5), (c), density uniform. 

8 . Find the area in these cases : (a) between r = a sin 2 ^ and r = | a. 

(/8) between = 2 cos 2 <f> and r = sl a, (7) between r = a sin 0 and r — b cos 0, 

(5) = 2 a® cos 2 0, r cos 0 = \ Vs a, (e) r = a (1 + cos 0), r = a. 

9 . Find the moments of inertia about the pole for the cases in Ex, 8, density 
uniform. 


10 . Assuming uniform density, find the center of gravity of the area of one loop : 

(cr) r* = 2 a® cos 2 0, (j 9 ) r = a (1 — cos 0), (7) r = a sin 2 0, 

( 5 ) r = a sin® 0 (small loop), (e) circular sector of angle 2 a. 

11 . Find the moments of inertia of the areas in Ex. 10 (a), (jS), (7) about the 
initial line. 


12 . If the density of a sphere decreases uniformly from Dq at the center to 
at the surface, find the mass and the moment of inertia about a diameter. 

13 . Find the total volume of : 

(a) (x2 + ^ 2 j2)2 ™ (352 + 4. ^2)8 _ 27 (xHyz, 

14 . A spherical sector is bounded by a cone of revolution; find the center of 
gravity and the moment of inertia about the axis of revolution if the density 
varies as the nth power of the distance from the center. 

15 . If a cylinder of liquid rotates about the axis, the shape of the surface is a 
paraboloid of revolution. Find the kinetic energy. 

16 . Compute J , j , j and hence verify ( 7 ). 

\r, 0/ \r, 0, z) \r, 0, 9 / 

17 . Sketch the region of integration and the curves u = const., v = const. ; 
hence show; 


(tr) f f /(x, y) dxdy == f f(u — nu, uv) ududv, ii u = y + Xj y — uv, 

«/ 0 vyswO do t/w=0 

(/S) /_/(*’ V)dxdy 

" " 1 _u^\ if J, ^ ^ « 

Jo Jv=Q \1 4 - M 1 4 - w / (1 + n )2 1 + n 

(7) or= r“r^ / — ~ — dudv- ^ 

Jo Ju =0 (1 4 " VO Jt( = l (1 + 


-dudv. 


19. Same as Ex. 18 for cylinder =2 cos 2 <f ) ; and find fclie moment 
inertia about r = 0 if the density varies as the distance from r = 0. 

20. Assuming the law of the inverse square of the distance, show that t 
attraction of a homogeneous sphere at a point outside the sphere is as though i 
tlie mass were concentrated at the center. 


21. Eind the attraction of a right circular cone for a particle at the vertex. 


22. Find the attraction of (a) a solid cylinder, (j9) a cylindrical shell upon 
point on its axis ; assume homogeneity. 


23. Eind the potentials, along the axes only, in Ex. 22. The potential may 

defined as or as the integral of the force. 

24. Obtain the formulas for the center of gravity of a sectorial area as 


1 

^ ho 


1 


3 


r® cos 




r® sin <pd4>^ 


and explain how they could be derived from the fact that the center of gravity 
a uniform triangle is at the intersection of the medians. 


25. Eind the total illumination upon a circle of radius a, owing to alight al 
distance h above the center. The illumination varies inversely as the square of t 
distance and directly as the cosine of the angle between the ray and the norir 
to the surface. 


26. Write the limits for the examples worked in §§ 183 and 134 when the ini 
grations are performed in various other orders. 

27. A theorem of Pappus. If a closed plane curve be revolved about an a] 
which does not cut it, the volume generated is equal to the product of the area 
the curve by the distance traversed by the center of gravity of the area. Pro 
either analytically or by infinitesimal analysis. Apply to various figures in whi 
two of the three quantities, volume, area, position of center of gravity, are know 
to find the third. Compare Ex. 3, p. 846. 


135, Average values and higher integrals. The value of some speci 
interpretation of integrals and other mathematical entities lies in tl 
concreteness and suggestiveness which would be lacking in a pure 

analytical handling of the subject. For the simple integral 

the curve ^ =:f(x) was plotted and the integral was interpreted 
an area; it would have been possible to remain in one dimension 1 
interpreting f(x) as the density of a rod and the integral as the maf 

In the case of the double integral^y^(£c, 2 /}dA the conception of de 

sity and mass of a lamina was made fundamental ; as was pointed oi 
it is possible to go into three dimensions and plot the surface ^ = f(xy ; 


and interpret the integral as a volume. In the treatment of the triple 

integral J* f(x, y, z)dV the density and mass of a body in space were 

made fundamental ; here it would not be possible to plot u =/(cr, y, z) 
as there are only three dimensions available for plotting. 

Another important interpretation of an integral is found in the con- 
ception of average value. If ‘ ^ numbers, the average of 

the numbers is the quotient of their sum by n. 


- _ g'l + g2 H -f yn 

” n n 


Mi 


(9) 


If a set of numbers is formed of numbers and numbers 
•••, and numbers so that the total number of the numbers 
is w^-\ “h the average is 


. + w^q^ 4- ■ 


u\ + W’2 H h 


±JMs 


( 9 ') 


The coefficients or any set ot numbers which are pro- 

portional to them, are called the -weights of y.,, • • • , q^. These defi- 
nitions of average will not apply to finding the average of an infinite 
number of numbers because the denominator n would not be an arith- 
metical number. Hence it would not be possible to apply the definition 
to finding the average of a function / (a') in an interval ccq ^ ^ 

A slight change in the point of view will, however, lead to a defi- 
nition for the average value of a function. Suppose that the interval 
is divided into a number of intervals and that it be 
imagined that the number of values of y = f{x) in the interval Aa*, 
is proportional to the length of the interval. Then the quantities 
Air,- would be taken as the weights of the values /(f/) and the average 
would be 

I f(x)dx 

or better y = ■ 


:SAa:,/(|,) 

%/ 




J /^^1 

' 

^0 


( 10 ) 


dx 


by passing to the limit as the Aa;/s approach zero. Then 


f 'f{x)dx 

Jx^ 


or 


ry(x)dx=(x^-x„)f. (loo 

Jxn 


In like manner if =zf{pc, y) be a function of two variables or 


-A C 1.1 .. 


1.1.. ....Vi-. rt iri'iT.o npiiC! r^Troi* Q.ll fJ.l'P.fl 


(10' 


I- 

ik 


f/(^, y)dA C f(x, y,z)dV 

^ ^ — sZ 

jdAz=:A jdV=^V 


It should be particularly noticed that ^/le value of the avera,ge is d\ 
fined with reference to the variables of ivhich the function averaged is 
function ; a change of variable will in general bring about a change i 
the value of the average. For 

if y = /(»), ^ = - ' -3-- r 'fix) dx ; 

1 *^0 

but if y=^fi^if)\ ^ = 7:^ f 

and there is no reason for assuming that these very different expre! 
sions have the same numerical value. Thus let 



a; = sin 0 ^ ^ ^ ^ tt, 

tr 


The average values of x and y over a plane area are 



when the weights are taken proportional to the elements of area; bn 
if the area be occupied by a lamina and the weights be assigned a 
proportional to the elements of mass, then 


X = 




and the average values of x and y are the coordinates of the center c 
gravity. These two averages cannot be expected to be equal unless th 
density is constant. The first would be called an area-average of x ani 
y; the second, a mass-average of x and y. The mass average of th 
square of the distance from a point to the different points of a lamin 
would be _ A r 

^ i / r^dm = I/M, (11 


and is defined as the radius of gyration of the lamina about that point 
it is the quotient of the moment of inertia by the mass. 


proper fraction ; also the average value of a proper fraction subject to the condi- 
tion that it be one of two proper fractions of which the sum shall be less than or 
equal to 1. Let % be the proper fraction. Then in the first case 


X = i r xdx ~ -* 
1 Jo 2 


In the second case let y be the other fraction so that x -f ^ 1. Now if (x, y) be 
taken as coordinates in a plane, the range is over a triangle, the number of points 
(x, y) in the element dxdy would naturally be taken as proportional to the area of 
the element, and the average of x over the region would be 

fxdA f.T xdxdy (1 — 2 + y^)dy ^ 

JdA ^dxdy 2 (1 — y)dy ^ 

Now if X were one of four proper fractions whose sum was not greater than 1, the 
problem would be to average x over all sets of values (x, y, 2 , w) subject to the 
relation x + From the analogy with the above problems, the result 

would be 

X lim _ 


f.'.J 


V = 0 J: 

1 1 — w — « — y 

xdxdydzdu 

C5=0 

c. 

^ 1 — « 

p l—tt— » 

'y=0 

^ l-w-s— y 

I dxdydzdu 

X=S 0 


The evaluation of the quadruple integral gives x = 1/5. 


136. The foregoing problem and other problems which may arise 
lead to the consideration of integrals of greater multiplicity than three. 
It will be sufficient to mention the case of a quadruple integral. In the 
first place let the four variables be 

u^Sumv.^, ( 12 ) 

included in intervals with constant limits. This is analogous to the 
case of a rectangle or rectangular parallelepiped for double or triple 
integrals. The range of values of a:, ijj z, u in (12) may be spoken of 
as a rectangular volume in four dimensions, if it be desired to use geo- 
metrical as well as analytical analogy. Then the product 
would be an element of the region. If 

Xf Xi + Ui ^ Oi ^ Ui + A?^,., 

the point 7 ;., f would be said to lie in the element of the region. 
The formation of a quadruple sum 

could be carried out in a manner similar to that of double and triple 
sums, and the sum could readily be shown to have a limit when 


this sum could be evaluated by iterated integration 

rvi 

lim^fAxA!/A^A'^i=^ j I I f f{x,ij,r.,u)dudz(lydx 

•^«0 


^Vq ^Zq 

where the order of the integrations is immaterial. 

It is possible to define regions other than by means of inequaliti< 
such as arose above. Consider 


F{x, y, ?/)= 0 and P{Xj y, 0, 

where it may be assumed that when three of the four variables ai 
given the solution of F = 0 gives not more than two values for tl 
fourth. The values of x, y, % which make F < 0 are sejiarated fro 
those which make jP > 0 by the values which make F = 0. If the si^ 
of F is so chosen that large values of cc, y, z^ u make F positive, tl 
values which give F > 0 will be said to be outside the region and tho5 
which give F < 0 will be said to be inside the region. The value of tl 
integral of /(.r, y, z^ v) over the region F ^ 0 could be found as 


n y = ^ 2 = V) ^ « = y, 

~ ~ v) = WoC®» 


Z) 

f(x, ?/, Zj u) dudzdydx, 


where it = z) and v. = <a^{Xj y, z) are the two solutions of F = 

for u in terms of y, z, and where the triple integral remaining aft( 
the first integration must be evaluated over the range of all possib 
values for (cc, y, z). By first solving for one of the other variables, tl 
integrations could be arranged in another order with properly changf 
limits. 


If a change of variable is effected such as 
x:=z<i>{x%y\z%u'), y =^f{x\y\z',u'), z x{x\v\z\u% w = 2 /', (1 

the integrals in the new and old variables are related by 

/// 1 “^ 

The result may be accepted as a fact in view of its analogy with the results (8) f ' 
the simpler cases. A proof, however, may be given which will serve equally w( 
as another way of establishing those results, — a way which does not depend on tl 
somewhat loose treatment of infinitesimals and may therefore be considered 
more satisfactory. In the first place note that from the relation (33) of p. IS 
involving Jacobians, and from its generalization to several variables, it appea 
that if the change (14) is possible for each of two transformations, it is possib 
for the succession of the two. Now for the simple transformation 

jc = a', y=^y'<i « = z% 


M = « (x', y', z', u') = a (x, y, z, u'), (U 


J* f (^1 Z/i ^ ^ ) 1 j ^ ^ ^0 j ^ I » 

and each side may be integrated with respect to x, y, z. Hence (14) is true in this 
case. For the transformation 

X = 0 {x\ ?/, 2', u% y = xp (x% y\ z\ u% z = x V\ ^ < (13") 

which involves only three variables, J ^ \ =j ( ■ and 

\x', z% u'j \x', y', z'j 

f f ^fff 'PiXyy)\J\ dx'dy'dz' 

and each side may be integrated with respect to u. The rule therefore holds in 
thi.s case. It remains therefore merely to show that any transformation (13) may 
be resolved into the succession of two such as (13'), (13"). Let 

Xj = X', = y\ = 2 ', 1 = w (x', y\ z\ u') - w (x^, y^, z^, u'). 

Solve the equation ~ w(Xj, y^ 2^, u') fur «' = (x^, y^, 2^ w^) and write 

X = y^, w^), y^^p (x^, y^, z^, w^), z-x («i, 2 /i, w^), u = u^. 

Now by virtue of the value of w,, this is of the type (13"), and the substitution of 
Xp y^, Zi, Wj in it gives the original transformation. 


EXERCISES 

1 . Determine the average values of these functions over the intervals: 

(a:) x2, 0 ^ X ^ 10, (j3) sin x, 0 s x ^ 4 tt, 

(7) x», 0 ^ X ^ n, (5) cos«x, 0 ^ X ^ 4 

2 . Determine the average values as indicated ; 

(a) ordinate in a semicircle x^ 4- y^ = a^, y > 0, with x as variable, 

(/3) ordinate in a semicircle, with the arc as variable, 

(7) ordinate in semiellipse x = a cos y = 6 sin <>, with <p as variable, 

(d) focal radius of ellipse, with equiangular spacing about focus, 

( e ) focal radius of ellipse, with equal spacing along the major axis, 

(f) chord of a circle (with the most natural assumption). 

3 . Find the average height of so much of these surfaces as lies above the xy-plane ; 

(a) +y^ = a^, (jS) z = g2 = 4 _ — y^. 

4 . If a man’s height is the average height of a conical tent, on how much of the 
floor space can he stand erect ? 

5. Obtain the average values of the following : 

(a) distance of a point in a square from the center, (^) ditto from vertex, 

(7) distance of a point in a circle from the center, (5) ditto for sphere, 

( c ) distance of a point in a sphere from a fixed point on the surface. 

6 . From the S.W. corner of a township persons start in random directions 
between N. and E. to walk across the township. What is their average walk ? 
Which has it? 



joining them is drawn. Show that the average of the area of the square on tl 
line is J the square on the hypotenuse of the triangle. 

8. A line joins two points on opposite sides of a square of side a. What is t 
ratio of the average square on the line to the given square ? 

9. I'ind the average value of the sum of the squares of two proper fractior 
What are the results for three and for four fractions ? 

10. If the sum of n proper fractions cannot exceed 1, show that the avera 
value of any one of the fractions is l/(n + 1). 

11. The average value of the product of k proper fractions is 2-^. 

12. Two points are selected at random within a circle. Find the ratio of t 
average area of the circle described on the line joining them as diameter to t 
area of the circle. 

13. Show that / = r® sin^ 0 sin ^ for the transformation 

a; = r cos 2 / = r sin 6 cos 0, 2 : = r sin ^ sin 0 cos u = r sin 0 sin 0 sin 

and prove that all values of a;, y, u defined by aj® q. 2/2 + ^2 ^ ^ ^2 ^re coveri 
by the range O^r^a, 0^0^ tt, 0^^^27r. What range w 

cover all positive values of x, y, 2 ;, m ? 

14. The sum of the squares of two proper fractions cannot exceed 1, Find t. 
average value of one of the fractions. 

15. The same as Ex. 14 where three or four fractions are involved. 

16. Note that the solution of u') for u' = z^y i 

requires that doj/du'" shall not vanish. Show that the hypothesis that J does not va 
ish in the region, is sufficient to show that at and in the neighborhood of each poi 
(x, y, Zy u) there must be at least one of the 16 derivatives of 0 , f , x, w by x, z. 
which does not vanish ; and thus complete the proof of the text that in case J 
and the 16 derivatives exist and are continuous the change of variable is as give 

17. The intensity of light varies inversely as the square of the distance. Fii 
the average intensity of illumination in a hemispherical dome lighted by a lar 
at the top. 

18. If the data be as in Ex. 12, p. 331, find the average density. 


137. Surfaces and surface integrals. Consider a surface which h 
at each point a tangent plane that changes contin- 
uously from point to point of the surface. Consider 
also the projection of the surface upon a plane, say 
the ay-plane, and assume that a line perpendicular 
to the plane cuts the surface in only one point. 

Over any element dA of the projection there will 
be a small portion of the surface. If this small 
portion were plane and if its normal made an angle y with 
the area of the surface (p. 167) would be to its projection 



the 5;-axi 
as 1 is 


cos y ana wouia oe sec yaA. xne value or cos y may be read rrom (9) 
on page 96. This suggests that the quantity 

5 =^360 ydA [l + (I) + dJ] dxdy (16] 

be taken as the definition of the area of the surface, where the doubk 
integral is extended over the projection of the surface ; and this deh- 
nitioii will be adoj)ted. This definition is really dependent on the 
particular plane upon which the surface is projected j that the value of 
the area of the surface would turn out to be the same no matter what 
plane was used for projection is tolerably apparent, but will be proved 
later. 


Let the area cut out of a hemisphere by a cylinder upon the radius of the 
hemisphere as diameter be evaluated. Here (or by geometry directly) 


A 


^ _ X 

dx z* dy 



+ tYdA = 2f‘‘ = 

z^j Jx^o •/y=o Va^ — x^— 


This integral may be evaluated directly, but it is better to transform it to polar 
co5rdinates in the plane. Then 


S xz2 ^ «cos<^ — __ g rdrd(t> = 2 f ^ (1 — sin 0 ) = (-tt — 2) a*. 

•^<^> = 0 »^r=o do 

It is clear that the half area which lies in the first octant could be projected upon 
the X2:“plane and thus evaluated. The region over which the integration would 
extend is that between ^ z^ = and the projection 
+ oic = of the curve of intersection of the sphere 
and cylinder. The projection could also be made on the 
yz-plane. If the area of the cylinder between z = 0 and 
the sphere were desired, projection on z := 0 would be 
useless, projection on x = 0 would be involved owing to 
the overlapping of the projection on itself, but projection 
on y = 0 would be entirely feasible. 

To show that the definition of area does not depend, 
except apparently, upon the plane of projection consider 
any second plane which makes an angle $ with the first. Let the line of intersec- 
tion be the y-axis ; then from a figure the new coordinate x' is 

x" = X cos ^ + z sin 6, y ~y, and J ^ = — = cos ^ ^ sin 9, 

(x, y) dx dx 

s— ^ rr j y) d^x'dy _ rr dx'dy 

J J cos 7 J J (x', y) cos 7 J J cos y (cos ^ + p sin 6) 

It remains to show that the denominator cos 7 (cos ^ 4-p sin 9) = cos 7'. Referred 

to the original axes the direction cosines of the normal are — p : — ^ 5 1> and of 




, jp sin e' + 0 + cos 6^ p sm ft' + cos ft' , . , ... 

cos 7 = ■ - — = = COR 7 (cos ^ 4 * p sin ^). 

'y/ \ p'^ -{■ (j^ sec 7 


Hence the new form of the area is the integral of sec y'dA' and eijiials the old forr 


The integrand dS = sec yd A is called the element of surface. Thei 
are other forms such as dS = Scc (r, ri) sin where (r, n) is tl 

angle between, the radius vector and the noriual ; Vmt they are use 
comparatively little. The possession of an expression for the eleinei 
of surface affords a means of computing averages oner sarffce,^. For 
qt = 'u(xj y, be any function of (x, ?/, ?j), and z =f(xj y) any vsurfac? 
tlie integral 



will be the average of u over the surface S, Thus the average heigl 
of a hemisphere is (for the surface average) 



whereas the average height over the diametral plane would be 2/1 
This illustrates again the fact that the value of an average depend 
on the assumption made as to the weights. 

138. If a surface y) be divided into elements A*S\-, and tli 

function u {x, y, z) be formed for any point rji, CO elemen 

and the sum be extended over all the elements, the limit c 

the sum as the elements become small in every direction is define 
as the surface integral of the fumition over the surface and may t 
evaluated as 

,y,., f.)A5,= J* u{x y,z)(ls 

~ff ** Vi dxdy. (17 

That the sum approaches a limit independently of how (4-, ni) CO ^ 
chosen in A5^,- and how A*S; approaches zero follows from the fact tha 
the element of the sum differs uniformly from th 

integrand of the double integral by an infinitesimal of higher orde: 
provided n (x, y, z ) be assumed continuous in (x, y, z) for points nea 
the surface and Vl he continuous in (x^ y) over the surface 

For many purposes it is more convenient to take as the noTm£ 
form of the integrand of a surface integral, instead of udS^ th 







mdA 


on the surface, dS is a positive quantity, but cosy 
is x^ositive or negative according as the normal is 
drawn on the upper or lower side of the surface. 

The value of the integral over the surface will be 

J' R (Xj ?/, z) cos yds = J'J' Rdxdy or 

according as the evaluation is made over the upper or lower side. If 
the function R (x, y, z) is continuous over the surface, these integrands 
will be finite even when the sui’face becomes perpendicular to the 
^:y-plane, which might not be the case with 
an integrand of the form u (cc, y, z) dS, 

An integral of this sort may be evaluated 
over a closed surface. Let it be assumed 
that the surface is cut by a line parallel to 
tlie ;t-axis in a finite number of points, and 
for convenience let that number be two. Let 
the normal to the surface be taken con- 
stantly as the exterior normal (some take 
the interior normal with a resulting change 
of sign in some formulas), so that for the 
ux)x>€‘U’ part of the surface cos y > 0 and for 
the lower part cos y < 0. Let rv v) 

and =/o(ir, y) be the uj^ijer and lower values of z on the surface. Then 
the exterior integral over the closed surface will have the form 



jlt^O^ydS = R [*) y,/i (*, y)] -JJ R [a;, y,/o(a5, y)] dxdy, (18') 


where the double integrals are extended over the area of the projection 
of the surface on the ccy-plane. 

From this form of the surface integral over a closed surface 
it appears that a surface integral over a closed surface may be ex- 
pressed as a volume integral over the volume inclosed by the surface.* 


* Certain restrictions upon the functions and derivatives, as regards their becoming 
infinite and the like, must hold upon and within the surface. It -will he quite sufficient 
if the functions and derivatives remain finite and continuous, but such extreme conditions 
are by no means necessary. 


For by the rule for integration, 

dz 


Hence 


X O dit 
R cos yds = I 


z =>/j(ai, y) 


2=/^(x, y) 


dxdy. 


( 19 ) 


if tlie symbol O be used to designate a closed surface, and if the double 
integral on the left of (19) be understood to stand for either^ side of 
the equality (18'). In a similar manner 


J* P cos ads = Pdtjdz = dxdydz = J' ^ 

j Q cos /3dS = Jj* Qdxdz = jjy ^ dydxd'^ =J ^dV. 

Then J* (P cos + Q cos jS + R cos y) dS ^ ^ If) 

(I^dycZs; -|- Qd%dx + Rdxdy) If) dxdydz 


( 20 ) 


follows immediately by merely adding the three equalities. Any one of 
these equalities (19), (20) is sometimes called Gausses Formula^ some- 
times Greerds L^mma^ sometimes the divergence formtda owing to the 
interpretation ])elow. 

The interpretation of Gausses Formula (20) by vectors is important. 
From the viewpoint of vectors the element of surface is a vector c?S 
directed along the exterior normal to the surface (§ 76). Construct the 
vector function 


F (^5 V, = iF(a;, y, z) + jQ(x, y, z) -f kR («, y, z). 

Let dS = (i cos cr + j cos /? -h k cos y) dS — idS^ + jdSy -f- kdS^, 
where dS^j dS^^ dS^ are the projections of dS on the coordinate planes. 
Then P cos adS + Q cos pdS -f R cos ydS = ¥^dS 


and 


JJ' {Pdydz + Qdxdz -f- Rdxdy) = ^ F«c^S, 


where dS^, dSy, dS^ have been replaced by the elements dydz^ dxdz, dxdy^ 


whinTl usarl ovalnafo fli 
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without at all implying that the projections dS„, dS^, dS^ are actually 
rectangular. The combination of partial derivatives 



oQ , dR 

Zy ^ 


= div F = 


V.F, 


( 21 ) 


where V.F is the symbolic scalar product of V and F (Ex. 9 below), is 
called the divergence of F. Hence (20) becomes 


J'div 'EdV^ J'v.FdV=J F-dS. 


( 20 *) 


Now the function F {x, 2 /, z) is such that at each point {x^ y, z) of space a vector 
is defined. Such a function is seen in the velocity in a moving fluid such as air or 
water. The picture of a scalar function u (aj, y, z) was by means of the surfaces 
u = const.; the picture of a vector function F {x, y, z) may be found in the system 
of curves tangent to the vector, the stream lines in the fluid 
if F be the velocity. For the immediate purposes it is better 
to consider the function F (x, 2 /, z) as the flux Dv, the prod- 
uct of the density in the fluid by the velocity. With this 
interpretation the rate at which the fluid flows through an 
element of surface dS is Dv-dS = F»dS. For in the time 
dt the fluid will advance along a stream line by the amount 
rdt and the volume of the cylindrical volume of fluid which advances through the 
surface will be Y*dSdt, Hence SDv«dS will be the rate of diminution of the amount 
of fluid within the closed surface. 

As the amount of fluid in an element of volume dT is DdV, the rate of diminution 
of the fluid in the element of volume is — dX>/dt where dD/dt is the rate of increase 
of the density H at a point within the element. The total rate of diminution of the 
amount of fluid within the whole volume is therefore — ^dD/dtdV» Hence, by 
virtue of the principle of the indestructibility of matter, 

f F.(JS = f Ry-dS = - f^dV. (20^ 

Jq do J dt 

Now if Ux, Uy, Vz be the components of v so that F = Dux? Q = ^ 

the components of F, a comparison of (21), (20'), (20") shows that the integrals of 

— dD/dt and div F are always equal, and hence the integrands, 

dI)_dP ^dQ ^ dR _dDV:, ^ dJChJy ^ 
dt dx dy dz dx dy dz 

are equal ; that is, the sum P' -h -f represents the rate of diminution of 
density when + jQ + kR is the flux vector; this combination is called the 
divergence of the vector, no matter what the vector F really represents. 



with the simple case of a line integral in a plane, note that by tl 
same reasoning as above 


Jpdx -Jf dxdy, J^Qdy dxdy, 

(2: 

[■?(*) y)*! + Q(x, y)%] = JJ ^ - ^'^dxdy. 

This is sometimes called Greenes Lemma for the plane in distinctic 
to the general Greenes Lemma for space. The oppo- 
site signs must be taken to preserve the direction 
of the line integral about the contour. This result 
may be used to establish the rule for transforming a 
double integral by the change of variable x = v), 

y = v). For 



'X^dv 

do 




I J I dudv. 


(The double signs have to be introduced at first to allow for the cas 
where / is negative.) The element of area dudv is therefor 

established. 

To obtain the formula for the conversion of a 
line integral in space to a surface integral, let 
P(x, y, z) be given and let ^ ^f{x, y) be a surface 
spanning the closed curve O. Then by virtue of 
- y); the function y, z) = Pfx, y) and 



Jpdx -£p^dx -fj- ^ dxdy = -ff(~ + I %yxdy, 


where O' denotes the projection of O on the xy-plane. Now the fine 
double integral may be transformed by the introduction of the cosine 
of the normal direction to z =f(xj y). 


cos S : cos V = 



f this result and those obtained by permuting the letters be added, 


/ {Pdx + Q,dy + Rdz) 

° =//[' 


hj dz) 


dydz -f- 


/dp 

\a. 


dx ) 


dxdz -f ' 



(23) 


his is known as Stolcea^a F'orvivla and is of espeoial importance in 
y(lroine(ihani(is and the theory of electromagnetism. Kote that the 
ne integral is carried around the rim of the surface in the direction 
hicli appears positive to one standing upon that side of the surface 
ver which the surface integral is extended. 

Again the vector interpretation of the result is valuable. Let 


F (x, y, z) == iP{x, ?/, z) + ]Q{x, ?/, z) + k7? (x, ?/, z), 



here VxF is the symbolic vector product of V and F (Ex. 9, below), 
the form of Stokes's Formula ; that is, the line integral of a vector 
ound a closed curve is equal to the surface integral of the curl of the 
jctor, as defined by (24), around any surface which spans the curve. 
^ the line integral is zero about every closed curve, the surface inte- 
■al must vanish over every surface. It follows that curl F = 0. For 
the vector curl F failed to vanish at any point, a small plane sur- 
ce dS perpendicular to the vector might be taken at that point and 
e integral over the surface would be approximately |curl F|c?5 and 
ould fail to vanish, — thus contradicting the hypothesis. Now the 
^nishing of the vector curl F requires the vanishing 

each of its components. Thus may be derived the condition that 
ix + Qdy 4- Rdz be an exact differential. 


If F be interpreted as the velocity v in a fluid, the integral 


Y*dr = J'va/dx + Vydy + Vgidz 


the component of the velocity along a curve, whether open or closed, called 
) circulation of the fluid along the curve; it might be more natural to define 


tne convention, inow ji tne velocity ue tiiai uue to ruitiiioii wiui uue ciuyuiw-r vciu 
ity a about a line through the origin, the circulation in a closed curve is readi 
computed. For 

V = axr, ( V'dr = f axr-cZr = f a.rxdr = a. ( rxdr = 2 a*A. 

Jo Jo Jq Jq 

The circulation is therefore the product of twice the angular velocity and the ar 
of the surface inclosed by the curve. If the circuit be taken indefinitely small, t' 
integral is 2 a«dS and a comparison with (23') shows that curl v = 2 a; that is, tl 
curl of the velocity due to rotation about an axis is twice the angular velocity ai 
is constant in magnitude and direction ail over space. The general motion of 
fluid is not one of uniform rotation about any axis; in fact if a small element 
fluid be considered and an interval of time U be allowed to elapse, the eleine 
will have moved into a new position, will have been somewhat deformed owing 
the motion of the fluid, and will have been somewhat rotated. The vector curl 
as defined in (24), may be shown to give twice the instantaneous angular veloci 
of the element at each point of space, 

EXERCISES 

1. Find the areas of the following surfaces : 

(ar) cylinder y‘^ ^ ax ^ included by the sphere + 2/^ + 2:2 = 

(jS) x/a 4- y/h + 2r/c = 1 in first octant, (7) x^ = a? above r = a cos n 

(6) sphere ^ y^ + above a square |x| ^ b, | ^ 6, ?; < J V2 a, 

( e ) z:=xy over x^ -^y^ = a^, (^) 2az = x^ -- y^ over cos 0, 

{v) '¥ (x cos a + y sin a)^ = in first octant, (0) z^zy over = cos 2 

( t ) cylinder intercepted by equal cylinder + 2;^ = a®. 

2. Compute the following superficial averages: 

(cr) latitude of places north of the equator, Ana. 82^^ 

(i3) ordinate in a right circular cone h^{x^ + y^) ~ a^(z - h)^ = 0, 

(7) illumination of a hollow spherical surface by a light at a point of it, 

( 5 ) illumination of a hemispherical surface by a distant light, 

(c) rectilinear distance of points north of equator from north pole. 

3. A theorem of Pappus; If a closed or open plane curve be revolved about 1 
axis in its plane, the area of the surface generated is equal to the product of t' 
length of the curve by the distance described by the center of gravity of the cur\ 
The curve shall not cut the axis. Prove either analytically or by infinitesiir 
analysis. Apply to vai'ious figures in which two of the three quantities, length 
curve, area of surface, position of center of gravity, are known, to find the thir 
Compare Ex. 27, p. 332. 

4. The surface integrals are to be evaluated over the closed surfaces by exprei 
ing them as volume integrals. Try also direct calculation : 

(<^) yy* (x^dydz + zydxdy -f xzdxdz) over the spherical surface + y^ A 

W ff (xHydz + y^dxdz + zydxdy), cylindrical surface + y^ =z 2 = db 6 


(5) JJ xdydz = ydxdz = JJ zdxdy {xdydz + ydxdz + zdxdy) — 

(e) Calculate the line integrals of Ex. 8,p, 297, around a closed path formed by 
two paths there given, by applying Green’s Lemma (22) and evaluating the result- 
ing double integrals. 

5. li X — u), y = '^)7 ^ ~ ^8(^5 ’*^) parametric equations of a 

surface, the direction ratios of the normal are (see Ex. 15, p. 135) 


ip-.cosy if = J ^ti±h.^±iy 


Show 1° that the area of a surface may be written as 


jS = yy' — Ve/f + J} H- dudv = JJ -yjKO — FHudv^ 

.h„ '■-xss- 

and = Edu^ + 2 Fdudv + Gdv^. 

Show 2° that the surface integral of the first type becomes merely 

///(*, V, z) secydxdy = f{<Pii 02’ ^s) — F^dudv, 

and determine the integrand in the case ot the developable surface of Ex. 17, p. 143. 

Show 3° that if x =/i($, v, t), V V, t), « ’n, i*) is a transformation of 

space which transforms the above surface into a new surface ^ u), v = ^2(^7 ^>7 

Show 4° that the surface integral of the second type becomes 
J'j'Edxdy = JJ'bJ ^^dvdv 

'//“P 0H' 

where the integration is now in terms of the new variables 77, ^ in place of a:, y, z. 

Show 5° that when B ~ z the double integral above may be transformed by 
Green’s Lemma in such a manner as to establish the formula for change of variables 
in triple integrals. 

6. Show that for vector surface integrals J UdS = JvUdV, 

7. Solid angle as a surface integraL The area cut out from the unit sphere by a 
cone with its vertex at the center of the sphere is called the solid angle w subtended 
at the vertex of the cone. The solid angle may also be defined as the ratio of the 
area cut out upon any sphere concentric with the vertex of the cone, to the square 
of the radius of the sphei'e (compare the definition of the angle between two lines 


EG - F^dudv, 


produced and the outward normal to the surface. Hence show 

0,= r— = ri^ds=- r-^hs=- fds.vi 

J J J dn J dn r J r 


where the integrals extend over a surface, is the solid angle subtended at tlieorigi 
by that surface. Infer further that 


, r A 1 diS = 4 TT or 

dn ^ 


f — 1 d*’ = 0 or - f — 1 dti = d 
Jq dn r Jq dnr 


according as the point r = 0 is within the closed surface or outside it or upon 
at a point where the tangent planes envelop a cone of solid angle 0 (usually 2 tt' 
Note that the formula may be applied at any point (^, if 

where (cc, y, z) is a point of the surface. 

8. Gaufis's Integral. Suppose that at r = 0 there is a particle of mass i 
which attracts according to the Newtonian Law F = m/r®. Show that tb 
potential is V —^m/r so that F=— VF. The induction or flux (see Ex. 11 
p. 308) of the force F outward across the element dS of a surface is by definitio 
— Fcos(JF, n)dS = F*dS. Show that the total induction or flux of F across 
surface is the surface integral 



y* F.dS = - / dS.VVz= = 

C dS.vl; 

f J. 

and 

m = ^ f F.dS = ^ r dS.vr=~ f 

47r do 4 7rdo 47r d( 

■ # ^dS, 
:) dn r 


where the surface integral extends over a surface surrounding a point r = 0, is th 
formula for obtaining the mass m within the surface from the field of force ! 
which is set up by the mass. If there are several masses mg, • • • situated £ 
points (Ji, T)j, fi), {{j, vi, fs), • • •, let 

F = Fi + F, + -.., v=r, + r, + ..., 

Vi = - m [(f< - - yif + (U - %)“]- J 

be the force and potential at (x, y, z) due to the masses. Show that 

^ r F.ds=-?- r ds.vF=--i-v r =af, (21 

4 TT •/Q 4 T «/o 4 ?r t/o dn n ^ 


where S extends over all the masses and S' over all the masses within the surfac 
(none being on it), gives the total mass M within the surface. The integral (2f 
which gives the mass within a surface as a surface integral is known as Gauss' 
Integral. If the force were repulsive (as in electricity and magnetism) instead c 
attracting (as in gravitation), the results would be F = m/r and 


i f F.dS = -^ f dS.VK=^V f — 

4 TT dQ 4 TT do 4 TT ^ do dn ^ 


M. 


(26- 


ox 


dy 

dR 


dz 


V.F=^+^ + 

dx dy dz 


\dy dz) \dz dx) \0a; dy ) 

by formal operation on F = Pi -f Qj + Pk. Show further that 


V.r!, = 0, 7T.F = 0, (V.F)(.,-(g + i + 5),.), 

Vx(VxF) = V (V*F) — (V*V)F (write the Cartesian form). 
Show that (V*V) LT = V.(VC/). If u is a constant unit vector, show 


, , 0F ^ , aF dF 

(u.V) F = — cos q: H cos S H cos 7 = — 

dx dy dz ds 

fs the directional derivative of F in the direction u. Show (dr*v) F = dF. 


10 . Green's Formula (space). Let P(x, 2/, z) and 6r(x, y, z) be two functions 
so that VP and V<? become two vector functions and FVG and GVF two other 
vector functions. Show 


V.(PV(?) = VP.VGf + PV.V(?, V.{GVF) = VP.V6? ^ GV.VF, 



d 


d 


d 

/^dG\ 

or 

— 

F 

H 

F 

d 

F — I 


0 x’ 

1 dx 

dy^ 

^ dy 

idz^ 

^ dz 


px dx dy dy dz dz \0x^ dy^ dz^)^ 

and the similar expressions which are the Cartesian equivalents of the above vector 
foims. Apply Green’s Lemma or Gauss’s Formula to show 


f FVO‘dS = J 'VF-'HGdV + J FV.VOdV, 


f F~dS 
do 


J'^GVF-dS = j' VF-VGdV-\- j GV.VFdF, (26') 

J {FVG- GVFydS = j" (FV.VQ- 6'V.VF)dr, (26") 


eG ^ ^ H! ££) 

dx dx dy dy dz dz) 


'-n 

/o(''S-'=S)‘“=/[''(- 


^ ^ ^ 
dx^ dy^ dz^j 


The formulas (26), (26'), (26") are known as Green's Formulas; in particular the first 
two are asymmetric and the third symmetric. The ordinary Cartesian forms of 
(26) and (26") are given. The expression d'^F/dx^ + d^F/dy^ + d^F/dz^ is often 
written as AF for brevity ; the vector form is V*VP. 


11. From the fact that the integral of F*dr has opposite values when the curve 
is traced in opposite directions, show that the integral of VxF over a closed surface 
vanishes and that the integral of V*VxF over a volume vanishes. Infer that 
V*VxF = 0. 


instead of dr. 


14. If in P = Pi + Qj + Pk, the functions P, Q depend only on x, ^ and tl 
function P = 0, apply Gauss’s Formula to a cylinder of unit height upon bl 
x 2 /-plane to show that 


J V«FdF = J F«dS becomes J j* dxdy = J^F-dn, 


where dn has the meaning given in Ex. 13. Show that numerically F*dn and Fxi 
are equal, and thus obtain Green’s Lemma for the plane (22) as a special case of (2C 
Derive Green’s Formula (Ex. 10) for the plane. 


15. If j' F*dr = J'O'dS, show that — VxF)*dS = 0. Hence infer that 

these relations hold for every surface audits bounding curve, then G = Vx; 
Ampere’s Law states that the integral of the magnetic force H about any circuit 
equal to dir times the flux of the electric current C through the circuit, that : 
through any surface spanning the circuit. Faraday’s Law states that the integr 
of the electromotive force E around any circuit is the negative of the time ra 
of flux of the magnetic induction B through the circuit. Phrase these laws 
integrals and convert into the form 

4 ttC = curl H, — B = curl E. 

16. By formal expansion prove’V*(ExH) = H’VxE — E*VxH. Assume VxE= — 
and VxH = fe and establish Poynting’s Theorem that 

J (ExH).dS = - A Jl (E.B + H.H)dF. 


17. The equation of continuity” for fluid motion is 


dD dJDVx , dDvy dDvg 


^ + d(^ + + = 

dt \ dx dy dz / 


where JD is the density, v = + jvy + kv;, is the velocity, dD/dt is the rate 

change of the density at a point, and dD/dt is the rate of change of density as o 
moves with the fluid (Ex. 14, p. 101). Explain the meaning of the equation in vi< 
of the work of the text. Show that for fluids of constant density v*v = 0. 


18. If f denotes the acceleration of the particles of a fluid, and if F is t 
external force acting per unit mass upon the elements of fluid, and if p denol 
the pressure in the fluid, show that the equation of motion for the fluid within a: 
surface may be written as 


fZ»dF = ^Pi)dF - ^ j)dS 


J fDdr= j'FDdr-j' piS, 


face and the pressures (except those acting on the bounding surface inward) may 
be disregarded. (See the first half of § 80.) 

19. By the aid of Ex. 6 transform the surface integral in Kx. 18 and find 
fmdV = f(DF-Vp)dV or g=:F-lvp 


as the equations of motion for a fluids where r is the vector to any particle. Prove 


, , d^T dv fiv , . 0Y 

d / , . j dv .dr 

W-«ir.y) = dr._ + d-.r = 


VxVxV + ^V(V.V), 

^ 1^/ X 

dr* — - + -d(Y*v). 
dt^ 2 ^ ' 


20. If F is derivable from a potential, so that F = ~ V IT, and if the density is a 
function of the pressure, so that dp/D = dP, show that the equations of motion are 

^-VxVxv=-v/cr 4 -P + ii)2V or l{y.dT)=-d(u+P--A 
dt \ 2 / dt \ 2 } 

after multiplication by dr. The first form is Helmholtz’s, the second is Kelvin’s. 
Show 


d d 2 r 1 “I y» ® /» 

I ^ (v.dr) .= I- r v*dr = - hj + P - i ^2 and f v-dr = const. 

d rt, b, c dt dtJa,h,c L 2 ja, b, e vQ 


In particular explain that as the differentiation d/dt follows the particles in their 
motion (in contrast to d/dl, which is executed at a single point of space), the 
integral must do so if the order of differentiation and integration is to be inter- 
changeable. Interpret the final equation as stating that the circulation in a curve 
which moves with the fluid is constant. 


SI. I, £? + + !^=o, .I,.w (■r(! 2 y+ (?£y+(?£y> 7 - rufas^ 

dz^ dz^ J [\dz / \Zy / \dz / j Jq dn 

22. Show that, apart from the proper restrictions as to continuity and differed 
tiability, the necessary and sufficient condition that the surface integral 


JJ Pdydz + Qdzdz + Rdxdy = J pdz + qdy -H rdz 


depends only on the curve bounding the surface is that Pj^ + Qy + = 0- Show 

further that in this case the surface integral reduces to the line integral given above, 
provided p, q, r are such functions that r'—q'^ = P, qi'-Py — 

Show finally that these differential equations for p, g, r may he satisfied by 


p= f Qdz- fR(x,y,ZQ)dy, g^-Tpdg, r = 0; 
and determine by inspection alternative values of p, g, r. 


CHAPTER XIII 


ON INFINITE INTEGRALS 


140. Convergence and divergence. The definite integral, and henc 
for theoretical purposes the indefinite integral, has been defined, 



F(x)= J f(x)dx, 


when the function f{x) is limited in the interval a to or ct to a; ; th 
proofs of various propositions have depended essentially on the fa( 
that the integrand remained finite over the finite interval of integratic 
(§§ 16-17, 28-30). Nevertheless problems which call for the determini 
tion of the area between a curve and its asymptote, say the area und( 
the witch or cissoid, 




4a^tan 

2a 


+ 0O 

= 4 7ra% 



x^dx 
V2a — a* 


= Stto 


have arisen and have been treated as a matter of course.* The int 
grals of this sort require some special attention. 

When the integrand of a definite integral becomes infinite within \ 
at the extremities of the interval of integration^ or when one or both c 
the limits of integration become infinite^ the integral is called an infini 
integral and is defined^ not as the limit of a sum^ hnt as the limit of c 
integral lolth a variable limits that is, as the limit of a function^ Thi 


^ 00 

I f{^) dx = lim 

/a = 

F{x)= ^ 

r /(^*) J 

J 




1 fix) dx = lim 
Ja 

.W-J 



infinite upper limit, 


integrand f(b) = oo. 


These definitions may be illustrated by figures which show the conne 
tion with the idea of area between a curve and its asymptote. Simili 
definitions would be given if the lower limit were — oo or if the ini 
grand became infinite at a; = a. If the integrand were infinite at sob 
intermediate point of the interval, the interval would be subdivide 
into two intervals and the definition would be applied to each part. 


^ Here and below the construction of figures is left to the reader. 
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Now the behavior of F{x) as x approaches a definite value or becomes 
infinite may be of three distinct sorts ; for F(x) may approach a definite 
finite quantity, or it may become infinite, or it may oscillate without 
approaching any finite quantity or becoming definitely infinite. The 
examples 

tan"*^ ^ j := 2 ira\ a limit, 
becomes infinite, no limit, 

, oscillates, no limit, 

illustrate the three modes of behavior in the case of an infinite upper 
limit. In the first case, where the limit exists, the infinite integral Is 
said to converge; in the other two cases, where the limit does not exist, 
the integral is said to diverge. 

If the indefinite integral can be found as above, the question of the 
convergence or divergence of an infinite integral may be determined 
and the value of the integral may be obtained in the case of convergence. 
If the indefinite integral cannot be found, it is of prime importance to 
know whether the definite infinite integral converges or diverges \ for 
there is little use trying to compute the value of the integral if it does 
not converge. As the infinite limits or the points where the integrand 
becomes infinite are the essentials in the discussion of infinite integrals, 
the integrals will be written with only one limit, as 

f{x)dx, J f(x)dx, J'f(x)dx. 

To discuss a more complicated combination, one would write 




e'-'^dx _ r® e-^dx 

0 log X Jo J\ Jg Vx log X 

and treat all four of the infinite integrals 

X e~~'^dx e~'^dx F e~^dx 

V^logo! J V^loga; V^logsc J 


e~^dx 

V^loga 


where f(x) may be assumed to remain positive for large values of 
and E (x) approaches a positive limit as x bec.omes inhnite. Then if 
be taken sufticiently large, both f{x) and E (rr) liave become and w 
remain positive and finite. By the Theorem of the Mean (Ex. 6, p. 2 


f(x) dx 


<J' 


\x < M i f(x)dxj 
J K 


X > IC 


where m and M are the minimum and maximum values of E (x) betwe 
K and oo. Now let x become infinite. As the integrands are positi^ 
the integrals must increase with x. Hence (p. 35) 


J ^OO ^00 ^00 

I f(x) dx converges, j f(x) E{x)dx < M I /(x) dx converge 

K Jk Jk 

^00 

I f(x) E (x) dx converges, 

1 

f(x) dx < — j f{x) E (x) dx converges j 
K Jk 


if 


and divergence may be treated in the same way. Hence the integri 
(1) converge or diverge together. The same treatment could be giv 
for the case the integrand became infinite and for all the variety 
hypotheses which could arise under the theorem. 


This theorem is one of the most useful and most easily applied for determini 
the convergence or divergence of an infinite integral with an integrand wh 
does not change sign. Thus consider the case 


f « xdx ~\^dx ~l^ — — 1 

(ox + La» + xU x^* ~ Lokb + x^\ ' J *2 “■ aj 


1 i ^ 


Here a simple rearrangement of the integrand throws it into the product of a f u: 
tion E (x), which approaches the limit 1 as x becomes infinite, and a function 1/ 
the integration of which is possible. Hence by the theorem the original integ 
converges. This could have been seen by integrating the original integral ; 1 
the integration is not altogether short. Another case, in which the integratior 
not possible, is 

dx _ 1 dx 

Vl— Vl -f k2 Vl X Vl — X 


^(X) = 


1 

Vl + x 2 Vl + X 


f • 7 — = — 2 Vl — X 

^ Vl-x 


/ — — := / = = f ^ = . 

‘^^(2x>-x2)^ *^^(2 — x)tx^ (2-*x)i x^ Vxlo 

141 . The interpretation of a definite integral as an area will suggest 
another form of test for convergence or divergence in case the inte- 
grand does not change sign. Consider two functions f(x) and \l/{x) 
both of which are, say, positive for large values of x or in the neigh- 
borhood of a value of x for which they become infinite. If the curve 
y = ^(x) remains above y = f(xf the integral of f(x) must converge if 
the integral of if/ (x) converges, and the integral of ^ (») must diverge if 
the integral off(x) diverges. This may be proved from the definition. 
I’or/(a;) < and 


r fix) dx < f 

Jk j k 


X 

xj/ (x) dx 


or F(x) < ^(x). 


iRow as X approaches ^ or oo, the functions I'(x) and ❖(Jc) both increase. 
If ^(a?) approaches a limit, so must F(x) ; and if F(x) increases with- 
out limit, so must ^(x). 

As the relative behavior off(x) and i/f(x) is consequential only near 
particular values of x or when x is very great, the conditions may be 
expressed in terms of limits, namely : If \jf{x) does not change sign and 
if the ratio f(x)/\j/(x) approaches a finite limit (or zero), the integral of 
f(x) will converge if the integral of \lr(x) converges; and if the ratio 
f(x)/\l/(x) approaches a finite limit (not zero) or becomes infinite, the 
integral of f(x) will diverge if the integral of xl/(x) diverges. For in the 
first case it is possible to take x so near its limit or so large, as the 
case may be, that the ratio f{x)/\jt(x) shall be less than any assigned 
number G greater than its limit ; then the functions f(x) and Gxj/ (x) 
satisfy the conditions established above, namely f < Gi//, and the inte- 
gral of f(x) converges if that of ij/ (x) does. In like manner in the second 
case it is possible to proceed so far that the ratio/(a;)/i/^(aj) shall have 
become to remain greater than any assigned number g less than its 
limit ; then f > gxj/, and the result above may be applied to show that 
the integral of f(x) diverges if that of il/ (x) does. 

For an infinite upper limit a direct integration shows that 

converges if ^ > 1, 
diverges if ^ ^ 1. 

Row if the test function <^( 5 c) be chosen as = the ratio 
f(x)/<l>(x) becomes x^f(x), and if the limit of the product ^f{^) exists 


dx -1 11 

QO 

11 

! 

H- 

1 

or log X 


IS ail ninnitesimai oi oruer iiigxier Luan ujib lubL rtjiauivw w m 

becomes infinite, but will diverge if /(.r) is an infinitesimal of the first 
or lower order. In like manner 


/' 


dx 


{0-xy k~-i{b-xy 


,k~l 


. .1'’ converges if A <1, 


and it may be stated tliat : The integral of /(or) to b will converge if 
/(x) is an infinite of order less than the first relative to (b — as x 
approaches b, but will diverge if f(x) is an infinite of the first or higner 
order. The proof is left as an exercise. See also Ex. 3 below. 


As an example, let the integral f x'^ir^dx be tested for convergence or diver- 

gence. If n > 0, the integrand never becomes infinite, and the only integral to 
examine is that to infinity ; but if n < 0 the integral from 0 has also to be consid- 
ered. Now the function for large values of x is an infinitesimal of infinite 
order, that is, the limit of x*+'*c“* is zero for any value of k and n. Hence the 
integrand 5c"e~* is an infinitesimal of order higher than the first and the integral 
to infinity converges under all circumstances. For x = 0, the function er^ is finite 
and equal to 1 ; the order of the infinite x«e-"® will therefore be precisely the order 
n. Hence the integral from 0 converges when n > — 1 and diverges when ti ^ — 1. 
Hence the function ^ 

r (a) = a > 0, 

defined by the integral containing the parameter a, will be defined for all positive 
vahies of the parameter, but not for negative values nor for 0. 


Thus far tests have been established only for integrals in which the 
integrand does not change sign. There is a general test, not particularly 
useful for practical purposes, but highly useful in obtaining theoretical 
results. It will be treated merely for the case of an infinite limit. Let 

X ^ x" 

/(x) dx, P(x") - F(x') = / fix) dx, x\ > K. (4) 

K Jx' 

Kow (Ex. 3, p. 44) the necessary and sufficient condition that F(x) 
approach a limit as x becomes infinite is that F(x")’-Fix^) shall 
approach the limit 0 when and aj", regarded as independent varia- 
bles, become infinite; by the definition, then, this is the necessary 
and sufiicient condition that the integral of f(x) to infinity shall 
converge. Furthermore 
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if 



converges, then 



(5) 


imcst converge and is said to be absolutely convergent. The proof of this 
important theorem is contained in the above and in 


' f(x)dxs 

X' Jx' 


\f{x)\dx. 


To se^ whether an integral is absolutely convergent, the tests estab- 
lished for the convergence of an integral with a positive integrand 
may be applied to the integral of the absolute value, or some obvious 
direct method of comparison may be employed ; for example, 


/ 


ao^xdx ^ Idx 

(p _j_ —J ^ x^ 


which converges, 


and it therefore appears that the integral on the left converges abso- 
lutely. When the convergence is not absolute, the question of con- 
vergence may sometimes be settled by integration by parts. For 
suppose that the integral may be written as 


^ ^ (^) ““ J J }j/(x)dx^ 


by separating the integrand into two factors and integrating by parts, 
i^'ow if, when x becomes infinite, each of the right-hand terms approaches 
a limit, then 


f{x)dx^\\m <l>(x) I \l/(x)dx — lim / j \jf{x)dxdx^ 


and the integral of f(x) to infinity converges. 


As an example consider the convergence of J 


* X cos xdx 
+ x® 


Here 


/ 


x|cosx|d® 


does not appear to be convergent ; for, apart from the factor ( cos x| which oscillates 
between 0 and 1, the integrand is an infinitesimal of only the first order and the 
integral of such an integrand does not converge ; the original integral is therefore 
apparently not absolutely convergent. However, an integration by parts gives 


/ ®X( 

w 


cos xdx __ aslnx j'^x^ — a® 


+ x^ x^l J (x^ + a*)* 


- cos xdx, 


lim 


= op 4- X* 




x^ — ^ r^dx 



1. Establish the convergence or divergence of these infinite integrals: 
’*« dx r* x^dx , , x^dx 




<^)r 




X Vi + 5 c 2 J (a* + xy j (a2 3.2)! 

(5) ( (to have an infinite integral, ct must be less than 1), 

Jo 

(e) f x^-^l — x)^-idXf (f) r — . (y) C ^ 

Vox — IC^ xVx2 — 1 

dx . , a;^3j ^2aj<r-i 

(^) r» (0 / r» ('^) I 

Jo X — X* Jo Jo 1 — X 


(X) r* -fr - ;fc<i.fe = i, (rt 

■v/(l^x2)(l-W) ' ' Jo \ 1 _ 3 ,! 


V(1 ^ x2) (1 - W) 


dx, fc < 1 . 


2. Point out the peculiarities which make these integrals infinite integrals, an 
test the integrals for convergence or divergence : 


(or) f (logi^ dx, conv. if n > — 1, div. if n ^ — 1, (ft) f dx, 

J 0 \ xj Jol — X 

1 - TT 

(7) (— log x)"dx, (5) logsinxdx, (c) xlogsinxdx, 

(f)pog(x + i)^. (^) /o Vn^rco^x)^ 

^00 i 

(/c) I x®dx, 

Jo 




<•>/; 


e~®dx 


0 Vxlog(x + l) 


(X) J^’logstan ydx, 


^ 00 ajtf — 1 


, , /•* sin^x , 


(y) e--®*dx, 

(p) 


» x« -idx 

Jo ^ 


(<^) 


(1 + X )2 

/»« 


' ' Jo 1 + * ’ 


/O Vl-a;2 


3, Point out the similarities and differences of the method of ^-functions an 
of test functions. Compare also with the work of this section the remark that th 
determination of the order of an infinitesimal or infinite is a problem in indetei 
minate forms (p. 63). State also whether it is necessary that /(x)/^ (x) or x*/{a 
should approach a limit, or whether it is sufficient that the quantity remain finitt 
Distinguish ”of order higher” (p. 356) from ”of higher order” (p. 63); see Ex. 8, p. 6( 


4, Discuss the convergence of these integrals and prove the convergence i 
absolute in all cases where possible : 


, ^ f^sinx, 

(,) 

Jo X 


w r cosx^dx, 

(e) r e-«®»*cos/8xd*, 


/ oo , 
■ 


sVx 




dx, 


(f) 


Jo V x» 


-dx, 


Jo + ;fc2 


Jo 


Vx 




m X' 


sill a: cos ax 


dx, 


W //cosx-cosacrxdx, (.) + (,) T 


5. If /j(x) and /^(x) are two limited functions integrable (in the sense of 
§§ 28-30) over the integral a ^ x ^ 6, show that their product /(x) =fi(x)f2(x) 
is integrable over the interval. Note that in any interval 6 i, the relations 
miim2i S Mi ^ Mi ^ MiiMii and -MitJtfaf — Wi,-m2,- = MuMsi — + 

J\fiim2i — = d^ii 02 i + “^^21 On hold. Show further that 


= Urn ^ 

jy(x)dx = lim^fj((i)y‘+^/^(x)dx 

i 

= Um 2/,(|,) r f\(x)dx - y /2{x)(ixl, 

^l+l -J 

X /(a;)dx =A{(i)fy^{x)dx + [/^(f.) -/2(f(_i)] £f^{x)dx. 

t 


6. The Second Theorem of the Mean. lif(x) and 0(x) are two limited functions 
integrable in the interval a and if <p(x) is positive, nondecreasing, and 

less than K, then 

0 (2?)/(x ) dx = kJ" f(x) dx, ^h. 


And, more generally, if <p{x) satisfies — oo<A:^0(x)^JSr<oo and is either 
nondecreasing or nonincreasing throughout the interval, then 


jy (x)f{x)dx = kj'Jf(x)dx + Kjy(x)dx, a Si Si 


In the first case the proof follows from Ex, 5 by noting that the integral of 
0(x)/{x) may be regarded as the limit of the sum 


0(W r/(x)dx+[Jr~0(W] r/(x)dx, 

»'a ' */x^ t/ajyj 

where the restrictions on 0 (x) make the coefficients of the integrals all positive or 
zero, and where the sum may consequently be written as 

if ^ be a properly chosen mean value of the integrals which multiply these coeffi- 
cients ; as the integrals are of the form f f(x) dx where ^ = a, x^, • • • , x^,, it follows 


I. II (p\X) IS luncmiu varying always in ui« siuiiy sensy aim appruaumng 


// 00 

(f)(x)f{x)dx will converge i 

/(aj)(Zjc converges. Consider 

n X*' nt n 

j 0 («)/(aj) dx = <f> (x') J f(x) dx + 0 (x") J f(x) dx. 


8. If <f)(x) is a function varying always in the same sense and approaching 0 a 
a limit when x = oo, and if the integral F{x) of /(x) remains finite when x = a 

then the integral^ <pix)f{x)dx is convergent. Consider 


J f* x" 

4 , (x)/{x)dz = 4> {^') - Fix')] + 4'(x") [F(x")- 

SC' 

/ QO 

<p (x) sin D 


where <f>{x) constantly decreases or increases toward the limit 0 when x = oo; 
these integrals converge. 


142. The evaluation of infinite integrals. After an infinite Integra 
has been proved to converge, the problem of calculating its value sti] 
remains. No general method is to be had, and for each integral som 
special device has to be discovered which will lead to the desire( 
result. TJiis may frequently he aecompllahed hy choosing a functio'. 
F(f) of the complex variable x=x-\- ly a.nd integrating the f unction 
around some closed path in the z~plane. It is known that if the point 
where F (f) X (xy y) iY (x, y) ceases to have a derivative F\^] 

that is, where X (cc, y') and Y (x, y') cease to have continuous first pai 
tial derivatives satisfying the relations X'^ = Y'^ and are cu 

out of the plane, the integral of F(z) around 
any closed path which does not include any of 
the excised points is zero (§ 124). It is some- 
times possible to select such a function F(z) 
and such a path of integration that part of 
the integral of the complex function reduces 
to the given infinite integral while the rest of 
the integral of the complex function may be computed. Thus ther 
arises an equation which determines the value of the infinite integral. 



/* * sin X 

Consider the integral j ■■ dx which is known to converge. Now 


sin X , ^ 00 gtx _ la: ^ « gix p to Q-ix 

dx~ — dx=:| I dx 

X Jo 22 x Jo 2ix Jo 2ix 

suggests at once that the function be examined. This function has a definit 
derivative at every point except 2 = 0, and the origin is therefore tlie only poin 
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wliiob has to he cut out of the plane. The integral of e^/z around any path such 
as that marked in the figure * is therefore zero. Then if a is small and A is large, 


r 6** 7 ^ nB^xA--y p 

0 — —dz — I — dx + I tdj/ -I- / 

Jq Z da X do A A ij/ dA 


— A ^ix — B 

Ja X + iB 


dx 


Q—iA-y p—vL giar p-\ra gfa 

— — , -idy A / — dx+ / ~dz. 

B — A-\-X\} d-A X d-a Z 


But 


f-'‘^-dx=- r^^-dx=-f 

d-A X d-a X Ja 


e~'^dx 


and 


d —a Z d— a Z 




the first by the ordinary rules of integration and the second by Maclaurin’s 
Formula. Hence 


= f^dz=f 

do Z da 


A 0x ^ Q- ix 


X ' <* (12! 

f- four other integrals. 


It will now be shown that by taking the rectangle sufficiently large and the 
semicircle about the origin sufficiently small each of the four integrals may be 
made as small as desired. The method is to replace each integral by a larger one 
which may be evaluated. 


Jo A iy ~Jo \A-\’iy\ 




^ 

e-yd2/<--. 
0 .d A 


These changes involve the facts that the integral of the absolute value is as great 
as the absolute value of the integral and that - y = e^e- y, | | = 1, | ^ | > 

e“y<l. For the relations |e»'^| = l and \A A- iy\>A^ the interpretation of the 
quantities as vectors suffices {§§ 71-74) ; that the integral of the absolute value is 
as great as the absolute value of the integral follows from the same fact for a sum 
(p. 164). The absolute value of a fraction is enlarged if that of its numerator is 
enlarged or that of its denominator diminished. In a similar manner 


— A (Ax — B 
A X 4* iB 


dx\ 



q-B 

dx = 2 e- 

B 



Q-iA^y B 

— ——idv <—• 
B — A A 


Furthermore \ f ~dz \ ^ f 1 17 ] = f 1 17 1 d<^*, 

\d-a Z I d-a \Z\ do 

dz ^ r€^Hd4t _ 
d-a z Jtt 

Then 0 — f ?-dz = f 2i dx — tti + B, [ B | < 2 ^ 4* 2 e--® — + ^re, 

do Z da X An 

where e is the greatest value of |i7| on the semicircle. Now let the rectangle be 
so chosen that A = Be^ ^ ; then |B| < 4 4- tre. By taking B sufficiently large 


small, c may be made as small as desired. This amounts to saying that, for A su 
cieiitly large and for a sufficiently small, K is negligible. In other words, by tak: 

A large enough and a small enough C may be made to differ from — 

Ja z 2 

as little as desired. As the integral from zero to infinity converges and may 
regarded as the limit of the integral from a to A (is so defined, in fact), the integ 
from zero to infinity must also differ frojn J tt by as little as desired. But if t 
constants differ from each other by as little as desired, they must be equal. Hei 


j '’ °° sill X IT 
0X2 


As a second example consider what may be had by integrating e^^/(z^ + o*' 

an appropriate path. The denominator will vanish when z ^ ±i}c and there i 
two points to exclude in the z-plane. Let the integral 
be extended over the closed path as indicated. There is 
no need of integrating back and forth along the double 
line 0 a, because the function takes on the same values 
and the integrals destroy each other. Along the large 
semicircle z = and dz = Moreover 






Hence 


by elementary rules. 
^ cosx 


x2 + 


dx, 


ir gtiffi ^Ei&^d(f> 


Jo Jo x2 + ifca • Jo Jaa'a 

Now I I =: I e*^(C0fl <?» + t sin I#>) | ~ | g- i? sin C08 •/> j 6“* ^ . 


e^dz 


Moreover | R^e^*^ + Jc^ \ cannot possibly exceed R^ — and can equal it only wh 
0 = ^ tt. Hence 


X 




R^e^i^ + k^ 


-s: 




d0=2 r 

Jo 


2 




d<f>. 


Now by Ex. 28, p. 11, sin 0 > 2 0/7r. Hence the integral may be further increase 


IX 


IT I 


Moreover, 


B2e2»> + A;2 
&^dz 




2 Re~^~^ d0 


R'^-k^ 




(6-^-1). 


r _ r dz _ r /e^ dz 

Jaa'a Z^ + fc® J act/a Z ik Z — ik Jaa'a \2 ki j Z ^ %k 


Jaa'a Z^ + fc® 

where yj is uniformly infinitesimal with the radius of the small circle. But 
dz r &^dz 2rre-^ 


f — ^ 2m, and f 

daa'ti Z ik Ja( 


aa'a + k^ 


•+f, 


2k 






0 = 2 f^— 

Jo x'^ 


cos X . TT , TT 

, r-rC?X e-*+f-j 

'o x'^ + A:2 k ^ 


By taking the small circle small enough and the large circle large enough, the last 
two terms may be made as near zero as desired. Hence 


f. 


0 + k^ 


dx : 


Tre-^ 

'~2k' 


(7) 


It may be noted that, by the work of § 126, C _5l!j _ 2Tri^— is exact 

Jaa'a z ki z — ki 2ki 

and not merely approximate, and remains exact for any closed curve about z =zki 
which does not include — ki. That it is approximate in the small circle follows 
immediately from the continuity of e*V(« + ki) = e-^/^ki + ij and a direct inte- 
gration about the circle, 

^ /^eo ^a~~l 

As a third example of the method let / dx be evaluated. This inteffral 

1 + a; ° 

will converge if 0 < a < 1, because the infinity at the origin is then of order less 
than the first and the integrand is an infinitesi- 
mal of order higher than the first for large values 
of ». The function 4- z) becomes infinite 

at 2 ; t= 0 and 2 : = — 1, and these points must be 
excluded. The path marked in the figure is a 
closed path which does not contain them. Now 
here the integral back and forth along the line 
aA cannot be neglected ; for the function has a 
fractional or irrational power in the nu- 
merator and is therefore not single valued. In 
fact, when z is given, the function is deter- 
mined as far as its absolute value is concerned, but its angle may take on any 
addition of the fonn 2 7rA:(a — 1) with k integral. Whatever value of the, function 
is assumed at one point of the path, the values at the other points must be such 
as to piece on continuously when the path is followed. Thus the values along the 
line aA outward will differ by 2 tt (a: — 1) from those along Aa inward because 
the turn has been made about the origin and the angle of z has increased by 2 tt. 
The double line he and ch, however, may be disregarded because no turn about the 
origin is made in describing cdc. Hence, remembering that — 1, 



Now 


0=1 dz = I d (re^^) = I dr + / id<p 

Jo^'hz Jo 1 Ja 1 + r Jo 1 4 - 

+ r ^az+r ^dz. 

Ja 1 4* re®”"* Jobba 1 Z Jede 1 4* 

J ftAyCC — l a —l/»2irarf /*A y<t — l 

’ i dr 4- / ^ dr= f (l-eSTr^ndr, 

a X4-r Ja 1 + r Ja l4-r' ' 

Mo 1 + Ae*i ^rJo A-l\ 1 A-1 


Hence 0 = (1 - f ^ ~ — - dr + 2 Trie^^i + f, 
Ja 1 + r 


u\< 


27rA^ 2ira^ 

i - 1 1- a 


If A be taken sufficiently large and a sufficiently small, f may be made as sm 
as desired. Then by the same reasoning as before it follows that 


and 


= (1 — fi27r<rt\ I 4- 27 rie‘^^\ or 0 = — sin va I dr + tt, 

do 1 Ay do 1 4 r 

J ^co a-or-i jj. 

dx = 

0 1 + aj sin av 

pvi 

143. One integral of particular importance is I e~'^dx. The eva 


ation may be made by a device which is rarely useful. Write 


J f^A r pA pA "|| r pA pA 

«““^*c73C= I er^ilx I =1 I er^^^^^dxdy 


f 
>/\ ■ 


J 


The passage from the product of two integrals to the double integ 
may be made because neither the limits nor the integrands of eitl 
integral depend on the variable in the other. Now transform to po 
(iobrdinates and integrate over a quadrant of radius A . 




A 

e^''*rdrd$ + 72 = 


^^(1-6-^*) + ^. 


where R denotes the integral over the area between the quadrant a 
square, an area less than i A'^ over which ^ Then 


R < 



< 


Now A may be taken so large that the double integral differs from j 
by as little as desired, and hence for sufficiently large values of A 1 
simple integral will differ from Vtt by as little as desired. Hence 



e^^dx = J- Vtt. 


* It should be noticed that the proof just given does not require the theory of inffi 
double integrals nor of change of variable ; the whole proof consists merely In find 
a number J Vn- from which the integral may be shown to differ by as little as desii 
This was also true of the proofs in § 142 ; no theory had to be developed and no limit 
processes were used. lu fact the evaluations that have been performed show of tb 
selves that the infinite integrals converge. For when it has been shown that an intej 
with a large enough upper limit and a small enough lower limit can be made to di 
from a certain constant by as little as desired, it has thereby been proved that t 
integral from zero to infinity must converge to the value of that constant. 


11. aiiiiiijiuo xjLibx::>g 1 oiio iici* v o uc;\::;jn c v cti u.arLic:u.j vjujliclo liictj Ut> 

ined from them by v^arious operations, such as integration by parts 
hange of variable. It should, however, be borne in mind that the 
s for operating with definite integrals were established only for 
integrals and must be reestablished for infinite integrals. From 
lirect apxdication of the definition it follows that the integral of 
*!iction times a constant is the product of the constant by the 
-rral of the function, and that the sum of the integrals of two 
*ions taken between the same limits is the integral of the sum 
functions. But it cannot be inferred conversely that an integral 
be resolved into a sum as 


r f f{x)dx+ C ij>(x 

mJ a ^ a tJ a 


)dx 


ii one of the limits is infinite or one of the functions becomes 
nite in the interval. For, the fact that the integral on the left 
-^e-rges is no guarantee that either integral upon the right will 
.i^rge; all tliat can be stated is that if one of the integrals on the 
* converges^ the other will, and the equation will be true. The 
remark ai)xjlies to integration by x^'-^^i'ts, 

f /(*) = [/(*) <#> (»)] ~ f f ^ (*) 

tJ <t L Ja 

:t% the process of taking the limit which is required in the defi- 
" of infinite integrals, two of the three terms in the equation 
limits, the third %oill approach a limit, and the equation will 
true for the infinite integrals. 

Ttm formula for the change of variable is 

f{x)dx^ I f[<f>(W{t)dt, 

it is assumed that the derivative is continuous and does 

' vanish in the interval from ^ to !r (although either of these con- 
us may be violated at the extremities of the interval). As these 
^ quantities are equal, they will approach equal limits, provided 
' V approach, limits at all, when the limit 

5 *=<#»(*,) 

I f(x)dx= 

. iired in the definition of an infinite integral is taken, where one of 
four limits a, h, t^, t^ is infinite or one of the integrands becomes 
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of convergence was examined. 

Asanc 


“smx , tt , , 

dxzz — and take a; = ax . 

ox 2 


r^^^&max' , f + «smax" , /’-“sinax' , r^'=^Qinax' > 

I ; — dx'=: / ; — dx' or = / cfcc' = — / cfx^, 

Jx=sO X dx' = 0 X s= 0 X^ •/a' s= 0 X' 


according as a is positive or negative. Hence the results 

J ’* sinax , . tt ^ , tt 

dx = + - if a > 0 and if a < 0. 

0x2 2 


( 10 ) 


Sometimes changes of variable or integrations by parts will lead back to a given 
integral in such a way that its value may be found. For instance take 

I =z r ^ log sin xdx = — T log cos ydy = f ^ log cos ydy^ y = - — x. 

do dw do 2 

2 

w tt 

Then 21= T ^ (logsinx + logcosx)dx = 

do do 


' dx 


1 r^^ 
'2 


Hence 


f log sin xdx — ^ log 2 = f ^ log sin xdx — - log 2. 
do 2 do 2 

IT 

1= r ^ log sin xdx =— -log 2. 
do 2 


(11) 


Here the first change was y = j tt — x. The new integral and the original one 
were then added together (the variable indicated under the sign of a definite inte- 
gral is immaterial, p. 26), and the sum led back to the original integral by virtue 
of the substitution 2 / = 2 x and the fact that the curve y = log sin x is symmetrical 
with respect to x = J tt. This gave an equation which could be solved for I. 


EXERCISES 

1 . Integrate > as for the case of (7), to show f 

Z* “f* kr do 

2. By direct integration show that f e- (a-ftO^dx converges to (a — 6i)“ \ when 

do 

a>0 and the integral is extended along the line 2 / = 0. Thus prove the relations 


® X sin X , TT , 

dx = — C" 

x2 H- 2 


X 


e- ^ cos bxdx = , 

'0 + 62 


f e-«*8i 

do 


sin bxdx = 


a > 0. 


a2 + 62 

Along what lines issuing from the origin would the given integral converge ? 


3 . Show -p-j-— = — _^_. To integrate about ^ =t: — 1 use the binomial 

expansion = [_^ 1 + 14. z]^-^ = l)«^-i[l + (1 ct) (1 4 z) + ^(1 4 z)], 

7} small. 


4 . Integrate around a circular sector with vertex at 2: = 0 and hounded hy 
the real axis and a line inclined to it at an angle of Jir. Hence show 


ei f (cf).s — i sin r^) dr = f e^^dx = 

•/I) «/o 2 


J ^eo /^co 2 (tt 

I cos x^dx = I sin x^dx = - -\ / — 
0 Jo 2 \2 


5 . Integrate e- s'* around a rectangle y — 0^ y = x = ± and show 


e-'*'* cos 2 axdx = J V ire- J e-^sin 2 axdx = 0. 


6. Integrate 0 < a, along a sector of angle g < J tt to show 


n 00 

secag | a;«~ie-®®o««cos(xsing)dx 
Jo 

X oo pro 

x^ -le- arco#9 sin (x sin g)dx = J x^ ^dx. 


7 . Establish the following results by the proper change of variable : 


, . r « cos crx , Tre- ^ ^ 
{o^) I — rTcl»= — a > 0 , 

^ ' Jo X 24 2k 

(t) r = — Vtt, 

Jo 2 a 


Jo x2 4fc2 2k 




^ A X sin air 


= Je, 

Vo* V tt 


(O r”e- 

Jo 


___ 6 ^ 

COS 6xdx = — - » O' > 0 , (t) f 

2 a Jo 


0 V— loga 


‘'O y/x 


,= r 5 i!^<to = Je, ( 5 ) r'ii^=_Ei 

v 2 -v/l — 3*2 2 


8. By integration by parts or other devices sliow the following : 


J ftTT 2 

X log sin xdx = tt^ log 2, 

0 2 

, . sinx cosax , tt . . 

(y) 1 (fx = ~if—l 

^ Jo X 2 




“ sin 2 X ^ TT 

— dx =r-, 

x 2 2 


sinx cosax , w . . ^ ^ ^ , 

I dx = ~ if — 1 <a<l, or j if a = 4 1, or 0 if |a| >1, 

0 X A 4 


(5) r x^e-<^‘^dx = 

Jo 4 a® 


e) fV 6 -*^dx = ^, 

Wo 8 a® 


(f) r (a 4 1) = ar (a) if T (a) = f x^-^e-^dx, {tj) f 

«/o «/o 1 4 

(0) f log (x 4 -• = TT log 2, by virtue of x = tan y. 


X sin xdx _ tt^ 
1 4 cos^ X ~ 4 
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r"M-/<g)d»=iiinr r w-^<g-*^) dx= r"^d{- r"^'o« 

«/0 1C a = oL''« ® •//>a ^ •'9« ^ 

rimSZlM = lim f'Vw ^ =/(0) log^ 

Jo as aio Jpa a; j 


Show 


Hence (a) f 
Jo 


sin pz — sin qx 


<’>X 


0 1C 

0 


clx = 0, 


rl. 

•/pa Z ^ p 

- dx =: log - , 
JP 


w / 

Jo 


, dx = log - , 

logx p 


<«x 


0 X 

cos X — cos ax 

0 


dz = log a. 


10. If /(x) ancl/'(x) are continuous, show by integration by parts that 

lirn r /(x) sin kzdx = 0. Hence prove lim C f{z) ^ ^ ^ ci!x = ^/(O). 
A: =00 Ja fcrsoo Jo X 2 


i Write 


L 


V(x)!!^da> 


Apply Ex. 0, p. 369, to prove these formulas under general hypotheses. 


sinA^ 


J f\i} 

fix) * ■ “ ■■■ — dx = 0if6>a>0. Hence note that 

a 


X 


lim lim C f(z) — ^ dx ^ lim lim C /(x) dx, unless /(O) = 0. 

A: = oo asfeO J<» X a!^0*=«j Ja X 


sin kz 

X 


144. Functions defined by infinite integrals. If the integrand of 
integral contains a parameter (§ 118), the integral defines a fnnctioi 
the parameter for every value of the parameter for which it converj 
The continuity and the differentiability and integrability of the fi 
tion have to be treated. Consider first the case of an infinite limit 


QO 00 

f(Xf a)dx^ I f{x, a)dx 4- 12 (a, a), -R = I fipO} a)dx. 

a J a %Jx 


If this integral is to converge for a given value a = it is necessary t 
the remainder R (x, can be made as small as desired by taking x la 
enough, and shall remain so for all larger values of 03. In like manne 
the integrand becomes infinite for the value oc = 5, the condition thi 


X h 

f{Xf a)dx^ I f{x, d)dx^R {x, a), R == I f(x, a) dx 

%J a X 


converge is that R (x, can be made as small as desired by takin 
near enough to and shall remain so for nearer values. 

Now for different values of a, the least values of x which will m 
I i? (o3, cr) I ^ €, when c is assigned, will probably differ. The infinite ii 
grals are said to converge unifoimXy for a range of values of a sucl 


1 7? (a;, a) I < c holds (and continues to hold for all larger values, or values 
nearer b) simultaneously for all values of a in the range a^. 

The most useful test for uniform convergence is contained in the 
theorem ; If a positive fv notion </>(x) can he found such that 


f 


(jy (x) dx converges and <f} (x) ^ \f(oc, a") | 


for all large values ofx and for all values of a in the interval 

the integral of f(x, a) to infinity converges uniformly {and absolutely) 

for the range of values in a. The proof is contained in the relation 

0 I 

/(x, a)dx\'^ \ (ji (x) dx < €, 

1 *J X 

which, holds for all values of a in the range. There is clearly a similar 
theorem for the case of an infinite integrand. See also Ex. 18 below. 

Fundamental theorems are : * Over any interval a ^ where 
an infinite integral converges uniformly the integral defines a con- 
tinuous function of a. This function may be integrated over any finite 
interval where the convergence is uniform by integrating with respect 
to a under the sign of integration with respect to x. The function may 
be differentiated at any point of the interval a ^ a^hy differ- 
entiating with respect to a under the sign of integration with respect 
to X provided the integral obtained by this differentiation converges 
uniformly for values of a in the neighborhood of a^. Proofs of these 
theorems are given immediately below, t 


To prove that the function is continuous if the convergence is uniform let 

X oo 

/(x, a)dx= /(x, a)dx+ R (x, a), ~ 

Ja 

f (a + Aa) = f /(x, a + Aa)(Zx H- B(x, a + Act), 

Ja 

J" [/(x, a+ Aa)-/(x, a)](fxj+ |jB(x, a + Aa) ] + ] R(x, a)|, 

* It is of course assumed that/(x, a) is continuous in (x, a) for all values of x and a 
under consideration, and in the theorem on differentiation it is further assumed that 
(x, a) is continuous. 

t It should be noticed, however, that although the conditions which have been 
imposed are sufficient to establish the theorems, they are not necessary ; that is, it may 
happen that the function will be continuous and that its derivative and integral may be 
obtained by operating under the sign although the convergence is not uniform. In this 
case a special investigation would have to be undertaken ; and if no process for justifying 
the continuity, integration, or differentiation could be devised, it might be necessary in 
the case of an integral occurring in some application to assume that the formal work led 
to the right result if the result looked reasonable from the point of view of the problem 
under discussion, — the chance of getting an erroneous result would be tolerably small. 
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Now let X be taken so large that |fi|<e for all a’s and for all larger values of x 
— the condition of uniformity. Then the finite integral (§ 118) 

\ 

f{x^ a)dx is continuous in a and hence | [/(x, a + Aar) —/(x, ar)]dx 

a I da 

can be made less than e by taking Aar small enough. Hence |A^|<3e; thatis.> by 
taking Aar small enough the quantity |Af | may be made less than any assigned 
number 3 6. The continuity is therefore proved. 

To prove the integrability under the sign a like use is made of the condition of 
uniformity and of the earlier proof for a finite integral (§ 120). 


f ^\p{a)da^ f ^ f /{x, ar)d!xda:+ f ‘f?dx = f f ‘/(x, a)dardx + f. 
da^ da da^ da d 

Now let X become infinite. The quantity ^ can approach no other limit than 0; 
for by taking x large enough H < c and | < e (ar^ — otq) independently of or. Hence 
as X becomes infinite, the integral converges to the constant expression on the 
left and 

r ^\p{a)d<x= f f y(x, a)dadx, 

da^ da da^ 

Moreover if the integration be to a variable limit for or, then 


N[^(ar)= r \f/{a)da=: f f f{z^ a)dadx := f F(x^ a)dx. 

da^Q da «/ar^ Ja 

Also I jP(x, ar)dx = I I /(x, or) dordx = | I /(x, ar)(ixdar < e(cr — or^). 

\dx \ \dx doCQ \ I da^ dx 1 

Hence it appears that the remainder for the new integral is less than e(Q:| — ar^j) 
for all values of a ; the convergence is therefore uniform and a second integration 
may be performed if desired. Thus if an wfiniie integral converges uniformly^ it may 
be integrated as many times as desired under the sign. It should be noticed that the 
proof fails to cover the case of integration to an infinite upper limit for a. 

For the case of differentiation it is necessary to show that 


J ^co pso 

f'{x.,a0dx — <h'((Xt). Consider I /' (x, ar)dx = w(ar). 

a Ja ^ 

As the infinite integral is assumed to converge uniformly by the statement of the 
theorem, it is possible to integi‘ate with respect to or under the sign. Then 


w(ar)da: = ^ a)dadx = J"* [/(x, or) -/(x, a^)]c?x = (a) - 

The integral on the left may be differentiated with respect to o', and hence 
0(a) must be differentiable. The differentiation gives w(a)= and hence 

w(a^) = 0'(a^). The theorem is therefore proved. This theorem and the two 
above could be proved in analogous ways in the case of an infinite integral due 
to the fact that the integrand /(x, a) became infinite at the ends of (or within) 
the interval of integration with respect to x ; the proofs need not be given here. 


/ 


145. The method of integrating or differentiating under the sign of 
integration may be applied to evaluate infinite integrals when the condi- 


the question of the uniformity of convergence did not arise (§ § 119-120). 
The examples given below will serve to illustrate how the method works 
and in particular to show how readily the test for uniformity may be 
applied in some cases. Some of the examples are purposely chosen iden- 
tical with some which have previously been treated by other methods. 

Consider first an integral which may be found by direct integration, namely, 
f e-«^cosbxdx = Compare C^e-‘^dx = l. 

*^0 4- 02 Jq d 


a2 + 62 

The integrand a positive quantity greato than or equal to e-«^cos6x 

for all values of 6. Hence, by the general test, the first integral regarded as a 
function of 6 converges uniformly for all values of 6, defines a continuous func- 
tion, and may be integrated between any limits, say from 0 to 6. Then 

pb ^03 

Jo Jo e-^^cosbxdbdx 




_ sin bx 


0 

Integrate again. T * f^e- dbdx = T * 

V 0 */ 0 X Jo 


dx 




adb ^ ,b 
- — -- = tan“i*-. 
^2 + 62 a 


1 — cosba; ^ 

e-aa; ^ ^ 


= 6 tan'i - — £ log (a2 + 62), 
d 2 


Compare 


/. 


° 1 — cos 6aj _ 

e- dx and 


/. 


* 1 — cos 6a; 


«2 


dx. 


Now as the second integral has a positive integrand which is never less than the into^ 
grand of the first for any positive value of a, the first integral converges uniformly 
for all positive values of a including 0, is a continuous function of a, and the value 
of the integral for a = 0 may be found by setting a equal to 0 in the int^rand. Then 


X ” d* = lim [b tan-x ^ _ I log (a^ + ] = 1 6 1 5 . 

The change of the variable to x' = J x and an integration by parts give respectively 
‘'*sin26x . 


X 




X 


' sin 6x , tt 

cfx = + - 

X 2 


or — • 


2 ' ' ' Jo x ' 2 2 

This last result might be obtained formally by taking the limit 
sin bx 

I 

= 0 


6 > 0 or 6 < 0. 


1 . sin bx , r 

lim / e-«* dx — I 

a^oJo X Jo 


® sin 6x , ^ h TT 

(fx = tan-i~ = + — 

ox 0 2 


after the first integration ; but such a process would be unjustifiable without first 
showing that the integral was a continuous function of a for small positive values of a 
and for 0. In this case | x e - sin 6x ] ^ | x sin x |, but as the integral of j x-i sin 6x | 
does not converge, the test for uniformity fails to apply. Hence the limit would not 
be justified without special investigation. Here the limit does give the right result, 
but a simple case where the integral of the limit is not the limit of the integral is 


lim f 


** sin bx 


dx ; 


= Hm('±£\ = ±?^riin.«^dx r2d* = 0. 


Jo 




-(•-I)' 


dx = 2 


f 

Jo 





=2j;v(“'-s) 


To justify the differentiation this last integral must be shown to converge uni 
formly. In the first place note that the integrand does not become infinite at th 
origin, although one of its factors does. Hence the integral is infinite only by vir 
tue of its infinite limit. Suppose a ^ 0 ; then for large values of x 

€ and j* e-^dx converges (§ 148). 

Hence the convergence is uniform when a ^ 0, and the differentiation is justified 
But, by the change of variable x' = — a/x, when a > 0, 



Hence the derivative above found is zero ; 0' (a) = 0 and 

X oo (x — P / — 

e \ «/ dx = const, = J e-^^dx = ^Vir; 

for the integral converges uniformly when a ^ 0 and its constant value may b 
obtained by setting a = 0. As the convergence is uniform for any range of value 
of a, the function is everywhere continuous and equal to J Vtt. 

As a third example calculate the integral 0(6) = f cos bxdx. Now 

Jo 

^ = r — xe“ sin bxdx = -i- T c” sin 6x1 — f e~- cos bxdx, 

db Jo 2a^l Jo 2 Jo 


The second step is obtained by integration by parts. The previous differentiatio: 
ie justified by the fact that the integral of xe- which is greater than the inte 
grand of the derived integral, converges. The differential equation may be solved 


Hence 0 (6) = 0 (0) e 4«a = / c 

Jo 


^ cos bxdx = 


VtTC 4 a;* 


2 a 


In determining the constant O, the function 0 (6) is assumed continuous, as th 
integral for 0 (6) obviously converges uniformly for all values of 6. 


146. The question of the integration under the sign is naturall; 
connected with the question of infinite double integrals. The doubl 

integral fix, y) dA over an area A is said to be an infinite integra 

if that area extends out indefinitely in any direction or if the functioi 
/ y) becomes infinite at any point of the area. The definition o 


UN INFINITE INTEUKALS 
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convergence is analogous to that given before in the case of infinite 
simple integrals. If the area A is infinite, it is replaced by a finite 
area A' which is allowed to expand so as to cover more and more of 
the area A, If the function /(x, y) becomes infinite at a point or along 
a line in the area A , the area A is replaced by an area A ' from which the 
singularities of /(x, y) are excluded, and again the area A' is allowed to 
expand and approach coincidence with A. If then the double integral 
extended over A' approaches a definite limit which is independent of 
how approaches A, the double integral is said to converge. As 




/(<^, dudv, 


where a; = (yt, v;), y = ^ {(fy v), is the rule for the change of variable 
and is applicable to A\ it is clear that if either side of the equality 
approaches a limit which is independent of how A* approaches Aj the 
other side must approach the same limit. 

The theory of infinite double integrals presents numerous difficulties, 
th(i solution of which is beyond the scope of this work. It will be suffi- 
cient to point out in a simple case the questions that arise, and then 
state without proof a theorem which covers the cases which arise in 
practice. Suppose the region of integration is a complete quadrant so 
that the limits for x and y are 0 and oo. The first question is, If the 
double integral converges, may it be evaluated by successive integra- 
tion as 


/ » ^QO ^ao r><X) 

f(x,i/)dA—l I f(x,y)dydx=j I f(x,y)dxdy? 

*/ar = 0 t/y=rO *Jx=rO 


And conversely, if one of the iterated integrals converges so that it may 
be evaluated, does the other one, and does the double integral, converge 
to the same value ? A part of this question also arises in the case of a 
function defined by an infinite integral. For let 


J ^oo 

»= 0 

it being assumed that (x) converges except possibly for certain values 
of Xj and that the integral of <f> (x) from 0 to oo converges. The question 
arises, May the integral of </» (x) he evaluated by integration under the 
sign ? The proofs given in § 144 for uniformly convergent integrals inte- 
grated over a finite region do not apply to this case of an infinite inte- 
gi'al. In any particular given integral special methods may possibly be 


/ 


/(*> y)Aydx, 




-I 


and 


p <30 

*y x= 



number of lines parallel to the axes of x and y, then the three intenrais 


/ I ^30 px> 

f{x,y)dA, I I f{x,y)dydx, I I f{x,y)dxdy, (12) 

•yajssiO %Jy = Q %Jy=a{i Ux^O 


cannot lead to different determinate results ; that isj if any two of them 
lead to definite resultsy those results are equal*' The chief use of the 
theorem is to establish the equality of the two iterated integrals when 
each is known to converge ; the application requires no test for uni- 
formity and is very simple. 


As an example of the use of the theorem consider the evaluation of 



dx. 


Multiply hj and integrate from 0 to oo with respect to a. 


= f I f e~^^da = f f dxda. 

J 0 vO t/O V 0 

Now the integrand of the iterated integral is positive and the integral, being equal 
to has a definite value. If the order of integrations is changed, the integral 


00 /» 00 , ^ /> 00 

/ ae dadx = | 

0 do do 


1 dx 1 , TT 

— _ tan -1 qo = - 

l-fx2 2 2 4 


is seen also to lead to a definite value. Hence the values and J tt are equal. 


EXERCISES 

1 . Note that the two integrands are continuous functions of (x, a) in the whoU 
region 0^<x<oc>, Oj^x<oo and that for each value of a the integrals converge 
Establish the forms given to the remainders and from them show that it is not pos- 
sible to take X so large that for all values of a the relation [22 (x, cr) [ < c is satisfied 
but may be satisfied for all a’s such that 0 < (Xq = cr. Hence infer that the conver 
gence is nonuniform about a = 0, but uniform elsewhere. Note that the functions 
defined are not continuous at a = 0, but are continuous for all other values. 


(a) y' ae-«^dx, i2(x, a)=: ore- ‘^^^dx = e~ 1, 


'«X 


« sm ax 


dx. 


, B(x, a)= f 

Jx 


® Sin ax 


dfx 


■f. 


® sin X 


dx. 


2 . Repeat in detail the proofs relative to continuity, integration, and differ 
entiation in case the integral is infinite owing to an infinite integrand at x = h. 


* The theorem may be generalized by allowing /(x, y) to be discontinuous over s 
finite number of curves each of which is cut in only a finite limited number of point 
by lines parallel to the axis. Moreover, the function may clearly he allowed to chang( 
sign to a certain extent, as in the case where / > 0 when x> a, and / < 0 when 0 < x < ot 
etc., where the integral over the whole region may he resolved into the sum of a finiti 
number of integrals. Finally, if the integrals are absolutely convergent and the integraL 
pf |/(x, y)\ lead to definite results, so will the integrals of/(x, y). 


<nQ nence aenve me results tnat are given : 


a) J e-^^^dx = a>0, J* x^"e-^^dxz=- 

B) f xe‘‘^^dx = —, a > 0, f = 

Jo 2 a Jo 

dx _7r 1 h 0 C°° ^ 

Jo + ^ 2 Vik* ^ ’ J^ + 2 

j ri 1 /•! 

x»dx=z , n > — 1, / x»»(— logx)”*dx = 

0 n + 1 «/o 


V7rl*3--*(2n — 1) 

■e-oc^dx = ^ — ; '-i 

2 2«a« + ^ 


p °° dx _ TT 1 • 3 • • • (2 71 — 1) 
0 (x2 + A;)«+i 2 2«?i!A:» + i 


(n + l)«t+i 


0 r^dx=. 

Jo 1 + ® sin av 


- ^ logx , TT^cosiartr 

0<a<l, / — ^dx = — 

^0 1 + X cos^ aTT — 1 


4. Establish the right to integrate and hence evaluate these ; 

Qo 00 g— ax — g— hx J) 

e-^^dx, 0<ao^a, / cix^log-, h, 

0 J 0 X d 


J too /» 00 g— ax — g— oa; q 

e~«^dx, 0<ao^a, / {ix=:log-, b, a^c 

0 Jo X a 

, . ^ ^ /^ix« — x^, ,a+l, ^ 

/? / x^dx, -l<cro< or, / dx = \og-—,b,a^a^ 

Jo ./o logx 0+1 

/»« , ^ ^00 g-aa: g-bx 1 6* + 

7) I cos TTixcJx, 0 < OTo ^ a, f cos TTlXdx = -log 1 

Jo Jo X 2 a2+ m2 

J ,co ^oog~aa;_g-6x^ /> « 

e- tfx gin mxdx, 0<ag^a, ( sin mxdx = tan-i tan-i _ 

0 J 0 X m m 

yioo Vff /^OO _?! — 

(e) I e-"«*^dx=: > 0<a^^a, I e x* — e x® dx = (?7 — a) ■ 

Jo 2a t/o 


e-«*^dx = — 0 < a^ ^ a, f e ar* — e a® dx = (?7 — a) Vtt. 
2 a t/o 

5. Evaluate: (a) f e“ dx = tan-i ~ , 

t/o X 




Jo X Jo 


.so, 

6 . If 0 < a < 6 , obtain from f e-^dx = i -v/~ sind justify the relations : 
do 2 \ »* 

r ^^^dr = -^ r r e-^^sinrdxdrt=-^ f f er-*^hinrdrdx 

Ja 'yjy -yJ^Ja Jo Vir 

2 r . /'* e-*^^x^dx . - /’®e-*^’x 2 dx 

= — =z sm a I : sin 0 f — — 

Vtt L Jo 1 + x^ Jo 1 + x* 

«oo e“«^*dx , ^^6~^^^dx~\ 

+ cos « — — ~ cosh i — — r 1 

Jo 1 + x* Jo l + x*J 


J .oog-wa-ox _ 

— — cosh 

0 1 + X* *> 


/•'■sinr , fH- 2 r . r^c-^'^Vdx . 

I — ^dr=\ = smr ( ^+cosr| — — -\- 

Jo Vr >2 Jo 1+x* do 1 + x^J 


.. , ^^cosr, fir 2r r^e-^'^ x^dx , 

Similarly, ( — —dr ==. \ cosr ( — smr | — — - . 

Jo Vr TTl Jo 1 + x* Jo l + a:<J 

J ’»Rinr_ /»“C08r, t /** . r'* tt „ , 1 

dr = I — :=-dr=\-t I sin-rw= I cos-rMr = ^< 

0 V? ^0 Vr \2 Jo 2 Jo 2 2 

7. Given that — ~ 2 f show that 

1 + Jo 

f«l + cos?nx, TT.^ , . , r^cofi?nx. 

Jo 1 4- x2 2 ' Jo ] + x2 2 ’ 

8. Express R (x, a) = f ^ by integration by parts and also by substi- 

•/jc 1 4" X* 

tilting x' for ax, in such a form that the uniform convergence for a such that 
0 < orj, ^ £r is shown. Hence from Ex. 7 prove 

y dx = ~e-^, or > 0 (by differentiation). 

Show that this integral does not satisfy the test for uniformity given in the text; 
also that for a = 0 the convergence is not uniform and that the integral is also 
discontinuous. 

9. If /(x, a, is continuous in (x, or, j 8 ) for 0 ^ x < oo and for all points (a, p) 

of a region in the cri9-plane, and if the integral <f>(a, /3) = T /{x, tr, 0)dx con- 
do 

verges uniformly for said values of (a, jS), show that 0 (or, /3) is continuous in (or, /3), 
Show further that if /^(x, a, /3) and/^(x, a, /S) are continuous and their integrals 
converge uniformly for said values of (a, /3), then 

jr"/;(a:, a,p)dx = 0', (x, a,p)dx = 

and <f)^, <f>'^ are continuous in (a, jS). The proof in the text holds almost verbatim. 

10. If /(x, 7 ) =:/(x, or 4 - i/3) is a function of x and the complex variable 
7 = a: 4- i/3 which is continuous in (x, cr, /3), that is, in (x, 7 ) over a region of the 
7 “plane, etc., as in Ex. 9, and if /y(x, 7 ) satisfies the same conditions, show that 

/(x, 7 )dx defines an analytic function of 7 in said region. 

0 

00 

11. Show that I e-y^dx, 7 = a 4- i/3, ur ^ > 0, defines an analytic func- 

do 

tion of 7 over the whole 7 -plane to the right of the vertical a — a^. Hence infer 


I IT — a 4- Vn:® 4- 


^ 00 
to show that the convergence is uniform at a = 0. Hence find ( cos 

Jo 

^ + OO ^ + W 1^ ^+00 

13. Prom I cosx^dx = | cos (x + aj^dx = \ - = f sin(» + aj^dx, with 

«/— 00 •/ — oo \2 J —<o 

^ +00 ^ + 00 

the results / cos x^ sin 2 axdx =; / sin gjn 2 axda; = 0 due to the fact that 
*/ — 00 »/-- 00 

sin a; is an odd function, establish the relations 

J cos x‘^ cos 2 axdx = cos , f sin x^ cos 2 axdx = sin . 

0 2 \4 / »/o 2 \4 / 

14. Calculate: (a) j* cosh bxdx^ (/3) J' xe- cos bxdXy 

and (together) (v) /^%08 g ± dx, («) _(*sin (| ± g) &. 

15. In continuation of Exs. 10-11, p. 368, prove at least formally the relations: 

1- r® sSinA:j;_ tt ,, 1 r « , sin Axe , 

Inn I /(x) dx = -/(0), lim - | f{x) dx=/(0), 

k=xviJ—a X 2 k=<x>7!'d—n X 

Jo J* kxdxdk = y' ^ /(x) cos kxdkdx = / (x)~” 

- r r /(x) cos kxdxdk = lim i f f(x) dx = 

TT t/O •/-a k^^TrJ—a X 


TT 


XT. /(x) COS kxdxdk = /(O), 


1 /I 00 /* 00 

IT Jo •/— 00 


cosfc 


The last form is known as Fourier’s Integral ; it repre 
double infinite integral containing a parameter, 
steps after placing sufficient restrictions on/(x). 

Jr* 00 2 ^ eo g— ax __ Q— 

e- ^ydy =z- prove I 

0 X Jo X 


J -* * poo 

0 Jo 


dx 


-2 r'^r2«+2«»-2e-'»’Mr2 fS 

Jo Jo 


17 . Treat the integrals (12) by polar coordinates and 

v 

fA..,>iA=nr f(r cos T sin 

will converge if ( / 1 < r- 2 - * as r becomes infinite. If /(x 
origin, but |/|<r-’2 + t the integral converges as r app. 
these results to triple integrals and polar cofirdinates in spaco , w 
is that 2 becomes 3. 

18. As in Exs. 1, 8, 12, uniformity of convergence may often 1 
without the test of page 369 ; treat the integrand X“ **sin bx ( 
that test failed. 


CHAPTER XIV 


SPECIAL FUNCTIONS DEFINED BY INTEGRALS 


147. The Gamma and Beta functions. The two integrals 


f B(m, 7^)= I — x?j^~^dx (!' 

0 Jg 


converge when > 0 and m > 0, and hence define functions of thi 
yiaraineters n or n and m for all positive values, zero not included 
Other forms may be obtained by changes of variable. Thus 


n 00 

T(n) = 2 y^^-^e-^dy, 

r(«)=jf‘(iogl)"V, 


by x = y\ 


by e-‘"=y, (3 


1(7)1, n)=:J' — y)"*“'dy = B(n, ot), by x — \ — y, (4 

•nr 

ri) = 2 ^ cos2”“^<^c?<j!», by a; = sin^ (6 


by a; = 




by a; = sin^ (6 


If the original form of V (n) be integrated by parts, then 


1 1* 1 r* 1 

I ^er^dx = + - I x!^er^dx = - F (ti -j- 1 \ 

0 ^ io ^Jo n ^ ^ ^ 


The resulting relation r(7i + 1) = nT(n) shows that the values of th 
F-function for u 4- 1 may be obtained from those for ti, and that cor 
sequently the values of the function will all be determined if the value 
over a unit interval are known. Furthermore 


r(?i + 1) = nT(n) — n(n — l)r(7i — 1) 

= n(n — 1) • • ’ (n — k)V (n — /:) ^ 

is found by successive reduction, where 7c is any integer less than 7 
If in particular n is an integer and k = n — 1, then 


r(% + 1) = 1) . . . 2 . 1 . r(l) = w ! r(l) = 71 ! ; (8 

378 


fjval values of n the V-f unction is the factorial ; and for other than integral 
values it may be regarded as a sort of generalization of the factorial. 

Both the r- and B-functions are continuous for all values of the 
parameters greater than, but not including, zero. To prove this it is 
sufficient to show that the convergence is uniform. Let n be any value 
in the interval 0 < ^ ^ iV; then 


~'^e~^dx. 


X n ^«> ^00 

^ ^ J x^'-~^e~^dx ^ J 

The two integrals converge and the general test for uniformity (§ 144) 
therefore applies ; the application at the lower limit is not necessary 
except when w- < 1. Similar tests apply to B (m, n). Integration with 
respect to the parameter may therefore be carried under the sign. The 
derivatives 


may also be had by differentiating under the sign ; for these derived 
integrals may likewise be shown to converge uniformly. 

By multiplying two T-functions expressed as in (2), treating the 
product as an iterated or double integral extended over a whole quad- 
rant, and evaluating by transformation to polar coordinates (all of 
which is justifiable by § 146, since the integrands are positive and 
bhe processes lead to a determinate result), the B-function may be 
expressed in terms of the F-function. 


^00 ^co f* to 

r(?i)r(w) = 4/ x^^'^^e~^dx j / j 

t/O fc/O v/ov/o 

00 ^ 

= 4 I + cos^^’~^<f>d<l} = r(?t -f n)* 

c/O v/O 


Hence B (m, n) = = B (»> »»)• (10) 

The result is symmetric in m and n, as must be the case inasmuch 
as the B-function has been seen by (4) to be symmetric. 

That r (I-) = Vtt follows from ( 9 ) of § 143 after setting « = iin(2); 
it may also be deduced from a relation of importance which is obtained 
from (10) and (5), and from (8) of § 142, namely, if < 1, 




r(i) 


l-«) ^ 


dy- 


ir 


sinnTT 


or 


r(7i)r(l- w) = 


TT 


smnTT 


(ijj 



interval 0 < 1 — inay then be found. 

148. Ky suitable changes of variable a great many integrals may 
be reduced to B- and T-integrals and thus expressed in terms of 
r-functions. Many of these types are given in the exercises below; 
a few of the most important ones will be taken up here. By y = ax, 


r + f yy~^dy = 

l/o Jo 


n) 


or 


f -- xY-^dx = + , « > 0. (12) 

Jo 4- 


Next let it be required to evaluate the triple integral 

/= cc + y 4- ^ = Ij 


over the volume bounded by the coordinate planes and x y -Y z 
that is, over all positive values of x^ y, z such that a? + y + ^ 1. Then 

>l />!-» /^l-x-y 

/: 

fo 


~ lyOt - - '^(l^dydx 


nl ^1-x pi 

Jo Jo Jo 
= — X — yydydx, 

/ ==; IX^). E (^ ., i h j :) C x^-'^n ^ xY^'^^dx 
nV(m+n^l)X ^ ^ 


Then 


^ r(m)r(7z. + i) r(or(??i + ?t + i) 
nT{7n 4- ?i + 1) F 4- m 4- ti 4“ 1) 

This result may be simplified by (7) and by cancellation. Then 


I 



^y*” “ “ ^dxdydz 


T(r}Ti7n)V(n) 

r (^ 4" 4" ^ ”h^) 


(13) 


There are simple modifications and generalizations of these results which are 
sometimes useful. For instance if it were desired to evaluate 1 over the range 
of positive values such that x/a + y/b + z/c ^ A, the change x = aA^, y = AAtj, 
z — ch^ gives 


1= f f f x‘-iy’«-^z’‘-idxdvdz = I 


4? + m + n + 

a 0 c 


dl = ^ fii + Ml + n - 1^/4 

r (i + m + n) 

[ence if the integrand contained a function /(/t), the reduction would be 
(" + ^ -^^dxdydz 


:alUrncnW ^F i^ 

Jo 


+ m-^n^ldh 


r {/ -I- w + 7i) t/o 

the integration be extended over all values x/a + y/h + z/c ^ H. 

Another modification is to the case of the integral extended over a volume 


J = J'j'j' x^-'^y^-^z^-'^dxdydz, 


-Y ■ 

fl) 


+ H + : SA, 


■hich is the octant of the surface {x/a)p + (y/b)Q + (z/cy = h. The reduction to 


£ , w n 

^ a^b»^C^hP ^ ^ rrnL^l ”-1 , 

JJj^^ r d^dvdt, ^ + v + 


pqr 

/x\p 


made by ^/i=(-r, rjh=(pj\ i-h - dx = ~/ip^p 


J = jyyx^-hj^i-^z^-^dxdydz — 


a^b^c' 

pqr 


^ / 1 m n A 

r - + - + - + 1) 

\p q r / 


hP^ 


his integral is of importance because the bounding surface here occurring is of a 
rpe tolerably familiar and frequently arising ; it includes the ellipsoid, the surface 
^ 4* + xi = ai, the surface = ah By taking i = m = u = 1 the 

fiumes of the octants are expressed in terms of the T-f unction ; by taking first 
= 3, m = » = 1, and then w = 8, i = n = 1, and adding the results, the moments 
! inertia about the 2 ;-axis are found. 

Although the case of a triple integral has been treated, the results for a double 
itegral or a quadruple integral or integral of higher multiplicity are made obvious, 
or example, 


f f x^ -lo^m -idxdy = ^ — , 

JJ r(i-|-m + l) 




j* x^-^y^^-^dxdy 

_a^b^ \p/ \q/ 


P<i t (L + ^ + i) " 

W \ 


\p 9 / 





i.'b” \p/ \q/ f^rr 


pq 


\p qJ 


” f{)i)%P ^ dh, 

0 




f fff — 


aWc^d^ 

pqrs 


■(!HHD^(!) 


•(-+- 

\P Q 


+ ^+^- + 1 
r s 


) 



•1 o H 

149. If the product (11) be formed for each of *- » - > • >•}- j and 

^ ^ n n n 

the results be multiplied and reduced by Ex. 19 below, then 


n — 1 



The logarithms may be taken and the result be divided by n. 





1 log?i 

2 n 


Kow if w be allowed to become infinite, the sum on the left is that 
formed in computing an integral if dx^l/n. Hence 

i 

log r (x) dx = log V^. (16) 

Then ^ log V (a x') dx ^ a (log a — 1) + log V2 ^ (15') 

may be evaluated by differentiating under the sign (Ex. 12 {$), p. 288). 

By the use of differentiation and integration under the sign, the 
expressions for the first and second logarithmic derivatives of r(?t) 
and for log r(7i) itself may be found as definite integrals. By (9) 
and the expression of Ex. 4 (a), p. 376, for log x, 

X * /'«» 

_ J ^ dadx. 

If the iterated integral be regarded as a double integral, the order of 
the integrations may be inverted ; for the integrand maintains a posi- 
tive sign in the region l<5c<oo, 0<a:<oo, and a negative sign in 
the region 0<a;<l, 0<a:<;oo, and the integral from 0 to oo in a; 
may be considered as the sum of the integrals from 0 to 1 and from 
1 to 00 , — to each of which, the inversion is applicable (§ 146) because 
the integrand does not change sign and the results (to be obtained) 
are definite. Then by Ex. !(«:), 

T'(n)=f f x’'-^e-~ ^ -dxda = r(n) f 


}^';^logr(xOAxr.J^ 


or 


r'(«) d , , r( . 1 \da 


This value may be simplified by subtracting from it the particular 
value - y = r'(l)/r(l) = r'(l) found for n = l. Then 


r'(w) r'(i) r'(w) 


r(n) r(i) r(n) 


+ y 


-rirh 


\ da 


(l + a :)7 a 


The change of 1 -f- or to 1/a; or to gives 


rw 'Jo l-« Jo l-e “ 


’da. 


^2 ^00 

Differentiate : -j-z log T (ti) = / da. 

dn^ ^ ^ ^ Jq 1 — 


( 17 ) 

( 18 ) 


To find logr(n) integrate (16) from n = 1 ton n. Then 




since r(l) = 1 and log r(l) = 0 . As r( 2 ) = 1 , 

and logr(i 


_ r rjLni. (i+«)-^-(i+«)-’‘ ' 
^’~X [(!+«)“ « J 


da 


log (1 + a) 


by subtracting from ( 19 ) the quantity (n — 1 ) log r( 2 ) = 0 . Finally 
logr(«)=/^"[^ 5 ^-(«-l)e^ ^ ( 19 -) 


if 1 + o; be changed to e~*^. The details of the reductions and the justi- 
fication of the differentiation and integration will be left as exercises. 
An approximate expression or, better, an asymptotk expressiony 
that is, an expression with small percentage error, may be found for 
r(?t + 1) when n is large. Choose the form (2) and note that the inte- 
grand rises from 0 to a maximum at the point = ti + ^ 

falls away again to 0. Make the change of variable y == Vet -{- w, where 
a; =: 71 + so as to bring the origin under the maximum. Then 


or 


X OO 

( Va + ^ -"’cZw, 

’Joe. 

. . 2<rlog(l + ~^) — aVaw— 1 

r ( 7 t + 1 ) = 2 af^e~ I 6 ^ 

*J — V5f 


dw. 


Now 2 a loer (l — 2 -y/aw =s 0. — Vrt oo. 
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The integrand is therefore always less than except when = 0 
and the integrand becomes 1. Moreover, as tv increases, the inte- 
grand falls olf very rapidly, and the chief part of the value of the 
integral may be obtained by integrating between rather narrow 
limits for say from — 3 to 4- 3. As a is large by hypothesis, 

the value of log (l -f Va) may be obtained for small values of v? 
from Maclaurin^s Formula. Then 


r (n + 1) = 2 a-'e- “ J" e" 


is an approximate form for r(«,4- 1), where the quantity c is about 
§ wj'^a and where the limits ±cof the integral are small relative to Va. 
But as the integrand falls off so rapidly, there will be little error made 
in extending the limits to oo after droi:)ping c. Hence approximately 


^00 

r(7i -h 1) = 2 I e~^^^dw = 

%J — ffi 


or r (« 4- 1) = {n + I)" + 5 e- (’* + i)(l 4- 1\\ (20] 

where is a small quantity approaching 0 as n becomes infinite. 


EXERCISES 

1 . Establish the following formulas by changes of variable. 


(a) r (n) = u: > 0, ^ ^ ^ (l ’ 5) ’ 

( 7 ) B(n, n) = 2i-2nB(n, J)by ( 6 ), (5) f = i B G 

«/o 


(c) B(m, n) ^ 1 r(m)r(n) 

^0 (x 4 a)”‘ + " wdl 4- a^(l 4- T (m 4- n\ ^ 


W^(l 4 ft)”* ft”{l 4 ft)”* r (w 4 n) 

by 


take 


V 


x4ft 14ft 


[ax 4 & (1 — x)]»‘ +” {in 4 n) ~ ft (1 — y) 4 * 


[(/ ■ ■ ' 

{b -f CX)*« + « ~ ?)«(& 4 c)"* 


( ) f ^ G ~ _ B (?n, n) x>Hlx _ V7rr(^n4^) 

^ Jo (i^4cxV« + « ~ b"(b c)^* Jo 


(*) 


r x”»(l — x")Pcfx=iB(p4l, (k) • = 

W \ n / do -y/ 1 0*71 


0 Vl~-x2 2 r(^n 4 l) 
Vtt r (n-^) 


Vl - x« ^ + 5) 

2 . From T (1) = 1 and T (U = Vtt make a table of the values for every intege: 
and half integer from 0 to 6 and plot the curve y = r (x) from them. 

3, By the aid of (10) and Ex, 1 (7) prove the relations 

\/^r (9. rr\ — 9.2 a -ir in A. 1\ /v,\ — On-lT* / 1 y.\ T / 1 -« J- 


cos" xdx ~ 


(a) r^sin"xdx= f 

t/o Jo 

(^) y* ^ _ 1 • 3 • 5 • • • (2 n — 1) TT 


1 • 3 » 5 » » ■ ( n — 1) TT 2 • 4 • 6 • • • (n — 1) 
2.4.6...W 2 1.3.5. -n ' 


Vl-x“ 

(5) rV Va2-x2Jx = — , 
Jf) i(i 

Jx 


2.4.«...2n 2 

;4 

10 


«x 


(i*) Find r 
J() 


Vl — X* 


to four decimals, 


as n is even or odd. 
i x2«+idx __ 2 . 4 . 6 . . . 2 n 

■v/l — 1* 3* 5 .^. (2 71 + 1) 

(e) r x2(a2 _ x2) 2(Zx = ^ 

Jo 

(tj) Find f - 

Jfj 


m 


dx 


6. Find the areas of the quadrants of these curves : 


vr: 


XT 


(a) xi i-yi = {^) ( 7 ) + yi = 1, 

(5) xVa^ + y^/b^ = 1, (e) the evolute (ax)t + {bij)i = {a^ — 52)f. 

7. Find centers of gravity and juoinents of inertia about the axes in Ex. 6. 

8 . Find volumes, centers of gravity, and moments of inertia of the octants of 

(a) xi + 2/i + = ai, (/S) x»’ + ?/? + = aa, (7) x^ + yS _j_ 


9. (or) The sum of four proper fractions does not exceed unity ; find the average 
value of their product. (/3) The same if the sum of the squares does n(7t exceed 
unity. (7) What are the results in the case of Jc proper fractions ? 


10. Average under the supposition ox^ + by’^ ^ H, 

11. Evaluate the definite integral (16') by differentiation under the sign. 

12. From (18) and 1 < — ^ — < 1 + a show that the magnitude of log V (n) 

1 — e"« 

is about \/n for large values of n. 

13. From Ex. 12, and Ex. 23, p. 76, show that the error in taking 

log r /n + for r log r (x) dx is about -- — log F ("n. + . 

\ 2/ Jn 24 ti+12 \ 2/ 

j i^n 1 ^1 

log r (x) dx = I log r (n + x) dx and hence compare (15'), 

n Jo 

(20), and Ex. 13 to show that the small quantity 17 is about (24 n + 12)~i. 

15. Use a four-place table to find the logarithms of 5 ! and 10 ! . Find the 
logarithms of the approximate values by (20), and determine the percentage errors. 

16. Assume 71 = 11 in (17) and evaluate the first integral. Take the logarithmic 
derivative of (20) to find an approximate expression for r'(n)/r (?i), and in partic- 
ular compute the value for n := 11, Combine the results to find 7 = 0.578. By more 
accurate methods it may be shown that Euler’s Constant 7 = 0.577,215,665 * • 

17. Integrate (19') from n to n + 1 to find a definite integral for (15'). Subtract 
2 ^0 __ gor dcr 

the integrals and add - log n = j Hence find 

2 J— 00 2 cz 

logr(n) — 7i(log7i- 1) — log V^+ ilogTi = J ^ ^ 



ing it with the one already found or by applying the method of the text, with the 
substitution x = n + VJn?/, to the original form (1) of r (n + 1). 

-rfv . *=^-1 . kir . TT . 2 TT . (n — 1) TT n , 

19. The relation TT sin — = sin — sm sm^ — may be 

jfc=i n n n n 2"“^ 

/ _ 2 kiri \ 

obtained from the roots of unity (§ 72) ; for x« — 1 = (x — 1) TTV^J — e " A 


n = lim 

tril 


x'^ — 1 

X — 1 


I' =7) — 

IT 

i= ] 


1 / 

U-e «A 


TT 

k=l 


kni 

_ 


(n-D- 


( 2 i)" 


1 

2n-l 


150. The error function. Suppose that measurements to determine 
the magnitude of a certain object be made, and let • • * , be a 

set of n determinations each made independently of the other and each 
worthy of the same weight. Then the quantities 

- m, • • • , q,, = - m, 

which are the differences between the observed values and the assumed 
value m, are the errors committed ; their sum is 

+• ?Z2 H b = (Wj + W.2 + h ^n) - 

It will be taken as a fundamental axiom that on the average the errors 
in excess, the positive errors, and the errors in defect, the negative 
errors, are evenly balanced so that their sum is zero. In other words it 
will be assumed that the mean value 

nm = H + or m = ^ (m^ + m^-\ {- w„) (21) 

fh 


is the most probable value for m as determined from Wg, 

Note that the average value m is that which makes the sum of the 
squares of the errors a minimum; hence the term ” least squares. 

Before any observations have been taken, the chance that any par- 
ticular error q should be made is 0 , and the chance that an error lie 
within infinitesimal limits, say between q and q -f dq^ is infinitesimal ; 
let the chance be assumed to be a function of the size of the error, and 
write </) (^) dq as the chance that an error lie between q and q -f dq. It 
may be seen that (^) may be expected to decrease as q increases ; for, 
under the reasonable hypothesis that an observer is not so likely to be 
far wrong as to be somewhere near right, the chance of making an 
error between 8.0 and 8.1 would be less than that of making an error 
between 1.0 and 1.1. The function ^{<1) is called the error function. 
It will be said that the chance of making an error q^ is to put it 

more precisely, this means simply that ^ ( 5 ^,) dq is the chance of making 
an error which lies between and q^ -f dq. 
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It is a fundamental principle of the theory of chance that the 
chance that several independent events take place is the product of 
the chances for each separate event. The probability, then, that the 
errors 7^, uiade is the product 

The fundamental axiom (21) is that this probability is a maximum 
when m is the arithmetic mean of the measurements m^, • • • , 

for the errors, measured from the mean value, are on the whole less 
than if measured from some other value.* If the probability is a maxi- 
mum, so is its logarithm ; and the derivative of the logarithm of (22) 
with respect to m is 

</) (m^ — m) <l> — m) (m„ — m) 

when q^ + q^-\ h = (^1 ““ w) + (Wg — m) d h (m,, — m) = 0. 

It remains to determine </> from these relations. 

For brevity let F(q) be the function F= which is the ratio 
of <^'(^) to <^(2'). Then the conditions become 

^ (2^2) (S'n) “ 0 when q^-{- q^-\ h = 0. 

In particular if there are only two observations, then 

+ = ^ 9^1 + ^2 = ^ 9^2==-9^i- 

Then p(^^)d_F(_^^)==0 or F(- ^) - - ^( 5 ^). 

Next if there are three observations, the results are 

■^(2i) + ^((?2) + ^ !7i + ^2 + S'a = 

Hence F(^,) + F(^^,) = - ^(yj = F(- q,) = F{q^ + q^. 

Now from F{x) F {y) ■= F {x y) 

the function F may be determined (Ex. 9 , p. 45 ) as F(x) = Cx, Then 

P{i) = = c<i, log <i> (y) = + 

and = = Ge^ 

This determination of <j> contains two arbitrary constants which may 
be further determined. In the first place, note that C is negative, foi 
fji (q) decreases as q increases. Let ^ C = — In the second place, the 



all possible values. lienee 

/ + -a ^ + Qo 

4 , (y) (1(1 =1, G j cr^‘i\l(^ = 1. 

xj «y — X 


( 23 ) 


For the chance that an error lie between q and <7 4- is <l>dqf and if 
an interval b be given, the chance of an error in it is 

X (?) X (?) ‘^? = / ^ (?) 

a a a 

and finally the chance that — oo < </ < + 00 rei)resents a certainty and 
is denoted by 1. The integral (23) may be evaluated (§ 143). Then 
G ^Jir/k = 1 and G = IcJ’s/ir. Hence * 


«^(!Z) = -7=®'*'’”- 
Vtt 


(24) 


The remaining constant 7c is essential ; it measures the accuracy of 
the observer. If Ic is large, the function (jf) falls very rapidly from 
the large value Ic/^/ir for = 0 to very small values, and it appears 
that the observer is far more likely to make a small error than a large 
one ; _but if 1 c is small, the function falls very slowly from its value 
for <7 = 0 and denotes that the observer is almost as likely to 
make reasonably large errors as small ones. 

151 , If only the numerical value be considered, the probability that 
the error lie numerically between q and q dq\B 

21 c 21 c 

and “7= 1 
Vtt VttJo 

is the chance that an error be numerically less than Now 
21 c 2 


is a function defined by an integral with a variable upper limit, and the 
problem of computing the value of the function for any given value of i 
reduces to the problem of computing the integral. The integrand may 
be expanded by Maclaurin^s Formula 

* ® o<e<i, 

u (26) 

2 7 O} . irr X' X- ^ ^ ^ ^ 

= + — R< 




2! 


-f. 5 — : 
3! ^4! 


5! 


/■ 


1320 


The reader may now verify the fact that, with ^ as in (24) , the product (22) is a 
maximum if the sura of the squares of the errors is a minimum as demanded by (21). 


x’L?! siiifcwi vciiuea uj. jo i/iiia senes is sacisiaccory ; lor itJ s ^ ic will be 
accurate to five decimals. 

The jyrohahle error is the technical term used to denote that error | 
which makes that is, the error such that the chance of a 

smaller error is ^ and the chance of a larger error is also This is 
found by solving for x the equation 


1 

"T"’2 


J r^ ~8 6 ^7 


216’ 


The first term alone indicates that the root is near x — .45, and a trial 
with the first three terms in the series indicates the root as between 
X = ,47 and x = .48. With such a close approximation it is easy to fix 
the root to four places as 


a; = = 0.4769 or ^ = 0.4769 (27) 

That the probable error should depend on k is obvious. 

Tor large values of a; = /cf the method of expansion by Maclaurin’s 
Tormula is a very poor one for calculating ] fc>o many terms are 
required. It is therefore important to obtain an expansion according 
to descending powers ofx. Now 


and 


f r f 

t/o *yo %J X 

e-^'^dx= I —xe~^dx 

X X ^ 



e~^'^dx 

e-^^dx 


The limits may be substituted in the first term and the method of in- 
tegration by parts may be applied again. Thus 



and so on indefinitely. It should be noticed, however, that the term 


( 271 .- 1 ) 

2x 


diverges as n = oo . 


In fact although the denominator is multiplied by 2 at each step, the 
numerator is multiplied by 2 w. — 1, and hence after the integrations by 
parts have been applied so many times that n> x^ the terms in the 
parenthesis begin to increase. It is worse than useless to carry the 
integrations further. The integral which remains is (Ex. 5, p. 29) 




T. 


2n+l 




< 


+1^.2n +1 


Thus the integral is less than the last term of the parenthesis, and it 
is possible to write the asymptotic series 


i: 


^ Vtt • 

JU 


Yx 


i_J_ + k3_L3:i + .. 

O ' <)‘2,w.4 OR ft ' 


2V 


(28) 


with the assurance that the value obtained by using the series will differ 
from the true value by less than the last tei'm which is used in the series. 
This kind of series is of frequent occurrence. 

In addition to the probable error, the average numerical error and the 
mean square erroVy that is, the average of the square of the error, are 
important. In finding the averages the probability {g) dg may be taken 
as the weight ; in fact the probability is in a certain sense the simplest 
weight because the sum of the weights, that is, the sum of the prob- 
abilities, is 1 if an average over the whole range of possible values is 
desired. For the average numerical error and mean square error 


i— , 27c r* 1 

Vtt Jo /cVtt 


0.5643 
k ' 


0.7071 

k 


(29: 


It is seen that the average error is greater than the probable error, anc 
that the square root of the mean square error is still larger. In ths 
case of a given set of n observations the averages may actually bt 
computed as 


+ ^ , 

^ k 

^ + + + 1 


Moreover, 


^\gf^2q\ 


k = 


k = 



It cannot be expected that the two values of k thus found will be pre 
cisely equal or that the last relation will be exactly fulfilled; but S( 
well does the theory of errors represent what actually arises in prac 
tice that unless the two values of k are nearly equal and the relatior 
nearly satisfied there are fair reasons for suspecting that the observa 
tions are not bona fide. 

152. Consider the question of the application of these theories t( 
the errors made in rifle nractice on a target. Here there are tw( 


of the central vertical, the other to their falling above or below the 
central horizontal. In other words, each of the coordinates (x, y) of 
the position of a shot will be regarded as subject to the law of errors 
independently of the other. Then 

~ e-^^dx, e-’^-’^-^'Vdxdy 

Vtt -VTT TT 

will be the probabilities that a shot fall in the vertical strip between 
X and X + dx, in the horizontal strip between y and y -f- dy, or in the 
small rectangle common to the two strips. Moreover it will be assumed 
that the accuracy is the same with respect to horizontal and vertical 
deviations, so that Jc = Id. 

These assumptions may appear too special to be reasonable. In particular it 
might seem as though the accuracies in the two directions would be very different, 
owing to the possibility that the marksman’s aim should tremble more to the right 
and left than up and down, or vice versa, so that k^k'. In this case the shots would 
not tend to lie at equal distances in all directions from the center of the target, 
but would dispose themselves in an elliptical fashion. Moreover as the shooting is 
done from the right shoulder it might seem as though there would be some inclined 
line through the center of the target along which the accuracy would be least, and 
a line perpendicular to it along which the accuracy would be greatest, so that the 
disposition of the shots would not only be elliptical but inclined. To cover this 
general assumption the probability would be taken as 

Ge- - A:' Vdxc??/, With G j* -2\xy- k'*v*dxdy = 1 

as the condition that the shots lie somewhere. See the exercises below. 

With the special assumptions, it is best to transform to polar cobrr 
dinates. The important quantities to determine are the average distance 
of the shots from the center, the mean square distance, the probable 
distance, and the most probable distance. It is necessary to distinguish 
carefully between the probable distance, which is by definition the dis- 
tance such that half the shots fall nearer the center and half fall farther 
away, and the most probable distance, which by definition is that dis- 
tance which occurs most frequently, that is, the distance of the ring 
between r and r + dr in which most shots fall. 

The probability that the shot lies in the element rdrdf^ is 

_ e- ^^^rdrd<f}y and 2 ^^^rdvy 

obtained by integrating with respect to is the probability that the 
shot lies in the ring from r to r -|- di\ The most probable distance r^ is 


(30) 


^(«-iVV) = 0 
dr ^ ' 


or r,, 


1 Q.7Q71 

V2A: ~ /c 


The mean distance and the mean square distance are respectively 


r 








1 


„ 0.8862 


(30-) 


The probable distance is found by solving the equation 


H 


Hence 


2 kh~-^'^’'\dr = 1 — | 

r^<T^<r < Vr\ 


VI^ ^ 0.8326 


(30") 


The chief importance of these considerations lies in the fact that 
owing to Maxwell’s assumption, analogous considerations may be applied 
to the velocities of the molecules of a gas. Let u, v, w be the compo 
nent velocities of a molecule in three perpendicular directions so tha1 
F = is the actual velocity. The assumption is made thal 

the individual components Uj v, w obey the law of errors. The proba 
bility that the components lie between the respective limits u and n + du 
V ?md V + dv, w and w + dw is 





and 



edVdedii> 


is the corresponding expression in polar coordinates. There will ther 
be a most probable, a probable, a mean, and a mean square velocity 
Of these, the last corresponds to the mean kinetic energy and is subjeci 
to measurement. 


EXERCISES 

1 . If A: = 0.04476, find to three places the probability of an error ^ < 12. 

2 . Compute f e-^^dx to three places for (a) x = 0.2, (/3) x = 0.8. 

Jo 

3 . State how many terms of (28) should be taken to obtain the best value foi 
the integral to ® = 2 and obtain that value. 

4. How accurately will (28) determine f e-^^dx — | Vv? Compute. 

Jo 

5 . Obtain these asymptotic expansions and extend them to find the general law 
Show that the error introduced by omitting the integral is less than the last tern 
retained in the series. Show further that the general term diverges when n be 
comes infinite. 


(a) I cosx-'dx = - - 4 1 I cosx^ 

^ Wo 2 \ 2 2x 22x8 22 Jx X* 


<«X‘ 


sin x^dx = • 


cos x2 sin x2 1*3 
2 2x “ 22x8 


x» 

€?X 


J r* . „€te 

sm x2 

X X* 


( 7 ) » large, (3) ® large. 


6. (ct) Find tlie value of the average of any odd power 2 n + 1 of the error ; 
also for the average of any even power ; (7) also for any power. 

7. The observations 195, 225*, 190, 210, 205, 180*, 170*, 190, 200, 210, 210, 220*, 
y*^ 192 were obtained for deflections of a galvanometer. Compute k from the 
lan error and mean square error and compare the results. Suppose the observa- 
ns marked *, which show great deviations, were discarded ; compute k by the 
0 methods and note whether the agreement is so good. 

8 . Find the average value of the product qq' of two errors selected at random 
d the average of the product |g| • l^'j of numerical values. 

1 1 0876 

9. Show that the various velocities for a gas are Fp =-, = , 

_ _ 1.1284 _ Vs _ 1.2247 * ^ 

VttA: ^ V 2 fc ^ 

10. For oxygen (at 0°C. and 76 cm. Hg.) the square root of the mean square 
iodty is 462.2 meters per second. Find k and show that only about 18 or 14 
)lecules to the thousand are moving as slow as 100 m./sec. What speed is most 
Dbable ? 

11. Under the general assumption of ellipticity and inclination in the distrh 

tion of the shots show that the area of the ellipse + 2 \xy + kf^y^ = H" is 
T(k^k'^ — X2)" i, and the probability may be written Ge'" — X^)” IdJH’. 

12. From Ex. 11 establish the relations (or) G = -VW^ — X^, 

IT 

^2 \ 

“ 2(ifc2ik^- V)’ ~ 2{J:“fc^-X2)’ " 2 - X^) ' 

13. Find = 0.693, JBT, in the above problem. 

14. Take 20 measurements of some object. Determine k by the two methods 
d compare the results. Test other points of the theory. 

153. Bessel functions. The use of a definite integral to define func- 
)ns which satisfy a given differential equation may be illustrated by 
e treatment of 4- (2 71 + 1) y' xy = 0, which at the same time 
ill afford a new investigation of some functions which have pre- 
ously been briefly discussed (§§ 107-108). To obtain a solution of 
is equation, or of any equation, in the form of a definite integral, some 
>ecial type of integrand is assumed in part and the remainder of the 
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integrand and the limits for the integral are then determined so thafc 
the equation is satisfied. In this case try the form 



e^^Tdt, 






— tV^^Tdty 


where 7" is a function of ty and the derivatives are found by differen- 
tiating under the sign. Integrate y and y” by parts and substitute in 
the equation^ Then 


(1 - f) - J r' (1 - ^2^ + (2 - 1) tT] dt ^ 0, 

where the bracket after the first term means that the difference of the 
values for the upper and lower limit of the integral are to be taken: 
these limits and the form of T remain to be determined so that the 
expression shall really be zero. 

The integral may be made to vanish by so choosing T that the 
bracket vanishes ; this calls for the integration of a simple differentia' 
equation. The result then is 


r = (1 - (1 - ty + = 0. 


The integral vanishes, and the integrated term will vanish provided 
i ± 1 or = 0. If x be assumed to be real and positive, the expo 
nential will approach 0 when ^ = 1 -|- lA" and K becomes infinite. Henc< 


y(x)= J ^ V'(l - ff-ht and 


J ^l+loo 
+1 


(3i; 


are solutions of the differential equation. In the first the integral is ai 
infinite integral when n < + ^ and fails to converge when \ 

The solution is therefore defined only when > — ^. The second in 
tegral is always an infinite integral because one limit is infinite. Th< 
examination of the integrals for uniformity is found below. 


Consider ^ ^ idt with n < J so that the integral is infinite, 

J - JS)”- - P)”' Icoaxtat+ij" - P)” ' sin 


xidt. 


From considerations of synametry the second integral vanishes. Then 


ble. The second integral (81) may he written with t — 1 + iw, as 

L r* eix(i+ iu)(i iu^y~^£du] ^ r*e-«^(4u2 + U^)4^”idu. 

I d« = 0 1 t/O 

lis integral converges for all values of aj>0 and n> — Hence the given inte- 
il converges uniformly for all values of x ^ > 0, and defines a continuous 

notion ; when x = 0 it is readily seen that the integral diverges and could not 
fine a continuous function. It is easy to justify the differentiations as before. 


The first form of the solution may be expanded in series. 

= dt = J* (1 ^ cos xtdt 

= 2 y - 0”' ^ cos xtdt (32) 


he expansion may be carried to as many terms as desired. Each of 
le terms separately may be integrated by B- or T-f unctions. 




r(2A; + 1) 



sin^” ^ cos^^ ijid^ 


(w + i) r (7c + ^) a:“»r(n + i) V ir 

r(2 7b + l)r(w + 7c + 1) 2"*r(7; + l)r(« + Tfe + 1) ’ 


J(x) = 

2'‘V;;;r(« + i) ,^„2»+^*r(fc + i)r(rc + 7c + i) 


(33) 


1 then taken as the definition of the special function where the 
jcpansion may be carried as far as desired, with the coeflicient $ for 
le last term. If n is an integer, the F-functions may be written as 
ictorials. 

154. The second solution of the differential equation, namely 


« (») = 2/i (*) + =y — 2 — dt, (31') 

rhere the coefficient — 2 has been inserted for convenience, is for some 
mposes more useful than the first, It is complex, and, as the equation 
i real and x is taken as real, it affords two solutions, namely its real part 
ud its pure imaginary part, each of which must satisfy the equation. A.s 
'{x) converges for x = 0 and z{x) diverges for ic = 0, so that y^(x) or 


y^{x) diverges, it follows that y(x) and y^{x) or y(x) and yj^x) must be 
independent ; and as the equation can have but two independent solu- 
tions, one of the ])airs of solutions must constitute a com- 
plete solution. It will now be shown that y^{x) — y(x) 
and that Ay (pi') -f- is therefore the complete solu- 
tion of xy” + (2 71 + 1) //' + = 0. 

Consider the line integral around the contour 0, 1 — c, 

1 -f c6, 1 -|“ 00 i, oc 0, or OPQItS, As the integrand has a 
continuous derivative at every point on or within the 



contour, the integral is zero (§ 124), The integrals along 
the little quadr.ant PQ and the unit line RS at infinity may be made a* 
small as desired by taking the quadrant small enough and the line fai 
enough away. The integral along SO is pure imaginary, namely, witl 

t == itiy 


f 

J OP 


f -2 e^‘(l - =2i f V”‘(l + u-y-hu. 

J SO Jo 

The integral along OP is complex, namely 

j r%P P 

(1 — cos xtdt — 2 i I (1 — sin xtdt 

o Jo 

J r* I* 

(1 — cos xtdt — 211 (1 — ^ sin xtdt -f- J 

0 Jo 

-f 2 e^\l - ty-kt + ^2 + 2 i -I- 

J Q J 0 


where and small. Equate real and imaginary parts to zer( 

separately after taking the limit. 


2 f i COS xtdt = y(a:) = /^ p - 2 - f}” ~ ^dt == y/*) 

Jo Jl 


2 f\l - - 2 P«-^(l + u'^y-^du 

Jo Jo 

~ J — 2 - ty^^dt = yj^x) 


The signs and J are used to denote respectively real and imaginary 
I)arts. The identity of y (x) and y^(x) is established and the new solu 

tinn o! ('r\ is fniinH ns n HifFAi'P.nnA f.wn infocrrnla 


It is now possible to obtain the important expansion of the solutions 
r) and in descending powers of x. For 


1+ loo 


f -2ie^-\u^-2iuf-^du, t=l + iu. 
Jo 


ice X ^ 0, the transformation 7ix = v is permissible and gives 



e expansion by the binomial theorem may be carried as far as de- 
ed; but as the integration is subsequently to be performed, the 
ues of V must be allowed a range from 0 to oo and the use of 
ylor^s Formula with a remainder is required — the series would not 
iverge. The result of the integration is 


lere 


s (*) = 2-+ V"-ir(n + -f- iQ(a;)], (34) 

0 M = - !)(”' - i)(n' - ¥0 , 

V^/ o o t /o *.\a 'i ‘ 


2x 


3\{2xy 


^ 2\(2xy ^ 4.\(2xy 


ke real and imaginary parts and divide by V 7 rr( 7 t + Then 
(*-(« + -jfj- Q(x) sin + 1) f )] > 

I) + ^ (*-(» + i) I) ] 


! two independent Bessel functions which satisfy the equation (35) 
§107. If n -f ^ is an integer, P and Q terminate and the solutions 
5 expressed in terms of elementary functions (§ 108) ; but if -j- 
not an integer, P and Q are merely asymptotic expressions which do 
b terminate of themselves, but must be cut short with a remainder 
m because of their tendency to diverge after a certain point; for 
erably large values of x and small values of n the values of Jn(^) 
i Kj^{x) may, however, be computed with great accuracy by using 


The factors previous to T (n + i) combine with n— 

occur in the ^th term of the binomial expansion and 'give the numerators of ti 
terms in P and Q. The remainder term must, however, be discussed. The integn 
form (p. 67) will be used. 




vi 


Let it be supposed that the expansion has been carried so far that n ~ fc — J < ' 

Then (1 + vi/2xy^~^'^ ^ is numerically greatest when v = 0 and is then equal to 
Hence 


'“•Ki: 


(2x)* kl (2xf ’ 


and 


u 


e~ 



(-3 

... 


fc!(2x)* 



It therefore appears that when A; > n — J the error made in neglecting the remai; 
iler is less than the last term kept, and for the maximum accuracy the series f( 
P + -iQ should be broken off between the least term and the term just following. 


EXERCISES 

1. Solve xy" 4- (2n + 1)/ — xy = 0 by trying as integrand. 

+ x>0, n>-h 

2. Expand the first solution in Ex. 1 into series ; compare with y(ix) above. 

3. Try T(1 — tx)”* on x(l — x)y" -f [y — (a + /3 + l)x] y' — a/3y = 0. 

One solution is /3 > 0, 7 >/ 3 , |x|<l. 

4. Expand the solution in Ex. 3 into the series, called hypergeometric, 

L ly 1 - 27(7 + 1) 

a(a+l)(cx + 2)l3(/3 + l)(fi+2) ^, 1 

1.2.37(7 + 1)(7 + 2) J 

6 . Establish these results for Bessel’s J'-functions : 

jpn ^ TT 

(or) e/n(x) z= I sin2n ^ COS (X COS0) 71 > — J, 

2«V7rr(n + J) 

1 X** /* ^ 

(fi) Jn(x) = - — — I sin!!* 0 cos (X cos 0) d<(>, 

TT O • 0 • • • (* 71 — 1) vQ 


71 = 0 , 1 , 2 , 3 ♦ 


7. Find the equation of the second order satisfied hjf (1 — sin xidt. 

Jo 


8. Show Jq(2 x) = 1 — ic2 -f . 


X® x8 
: "r ■ 




(2 1)2 (3!)2 (4!)2 (6!)2 

9. Compute Jq(1) = 0.7652 ; Jq(2) = 0.2239 ; ^0(2.405) = 0.0000. 

10. Prove, from the integrals, Jq{x) = — J^{z) and 

11. Show that four terms in the asymptotic expansion of P + iQ when n = 0 
give the best result when x = 2 and that the error may be about 0.002. 

12 . From the asymptotic expansions compute J^o(3) as accurately as may be. 

13. Show that for large values of x the solutions of /„(x) = 0 are nearly of the 
form fcTT — J TT + i mr and the solutions of Kn{x) = 0 of the form /ctt + ^-tt + ^mr. 

14. Sketch the graphs of y = Jq(x) and y = J^ix) by using the series of ascend- 
ing powers for small values and the asymptotic expressions for large values of x 

1 r'^ /”* 1 

15. From JoW = ” I cos(xcos0)d0 show ( e“«*jry(5x)dx = — ==:• 

IT Jo Jo -y/cfi ^ yi 

J n « 

er<^jQ(x)dx converges uniformly when a ^ 0. 

0 

j r* « 

Jq(6x) dx = 5“ t, 

0 

(fi) f sin axt7'^j(5x) ~ or sin-t ^ asa>5>0or5>a>0, 

Jo X 2 0 

(7) f sin axJQ(bx) dx = — ^ or 0 as or 52 > 

Jq Va2 — 

(5) f cos ox Jq (6 x) dx = — ^ — or 0 as 52 > a- or 

Jo V62 - a2 

18. If w = Vxt/'„(ax), show ^ + ^a2 — = 0. If u = VxJ„(5x), 

(tX \ X J 

L^_ (62- 0=) f^xJ„{ax)Jn(!>x)dx. 

L dx dxjo Jq 

19. With the aid of Ex. 18 establish the relations : 

(a) 6J„(a) J'„+i(b) - aJ-„(b)J„ + i(a) = (6* - a^) f^^x.T„(ax)Jn(bx)dx, 

\fi) aJ,(a} = a^f^ xJQ{CtX)dX Z=: Xt7Q(x)dx, 

OA oi T/v 2 Sinxl5d£ , 2 cosxidi 

20. Showjrjx)*- / — ==» .ffo(x) = - I ■■ , -■=" ♦ 

^ vJi Vi**-1 ^ ^ Vi® — 1 



CHAPTER XV 
THE CALCULUS OF VARIATIONS 


155. The treatmeat of the simplest case. The integral 


j r» « ^ R 

y> y')dx— I <I>(x, y, dx, dy), (1 

A cJ A 

where ^ is homogeneous of the first degree in dx and dy^ may be evah 
ated along any curve C between the limits A and B by reduction to ai 
ordinary integral. For if C is given by y =^f(x)y 

/ = r F(x,y^ y') dx^ C F{x,f (x), f{x)) dx ; 
cJa Jx^ 


and if C is given by cc = </>(<), y = ^{t)y 

^(x, y, dx, dy) = I 
^^0 





The ordinary line integral (§ 122) is merely the special case in whic 
^ = Pdx -f Qdy and F = P + Qij\ In general the value of I will depen 
on the path C of integration ; the problem of the calculus of variatwTi 
is to find that path which will make I a maximum or minimum 7*elatli 
to neighboring paths. 

If a second path be y =/(aj) + where iqix) is a small qua] 
tity which vanishes at and x^, a whole family of paths is given by 

y =/(*) + — ISaSl, yK) = 


and the value of the integral 

•^(«) = r + «v')dx, 

Jx. 


(!') 


taken along the diifferent paths of the family, be- 
comes a function of cr; in particular 7(0) and 7(1) 








Xq 


oil X 


are the values along C and Under appropriate assumptions as 1 
the continuity of F and its partial derivatives F^, Fy, F',, the functic 
1(a) will be continuous and have a continuous derivative which ma 


( 2 ) 


^ '(<>) = I y> y') + y> 2/')]‘^ = o ; 

and if C is to make 1 a maximum or minimum relative to all neighboring 
curves, it is necessary that (2) shall hold for any function (x) which is 
small. It is more usual and more suggestive to write rf{x)= hj, and to 
say that is the variation of y in passing from the curve C oiy =^f(x) 
to the neighboring curve C' or y —f{x) 7}(x), Erom the relations 

y' = /'(»0. y' = /'(»•) + Sy' = y '(*) = 

connecting the slope of C with the slope of Cj, it is seen that the variation 
of the derivative is the derivative of the variation. In differential notar 
tion this is dhj = My, where it should be noted that the sign 8 applies 
to changes which occur on passing from one curve C to another curve 
and the sign d applies to changes taking place along a particular cui-ve. 

With these notations the condition (2) becomes 

r\F;hj -f = f 'hFdx == 0, (3) 

where hF is computed from E, If by the same rule as the differential 
dF is computed from F and the differentials of the variables which it 
contains. The condition (3) is not sufficient to distinguish between a 
maximum and a minimum or to insure the existence of either ; neither 
is the condition f{x) = 0 in elementary calculus sufficient to answer 
these questions relative to a function g (x) ; in both cases additional com 
ditions are required (§ 9). It should be remembered, however, that 
these additional conditions were seldom actually applied in discussing 
maxima and minima oig(x) in practical problems, because in such (jases 
the distinction between the two was usually obvious ; so in this case 
the discussion of sufficient conditions will be omitted altogether, as in 
§§58 and 61, and (3) alone will be applied. 

An integration by parts will convert (3) into a differential equation 
of the second order. In fact 


r 'F;,Zr/dx = f 'K'£ ^y^^ = [ - f 

Hence J {Flhj + F^,Biy)dx =J — ~ F'j^hydx = 0, (3') 


( 4 ) 


integrated term [Fy,S?/] to drop out. Then 

For it must be remembered that the function hj = i;(x) is any function 
that is small, and if ^ F', in (3') did not vanish at every point 

(XX 

of the interval ^ x^, the arbitrary function hj could be chosen 

to agree with it in sign, so that the integral of the product would neces- 
sarily be positive instead of zero as the condition demands. 

156. The method of rendering an integral (1) a minimum or maximum 
is therefore to set up the differential equation (4) of the second order 
and solve it The solution will contain two arbitrary constants of inte- 
gration which may be so determined that one particular solution shall 
pass through the points A and F, which are the initial and final points 
of the path C of integration. In this way a path C which connects A 
and B and which satisfies (4) is found ; under ordinary conditions the in- 
tegral will then be either a maximum or minimum. An example follows. 


y ■ 

- vl + a maximum or minimum. 

F{<»,y,y') = l-Vi + y'^, ^=-4Vi + 7', J- - 

y dy ^ y vT+l^ 

Hence - 1 Vi + -4- y i — jV' = 0 or y/' + J/'* + 1 = 0 

V’‘ + + 

is the desired equation (4). It is exact and the integration is immediate. 


{yy'Y +1 = 0, yy' + a; = c^, = o^. 

The curves are circles with their centers on the x-axis. From this fact it is easy 
by a geometrical construction to determine the curve which passes through two 
given points A (Xq, and B (Xj, ; the analytical determination is not difficult. 
The two points A and B must lie on the same side of the x-axis or the integral I 
will not converge and the problem will have no meaning. The question of whether 
a maximum or a minimum has been determined may be settled by taking a curve 
which lies under the circular arc from A to F and yet has the same length. 
The integrand is of the form ds/y and the integral along is greater than along 
the circle G if y is positive, but less if y is negative. It therefore appears that the 
integral is rendered a minimum if A and B are above the axis, but a maximum if 
they are below. 


For many problems it is more convenient not to make the choice of £c 
or y 08 independent variable in the first place, hut to operate symmetric 
cally With both variables upon the second form of (1). Suppose that tbe 
integral of the variation of be set equal to zero, as in (3). 


I d^P = I i<p^dx = u. 

Let the rules Mx = c?Sx and My = t^Sy be applied and let the terms 
which contain dSx and c?8y be integrated by parts as before. 

J" 84> = J" + ($; - rf^rfj,)8y] + [<J>;/xSa: + ^ = 0. 

As A and B are fixed points, the integrated term disappears. As the 
variations S.'C and Sy may be arbitrary, reasoning as above gives 

4-; - = 0, = 0. (4') 

If these two equations can be shown to be essentially identical and to 
reduce to the condition (4) previously obtained, the justification of the 
second method will be complete and either of (4') may be used to deter- 
mine the solution of the problem. 


]S?ow the identity y, dx, dy) = F(z, y, dy/dx)dx gives, on differentiation, 

~ = Fy, , = — Fy, ^ ^ 

by the ordinary rules for partial derivatives. Substitution in each of (4') gives 

% - - dK' = (K - I^;) = 0. 

K - d*'a^ = Kd^ -d{F- F',y') = -dF+ F',dy' + y'dF', 

= F'^dx - F'^dx - F'^dy ~ F',dy' + F',dv' + y'dF'^ 

= -F;dy^ y'dF;, = - (f; - 1 K) dv = 0- 

Hence each of (4q reduces to the original condition (4), as was to be proved. 


Suppose this method be applied to J* J* 


• Vdx^ + dy^ 


Then 


/■?=/' 


V dx^ + dy^ r f dxddx + dyddy 




yds 
, dx 


ds^ 1 

-vV 




where the transformation has been integration by parts, including the discarding 
of the integrated term which vanishes at the limits. The two equations are 


7 daJ 

d — = 0, 


dy ds 


dx 


■ 1 

Cl 


and ^ 

yas yds 2/2 2 /dii 

is the obvious first integral of the first. The integration may then be completed to 
find the circles as before. The integration of the second equation would not be so 
simple. In some instances the advantage of the choice of one of the two equations 
ofi'ered hy this method of direct operation is marked. 


4U4 


l^TJiGKAL (’.AUUIJAIS 


EXERCISES 

1. The shortest distance. Treat ^ (1 + y'^)idx for a minimum. 

2. Treat J Vdr^ + r'^d<p^ for a minimum in polar co5rclinateB. 

3. The bracMstochrone. If a particle falls alon g any curve from A to iJ, the 

velocity acquiz-ed at a distance k below A is v = v2^ regardless of the patli fol- 
lowed. Hence the time spent in passing from A to I? is ds/v. The path of 

tpiichest descent from A to B is called the brachistochrone. Show that the curve 
is a cycloid. Take the origin at A. 

4. The minimum surface of revolution is found by revolving a catenary. 

5. The curve of constant density which joins two points of the plane and has a 
minimum moment of inertia with respect to the origin is = sec (3 0 + Cg). Note 
that the two points must subtend an angle of less than 60° at the origin. 

6. Upon the spliere the minimum line is the great circle (polar coordinates). 

7. Upon the circular cylinder the minimum line is the helix. 

8 . Tind the minimum line on the cone of revolution. 

9. Minimize the integral ^ dt. 

157, Variable limits and constrained minima. This second method 
of operation has also the advantage that it suggests the solution of the 
problem of making an integral between variable end-points a maximum 
or minimum. Thus suppose that the curve C which 
shall join some point A of one curve to some 
point B of another curve and which shall make 
a given integral a minimum or maximum, is desired. 

In the first place C must satisfy the condition (4) 
or (4') for fixed end-points because C will not give 
a maximum or minimum value as compared with 
all other curves unless it does as compared merely with all other curves 
which join its end-points. There must, however, be additional condi- 
tions which shall serve to determine the points A and B which C con- 
nects. These conditions are precisely that the integrated terms, 

== 0, for A and for B, (5) 

which vanish identically when the end-points are fixed, shall vanish at 



CALCULUS OF VARIATIONS 


405 


/ (in (* "v clx^ -4- difi 

— =J treated above, the integrated 

terms, which were discarded, and the resulting conditions are 

rdygy ^ dySy^ dxgx + dySy l s ^ ^ clxdx + dpdy l 

\_yd8 yds] a' yds J ~ ’ yds \a^ 

Here dx and dy are differentials along the circle C and Bx and dy are to be inter- 
preted as differentials along the curves and which respectively pass through 
A and li. The conditions therefore show that the tangents to G and at A are 
perpendicular, and similarly for C and at B. In other words the curve which 
renders the integral a minimum and has its extremities on two fixed curves is the 
circle which has its center on the x-axis and cuts both the curves orthogonally. 

To prove the rule for finding the conditions at the end points it will he suffi- 
cient to prove it for one variable point. Let the equations 

C:x = 0 (i), Ci:x=: 0(t) 4- rWj 2/ = V' (0 + n (0^ 

f(^o) ” v(^o) — f(^i) “ ^ j dx — f(t), dy = i;{2), 

determine C and with the common initial point A and different terminal points 

B and B' upon As parametric equations of take 

x~x^-\^al(s), V = yj^-\-bm{s)\ ^ = al'{s), ^ = bni'{s), 

where s represents the arc along F^ measured from i?, and the functions l(s) and 
vary from 0 at to 1 at B\ Next form the family 

x = <f>(t) + I (s) r(t), y = i' {t) + m (5) 7] (t), X' = 0' + 2/' = \^' + mV, 

which all pass through A for t = and which for t = describe the curve 1\. 
Consider 

g(s)= ^ (x + 2 (s) f, y + m (s) v, x' + ', y' + mv") dt, (6) 

which is the integral taken from A to Fj along the curves of the family, where 
V) 32', y' are on the curve C corresponding to s = 0. Differentiate. Then 

where the accents mean differentiation with regard to s when upon p, 2, or m, but 
with regard to t wlien on x or y, and partial differentiation wlien on 4*, and where 

the argument of is as in (6). Now if g{s) has a maximum or minimum when 

3 = 0, then 

9'(0) = '■ [«'(0) V, X', y’) + m'(0) + J'(0) + m'(0) ett = 0 ; 

[i'(0) f + m'{0) ‘‘ [r(0) f (*; - 1 c) + ”^'(0) n (k - ^k)] = <>• 


(4') ana vaiusn ; tney coma oe seen to vanisn aiso lor tne reason tnat f ana 7 } art 
arbitrary functions of t except at i = ip and t = and the integrated term is j 
constant. There remains the integrated term which must vanish, 


m m v («,) = g -t; + f <*>;,]'* = [<*>;, 


,Sx + *l«v 


The condition therefore reduces to its appropriate half of (6), provided that, ii 
interpreting it, the quantities dx and dy be regarded not as a = ^{t^) and 6 = (ij 
but as the differentials along at B. 

158 . In many cases one integral is to be made a maximum or mininiuii 
subject to the condition that another integral shall have a fixed value 

^ 1/7 = const. (7 

For instance a curve of given length might run from A to and tli 
form of the curve which would make the area under the curve a maxi 
mum or minimum might be desired ; to make the area a maximum 0 
minimum without the restriction of constant length of arc would b 
useless, because by taking a curve which dropped sharply from ir 
closed a large area below the cc-axis, and rose sharply to B the are 
could be made as small as desired. Again the curve in which a chai: 
would hang might be required. The length of the chain being giver 
the form of the curve is that which will make the potential energy 
minimum, that is, will bring the center of gravity lowest. The prol 
lems in constrained maxima and minima are called isoperimetrio prol 
lems because it is so frequently the perimeter or length of the curv 
which is given as constant. 

If the method of determining constrained maxima and minim 
by means of undetermined multipliers be recalled (§§ 58, 61), it wi 
appear that the solution of the isoperimetric problem might reasonabi 
be sought by rendering the integral 

/ + \/ = r lF(x, y, y') + \G (x, jr, y ')] dx {I 

dx, 

a maximum or minimum. The solution of this problem would contai 
three constants, namely, A. and two constants of integration. Ti 
constants could be determined so that the curve should pass throug 
A and B and the value of \ would still remain to be determined in sue 
a manner that the integral J should have the desired value. This : 
the method of solution. 




ilKVU 


vYiii uo tiiic piu^cu.u.io io iirvc UJ. g i.oU* JUcb UtJ given Uj 

f = f(x) ; consider 

V =f{x) + av (x) + /3i-(x), n^ = n^ = ^a = ^i = 0, 

L two-paranietered family of curves near to C. Then 


g(a, ^)= f 'F{x, ?/ 4- ATT? + y' + g (0, 0) = I 

h (cr, P)= £ ' 6r' (a;, 2/ + ctt? + )3i*, y' + ay' + = / = const. 


tvoulcl be two functions of the two variables a and The conditions for the mini- 
;iium or maximum of g (tr, /3) at (0, 0) subject to the condition that /t (or, j8) = const. 
U’e required. Hence 

iy;(0, 0) 4- X/C(0, 0) = 0, y;(0, 0) 4- 0) = 0, 


3r r % (f; + xg;) + r,'{Fr + ^^’y) <*» = 0. 

rv(^; + x(?;) + 4 - x6?;,)dte = o. 

*Jxq 

By integration by parts either of these equations gives 

(J'+X<?);-£(J!’+XG);, = 0; (9i 


the rule is justified, and will be applied to an example. 

Required the curve which, when revolved about an axis, will generate a given 
volume of revolution bounded by the least surface. The integrals are 


2/d.s, min., / = ir | const. 

Make 4- Xy^dx) min. or f 'd(yds 4* Xy^dx) = 0. 

dxo 


f ^5 {yds + Xy^dx) = f ^ f Syds 4- y 

dxg JXq L 


dxddx 4- dyddy 

Ts 


4- 2Xydydx-\‘ 


Xy^Jdxj = ( 


(' "" + 'HI- 


Hence 


MQ/<‘) + d'^ = 0 
ds 


ds-~- d 4- 2 Xydx = 0. 
ds 


The second method of computation has been used and the vanishing integrated 
terms have been discarded. The first equation is simplest to integrate. 


Xy^ + y 


Vl + y'^ 


— 


X(Ci - V^)dy 


: = dx. 


The variables are separated, hut the integration cannot he executed in terms of 
elementary functions, If^ however, one of the end-points is on the £C-axis, the 




± 


Vl — 


= cZx, 


1 — X2^2 = x^(x— ^2)2 or (x — Cg)^ + 2/2 = — . 


In tills special case the curve is a circle. The constants Cj and X may be detei 
mined from the other point (Xj, t/j) through wliich the curve passes and from tli 
value of J = v\ the equations will also determine the abscissa Xq of the point 0: 
the axis. It is simpler to suppose x^^ = 0 and leave to be determined. With thi 
procedure the equations are 




6b 


V 

TT 


■ 


(Xi^- SCjXjH Sc|xi), 


+32/fx, = 0, 


_ 1 
8 

+ Vl 

2x, 


and = 7r~ i [(3 u + Vou^ q- + (s v — a]] . 


EXERCISES 

1. Show that (a) the minimum line from one curve to another in the plane : 
their conunon normal ; (j8) if the ends of the catenary which generates the min 
mum surface of revolution are constrained to lie on two curves, the catenary sha 
be pei'pendicular to the curves ; (7) the brachistochrone from a fixed point to 
curve is the cycloid which cuts the curve orthogonally. 

2. Generalize to show that if the end-points of the curve which makes any iiit« 
gral of the form J F(x^ y)ds a maximum or a minimum are variable upon tw 
curves, the solution shall cut the curves orthogonally. 

3. Show that if the integrand ^(x, 2/, dx, dy, x^) depends on the limit Xj, tli 
condition for the limit B becomes 

4 . Show that the cycloid which is the brachistochrone from a point coi 
strained to He on one curve Tq, to another curve must leave F^ at the point - 
where the tangent to F^ is parallel to the tangent to F^ at the point of arrival. 

5. Prove that the curve of given length which generates the minimum surfac 
of revolution is still the catenary. 

6 . If the area under a curve of given length is to be a maximum or miuimun 
the curve must be a circular arc connecting the two points. 

7. In polar coordinates the sectorial area bounded by a curve of given length 
a maximum or minimum when the curve is a circle. 

8. A curve of given length generates a maximum or minimum volume c 
revolution. The elastic curve 

. iv^-0r)^V .. 
r 22, VxiV(j, 2 -_<r)i 


dr 


0 4- ^2 “ 


X 


r[ci“(pF+X)2rS-l]* 


10. Discuss the reciprocity of I and that is, the questions of making I a maxi- 
imiin or minimum when J is fixed, and of making J a minimum or maximum when 
/ is fixed. 


11. A solid of revolution of given mass and uniform density exerts a maximum 
attraction on a point at its axis. Ans. 2X(a;2 + q- x = 0, if the point is at the 
origin. 


159, Some generalizations. Suppose that an integral 

B 

y, y\ $ (x, dx, y, dy, s, dz, • • •) (10) 

A Ja 

(of wliicli the integrand contains two or more dependent variables 
y, -- and their derivatives • • • with respect to the independent 
variable Xy or in the symmetrical form contains three or more variables 
and their differentials) were to be made a maximum or minimum. In 
case there is only one additional variable, the problem still has a geo- 
metric interpretation, namely, to find 

y =/(*)» « = or x = <j>(t), y^^l'it), s = x(0) 

a curve in space, which will make the value of the integral greater or 
less than all neighboring curves. A slight modification of the previous 
reasoning will show that necessary conditions are 


= ^ and f :- 




( 11 ) 


or 


K - = 0, % - = 0, 


where of the last three conditions only two are independent. Each of 
(11) is a differential equation of the second order, and the solution of 
the two simultaneous equations will be a family of curves in space 
dependent on four arbitrary constants of integration which may be so 
determined that one curve of the family shall pass through the end- 
points A and B. 

Instead of following the previous method to establish these facts, ar 
older and perhaps less accui*ate method will be used. Let the varied 
values of y, y\ z\ be denoted by 


y -p Sy, z -f S^' = (8y)^, _ (S^)^ 


M=z r [F(x, y + hy, y' + Sy', « + Sa, «' 4- 8a') - Fix, y, y', », »')]rfa: 
Jxo 

= r \Fdx = r \F;hj ■+• F'y,hy + F:^z + F'Jz') cZx + . . ■ , 

Jx^ Jx. 


where F has been expanded by Taylor’s Formula* for the four variable! 

?/j y\ which are varied, and ” H ” refers to the remainder or th< 

subsequent terms in the development which contain the higher powen 
of hj\ ^Zj Sz'. 

For sufficiently small values of the variations the terms of highe: 
order may be neglected. Then if A/ is to be either positive or nega 
tive for all small variations, the terms of the first order which chang( 
in sign when the signs of the variations are reversed must vanish anc 
the condition becomes 


r \F;hj + 4- dx == f 'SFdx = 0 . 

Jxq Jxq 

Integrate by parts and discard the integrated terms. Then 


( 12 ; 


(13; 


* In the simpler case of § 165 this formal development would run as 
AI = f’^'(F;sv+F;,Sv') dx + ^ Jf’;;,SyS2^'+f'"y,Jj/'2)cJ»+higherteTOa 

aad with the expansion A/ = 5/ + ^ i 88/+ • • • it would appear that 

SI=f'‘'(F'Sy + F;,,Sy')<lx, JSZ= f^'^F^Sy^ + 2F",5ySy' + F';„,5y’^)ax, 

m = f '‘'(F'"dy> + 3 F'7,,SyW + 3 F'^^vSy’^ + F;^W»)dz, • • • . 

The terms 5J, 5^/, 58/, • • • are called the^r.f^, second, third, • • • variations of the Integra 
I in the case of fixed limits. The condition for a maximum or minimum then hecomei 
0, just as dg = 0 is the condition in the case of g (a). In the case of variable llinitj 
there are some modifications appropriate to the limits. This method of procedure sug 
gests the reason that 6x, fiif are frequently to be treated exactly as differentials. It als< 
suggests that 52/ > 0 ^2/ < q n^ould he criteria for distinguishing between maxinn 

and minima. The same results can be had hy differentiating (T) repeatedly under Uu 
sign and expanding I (a) into series; in fact, 5Z= 7'(0), 5^/ = 7"(0), • * • . No emphasi: 

has been laid in the text on the suggestive relations 51 = J* 5Fdx for fixed limits 0 ; 

57= y* 5$ for variable limits (variable in x, y, but not in i) because only the most ele 

mentary results were desired, and the treatment given has some advantages as ^ 
modernity. 


As hj and 3;^ are arbitrary, either may in particular be taken equal to 
0 while the other is assigned the same sign as its coefficient in the 
parenthesis ; and hence the integral would not vanish unless that coeffi- 
cient vanished. Hence the conditions (11) are derived, and it is seen 
that there would bo precisely similar conditions, one for each variable 
y, • •, no matter how many variables might occur in the integrand. 

Without going at all into the matter of proof it will be stated as a 
fact that the condition for the maximum or minimum of 


J $ (a-, dx, y, dy, s, dz, ...) is 


which may be transformed into the set of differential equations 

<1-; — d 4 >j^ = 0, = 0, - d^^^ = o, • . . , 

of which any one may be discarded as dependent on the rest ; and 


-f d = 0, at i and at B, 

where the variations are to be interpreted as differentials along the loci 
upon which A and B are constrained to lie. 

It frequently happens that the variables in. the integrand of an inte- 
gral which is to be made a maximum or minimum are connected by an 
equation. For instance 


J 0(Xj dx, y, dy, z, dz) min., S(x, y, z) = 0. (14) 

It is possible to eliminate one of the variables and its differential by 
means of = 0 and proceed as before ; but it is usually better to 
introduce an undetermined multiplier (§§ 58, 61). From 

S {x, y, z) = ^ follows Sa; -4- Syhj + S'^8z = 0 
if the variations be treated as differentials. Hence if 


J Sx + ($; — d<S>’jy) Sy + (<l>; - &:] = 0, 

f 4* -f ($y — d^'jy -f XSy) Sy 

+ (^z — + X5Q Ss:] = 0 


no matter what the value of X, Let the value of X be so chosen as to 
annul the coefficient of 8z, Then as the two remaining variations are 
independent, the same reasoning as above will cause the coefficients of 
Sx and Sy to vanish and 


V) -Liiese lines are caiiea me geoaesics. men 


/ 


^ ^ <lxh'. 4 - + dTihii 

oils = U == r-^ 

as 


-m 


S.1C -{-d~ 8// 4- d 
ds 




( 16 ) 


/ 


.dx . ^ 

<l -~r -f“ X*S^ 
ds 


Sx -f- 


,1^ + A.s; 

ds ‘ 


Sy + 


d'-^ + xs: 

ds 


S«= 0, 


d -j- 4“ A^S'^. — d ~ 4" A>S'j. z= ~ 4" ~ and 

ds US ^ ds 


^ dx 
ds 


d'^ 

ds 


ih 

^Js 


In the last set of equations X has been eliminated and the equations, 
taken with. = 0, may be regarded as the differential equations of the 
geodesics. The denominators are proportional to the direction cosines 
of the normal to the surface, and the numerators are the components of 
the differential of the unit tangent to the curve and are therefore pro- 
portional to the direction cosines of the normal to the curve in its oscu- 
lating plane. Hence it appears that the osculating jdane of a geodesic 
curve contains the normal to the sxtrface. 


The integrated terms da;5a5 + dyhy 4 dzhz = Oshow that the least geodesic which 
connects two curves on the surface will cut both curves orthogonally. These terms 
will also svrffice to prove a number of interesting theorems which establish an analogy 
between geodesics on a surface and straight lines in a plane. For instance : The 
locus of points whose geodesic distance from a fixed point is constant (a geodesic 
circle) cuts the geodesic lines orthogonally. To see this write 

/»P /»p pP (P 

I ds = const., A I ds = 0, S I ds = 0, I 5ds = 0 = dxdx 4 dydy 4 dz5z\ . 
do Jo Jo Jo I 

The integral in (16) drops out because taken along a geodesic. This final equality 
e.stablishes the perpendicularity of the lines. The fact also follows from the state- 
ment that the geodesic circle and its center can be regarded as two curves between 
which the shortest distance is the distance measured along any of the geodesic 
radii, and that the radii must therefore be perpendicular to the curve. 

160, The most fundamental and important single theorem of mathe- 
matical physics is Hamilton’s Principle, which is expressed by means 
of the calculus of variations and affords a necessary and sufficient con- 
dition for studying the elements of this subject. Let T be the kinetic 
energy of any dynamical system. Let X,-, F,-, be the forces which 
act at any point y-, of the system, and let represent 

displacements of that point. Then the work is 

8M^ = 2) + y.S/A- + 


Hamilton's Pi'in(‘.i])le states tliat the time, integral 

{Sr + '8W)f/f,=J^ [S7' + 2^(A'aa5+ FSyH-zas)](Z<=0 (17) 


vanishes for the actual viotlon of the system. If in particular there is 
a potential function K, then SW = -^ SV and 




(T- y)cZi=0, 


( 17 ') 


and the time integral of the difference between the kinetic and ^potential 
vnen'gles is a maximum or minimum for the actual motion of the system 
as compared with any neighboring motion. 


Suppose that the position of a system can he expressed by means of n independ- 
ent variables or coordinates g-j, §21 ’ * ^ het the kinetic energy be expressed as 

r = ^ = J \vHm = T(q^, q„, q^, 9,, . . g„), 


a function of the coordinates and their derivatives with respect to the time. Let 
the work done by displacing the single coordinate be 5 IT = Qi-Sgr, so that the total 

work, in view of the independence of the coordinates, is Qi5gi+ ^ Qndqn^ 

Then 


0=f\sT+SW)dt=f\T;^Sq, + T^Sq^ + • • • + T^Jq^ + T^Sq^ + T:Sq. 

+ • • • + + Qi«9, + QiSq, + • ■ • + QnSqn)dt. 


Perform the usual integration by parts and discard the integrated terms which 
vanish at the limits t = and t ~ Then 



+ + I ri)., 


In view of the independence of the variations 5gj, ^gg, • • •, 5g„, 
dt dq^ dq^ dt dq^, ^92 



( 18 ) 


These are the Lagrangian equalions for the motion of a dynamical system.* If 
there is a potential function V (g^, gg, • • •, gn), then by definition 




ay 

agn ’ dQi agg 



Hence 


d eL 
dt Sq^ 


dLt Q d dL 

dq^ ’ dt dq^ 


^92 


0, 


d^ 
dt dqn 



L= T- y. 


The equations of motion have been expressed in terms of a single function L, which 
is the difference between the kinetic enersrv T and notential function V. Bv 


may be specified by n coordinates, and which has a potential function, may be stated 
as the problem of rendering the integral J Ldi a maximum or a minimum ; both the 
kinetic energy T and potential function V may contain the time t without chang- 
ing the results. 

For example, let it be required to derive the equations of motion of a lamina 
lying in a plane and acted upon by any forces in the plane. Select as coordinates 
the ordinary coordinates (a, y) of the center of gravity and the angle (/> through 
which the lamina may turn about its center of gravity. The kinetic energy of the 
lamina (p. 318) will then be the sum Now if the lamina be moved a 

distance to the right, the work done by the forces will be X5x, where X de- 
notes the sum of all the components of force along the x-axis no matter at -what 
points they act. In like manner Ydy will he the work for a displacement dy. Sup- 
pose next that the lamina is rotated about its center of gravity through the angle 
d(p ; the actual displacement of any point is rS(p where r is its distance from the 
center of gravity. The work of any force will then be where B is the com- 
ponent of the force perpendicular to the radius r ; but Hr = is the moment of 
the force about the center of gravity. Hence 


T = i JW(cc2 + y^) + X6x + Ydy + 


and 






di^ 


by substitution in (18), are the desired equations, where X and Y are the total 
components along the axis and 0 is the total moment about the center of gravity. 

A particle glides without friction on the interior of an inverted cone of revo- 
lution ; determine the motion. Choose the distance r of the particle from the ver- 
tex and the meridional angle ^ as the two coordinates. If I be the sine of the 
angle between the axis of the cone and the elements, then ds^ = dr^ + rHM<p^ and 
u® = 7*2 -j- The pressure of the cone against the particle does no work; it is 

normal to the motion. For a change 50 gravity does no work ; for a change dr it 
does work to the amount — mg Vl — mr. Hence 

r = ^ 771 (f2 -t- 5 IT = — jngVl — l^dr or V= V 1 — l^r. 


Then 

d^r „ d 

1 

> 

cs 

1 

11 

-( 



di^ \c 

Uj 




The remaining integrations cannot all be effected in terms of elemental^ functions. 

161. Suppose the double integral 

I —JJ ?) ^ ~ 

extended over a certain area of the sey-plane were to be made a maxi- 
mum or minimum by a surface z = z(x, y), whieli shall pass through a 
given curve upon the cylinder which stands upon the bounding curve 
of the area. This problem is analogous to the problem of § 155 with 


which z shall satisfy is also analogous. Set 

JJsFc/xc/^ = jJiF'M + F;,d,p + F',8q)dxdy = 0. 


dSs 




Write j and integrate by parts. 

The limits A and B for which the first term is taken are points upon 
the bounding contour of the area, and 8s; = 0 for A and B by virtue of the 
assumption that the surface is to pass through a fixed curve above 
that contour. The integration of the term in is similar. Hence the 
condition becomes 


Jf =_£f (f; 



d dF\ 

_ 

dx dp 

dy dq) 


hzdxdy = 0 


dz dx dp dy dq ^ 

by the familiar reasoning. The total differentiations give 


( 20 ) 

( 20 ') 


F' — F" — F" —F"v — F"a — F"v — 2 F"s — • F"t = 0 

•^z XI) yp zpF ^ z(tL pp‘ " ^ POT m — 

The stock illustration introduced at this point is the minimum surface, 
that is, the surface which spans a given contour with the least area and 
which is physically represented by a soap film. The real use, however, 
of the theory is in connection with Hamilton's Principle. To study the 
motion of a chain hung up and allowed to vibrate, or of a piano wire 
stretched between two points, compute the kinetic and potential energies 
and apply Hamilton's Principle. Is the motion of a vibrating elastic 
body to be investigated ? Apply Hamilton's Principle. And so in 
electrodynamics. In fact, with the very foundations of mechanics some- 
times in doubt owing to modern ideas on electricity, the one refuge of 
many theorists is Hamilton’s Principle. Two problems will be worked 
in detail to exhibit the method. 


Xet a uniform chain of density p and length I be siispended by one extremity 
and caused to execute small oscillations in a vertical plane. At any time the shape 
of the curve isy = y(x), and y = y(x, t) will be taken to represent the shape of the 
curve at all times. Let y' = dy/dx and y = dy/dt. As the oscillations are small, 
the chain will rise only slightly and the main part of the kinetic energy will be in 
the whipping motion from side to side ; the assumption dz=: d8 may be made and 
the kinetic energy may be taken as 




X = 


r ^(1 + 



r\i+ 

«/o 


+J'^^ixv'^dx 
\+ [’'iv'^dx 



Here d« = Vl + y'^dx has been expanded and terms higher than y'^ have been 
omitted. 


1 1 I 1 

/2dfx, = i(X-x) y'^dx, 

0 2 2 \t/u 2 

Then n<»=X.''X'G'’(s)'*- i-*''-** 


F=^h-5). 

/— yificdJ, (21) 
\5x/ J 


provided X be now replaced in y by i which differs but slightly from it. 

Hamilton’s Principle states that (21) must be a maximum or minimum and the 
integrand is of precisely the form (19) except for a change of notation. Hence 



or 


gdt^ ^ '0x2 ax’ 


The change of variable I --x = which brings the origin to the end of the chain 
and reverses the direction of the axis, gives the differential equation 


0M2 u du 


4 02y 


or 


(Zu2 u d u g 


if y = I* (u) cos nU 


As the equation is a partial differential equation the usual device of writing the 
dependent variable as the product of two functions and trying for a special type 
of solution has been used (§ 194). The equation in P is a Bessel equation (§107) 
of which one solution P(u) = AJf^{^vjg'~^v) is finite at the origin w = 0, while the 
other is infinite and must be discarded as not representing possible motions. Thui 

y (x, t) = A Jq (2 ng'~ ^u) cos n^, with y (i, i) = A (2 ng“ ili)=:0 

as the condition that the chain shall be tied at the original origin, is a possible 
mode of motion for the chain and consists of whipping back and forth in the peri- 
odic time 2 7r/n. The condition Jf^{2ng'‘iA) = 0 limits n to one of an infinite sel 
of values obtained from the roots of Jq, 

Let there be found the equations for tlie motion of a medium in which 


T = 

y = 


dxdydz 


dxdydz^ 


are the kinetic and potential energies, where A and B are constants and 



dr} 
dz ’ 


dz cx 





( 22 ) 


ffff A’')](*iwi2/(l2d( = 0 

i3 the expression of Hamilton’s Principle. These integrals are more general than 
(19), for tliere are three dependent variables f and four independent variables 
jc, I/, t of which they are functions. It is therefore necessary to apply the method 
of variations directly. 

After taking the variations an integration by parts will be applied to the varia- 
tion of each derivative and the integrated terms will be discarded. 

ffff d 1 A {k- + dxdydzdt = A {kdi + r/dif + ^b^)dxdydzdi 

= - ^^dydzdL 


f fSf ® i ^ dxdydzdi — Jfff ^ (Af + 9^9 + hBh)dxdydzdt 

- ffff f. Kf 

- - //// ^[(1 - s)** + (s - S " + (s - i) 


After substitution in (22) the coeificients of 5|, may be severally equated to 
zero because 3^, 5?;, are each arbitrary. Hence the equations 


dt^ W 


With the proper determination of A and B and the proper interpretation of 
/, p, /i, these are the equations of electromagnetism for the free ether. 


EXERCISES 

1 . Show that the straight line is the shortest line in space and that the shortest 
distance between two curves or surfaces will be normal to both. 

2. If at each point of a curve on a surface a geodesic be erected perpendicular 
to the curve, the locus of its extremity is perpendicular to the geodesic. 

3 . With any two points of a surface as foci construct a geodesic ellipse by tak- 
ing the distances FB + F'P = 2a along the geodesics. Show that the tangent to 
the ellipse is equally inclined to the two geodesic focal radii. 

4 . Extend Ex. 2, p. 408, to space. If J ^(x, y, 2 j)ds = const., show that the 
locus of P is a surface normal to the radii, provided the radii be curves which 
make the integral a maximum or minimum. 

5 . Obtain the polar equations for the motion of a particle in a plane. 

6. Find the polar equations for the motion of a particle in space. 

7. A particle glides down a helicoid (z — k(f> in cylindrical codrdinates). Find 
the equations of motion in (r, ^), (r, 2 ), or (z, <p)j and carry the integration as fax 
as possible toward expressing the position as a function of the time. 



10 . If p and S are the density and tension in a uniform piano wire, show that 
the approximate expressions for the kinetic and potential energies are 


-I P I ~ I V = - f /S ( — ) (lx. 
2Jo^\di/ 2 Jo \dx/ 


Obtain the differential equation of the motion and try for solutions y = F(x) cos nt. 

11 . If r;, ^ are the displacements in a uniform elastic medium, and 

a = !i. c = /=/!£ + ^V = + 4 = + 

dx dy dz \dy dz/ \dz dx/ \0x ^v! 

are six combinations of the nine possible first partial derivatives, it is assumed that 
V = ^ Fdxdydz^ where Fissi. homogeneous quadratic function of a, 6, c, /, ?i, 

with constant coefficients. Establish the equations of the motion of the medium. 


^ di^ dxda dydh dzdg * 


J?!£. ^ ^ 

^ ^ dzdf* 


^ di^ ■“ dzdg ^ dydf dzdo ' 

12 . Establish the conditions (11) by the method of the text in § 166. 

13 . By the method of § 169 and footnote establish the conditions at the end 
points for a minimum of J F{x, y, y')dx in terms of F instead of 

14 . Pi’ove Stokes’s Formula I = F-dr = j'j* VxF»dS of p. 346 by the calculus 

of variations along the following lines : First compute the variation of I on pass- 
ing from one closed curve to a. neighboring (larger) one. 

51=5 r F.dr= r (5F-dr - dF*5r) + f d(F.5r)= f (VxF).(5rx(2r), 

O do do do 

where the integral of d(F.5r) vanishes. Second interpret the last expression as 
the integral of VxF*dS over the ring formed by one position of the closed curve 
and a neighboring position. Finally sum up the variations 51 which thus arise on 
passing through a succession of closed curves expanding from a point to final coin- 
cidence with the given closed curve. 

16 . In case the integrand contains y" show by successive integrations by 
parts that 

i p F{x,y,y',y'')dx=\Y'u + 

•'j'o L eto Jo v dx d3? / 


„_SF 
Sv ’ 


Y'- 


w = 5y. 


PART IV. THEORY OF FUNCTIONS 


CHAPTER XVI 

INFINITE SERIES 

162. Convergence or divergence of series.* Let a series 

oo 

= + ( 1 ) 

0 

the terms of which are constant but infinite in number, be given. Let the 
sum of the first n terms of the series be written 

n— 1 

4* (^) 

Then 5,, 5^, 5^, . • • , . . . ° 

form a definite suite of numbers which may approach a definite limit 
lim S when n becomes infinite. In this case the series is said to 
converge to the value S, and which is the limit of the sum of the first 
n terms, is called the sum of the series. Or may not approach a limit 
when n becomes infinite, either because the values of become infinite 
or because, though remaining finite, they oscillate about and fail to 
settle down and remain in the vicinity of a definite value. In these 
cases the series is said to diverge. 

The necessary and sufficient condition that a series converge is that a 
value of n may he found so large that the numerical value of — 
sha/l he less than any assigned value for every value of p. (See § 21, 
Theorem 3, and compare p. 356.) A sufficient condition that a series 
diverge is that the terms u^ do not approach the limit 0 when n becomes 
inhnite. For if there are always terms numerically as great as some 
number r no matter how far one goes out in the series, there must 
always be successive values of which differ by as much as r no 
matter how large n, and hence the values of cannot possibly settle 
down and remain in the vicinity of some definite limiting value 

^It will be useful to read over Chap. II, §§18-22, and Exercises. It is also advisable 
to compare many of the results for infinite series with the corresponding results foe 
infinite integrals (Chap, XIII). 
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called an alternating series. An alternating series in which the terms 
approach 0 as a limit when n becomes infinite^ each term being less than 
its predecessor^ will converge and the difference between the sum S of the 
series and the sum 5,^ of the first n terms is less than the next term 
This follows (p. 39, Ex. 3) from the fact that [ and == 0. 

For example, consider the alternating series 

1 — ^ 2®^ — 3 35® + ♦ • • + l)”?ia52n + • • . . 

If |a;| = 1, the individual terms in the series do not approach 0 as n becomes infliiite 
and the series diverges. If |*I < 1, the individual tenns do approach 0 ; for 

liin = lim = lim = 0. 

« = w n = QO 5 C' 2n „ — 2 X"* 2« log X 

And for suiliciently large* values of n the successive terms decrease in magnitude 

since n — 1 1 

nx^n < (n— l)x 2 n -2 gjves >x2 or n> 

n 1 — ' X“ 

Hence the series is seen to converge for any value of x numerically less than unity 
and to diverge for all other values, 

Thk Comparison Test. If the terms of a seines are all positive (or all 
negative) and each term is numerically less than the corresponding term 
of a series of positive terms which is known to converge^ the series cor\r 
verges and the difference S Is less than the corresponding difference 
for the series known to converge. (Of. p. 355.) Let 

4* % H “h- • • • 

and ^0 4" 4- ^^2 4* * • • 4 w' 4* • • * 

be respectively the given series and the series known to converge. 
Since the terms of the first are less than those of the second, 

+ p H h ^ H h K+jJ-l = ^n+j> ““ 

Kow as the second quantity 5' — 5' can be made as small as desired, 
so can the first quantity which is less ; and the series must 

converge. The remainders 

=: *5 — == -f -f . . . = ^ w, 

n 

« 

/?' == aS' — 5' = 4- u'^^^ + ’ * ’ ~ ^ 

n 

* It should be remarked that the behavior of a series near its beginning is of no con- 
sequence in regard to its convergence or divergence ; the first N terms may be added 
and considered as a finite sum S jv and the series may be written as iSjy + Ujr + 4 * • • I 

it is the properties of Ujr + wjir+i -f • • • which are important, that is, the ultimate behavior 
of the series. 



frequently used for coinparisoii with a given series is the geometric, 


a + ar + ar^ -4- (xr® + 


0 < r < 1, (3) 


which is known to converge for all values of r less than 1. 
For example, consider the series 

1 “f* 1 4“ — 1 4* 4* * • • 4“ — 4* * * * 

^2^2. 3^2. 3. 4^ ^ n\ 


and 1 4“ ~ 4 1 4* • * * 4" “h * • • . 

2 2. 2^2. 2. 2^ 

Here, after the first two terms of the first and the first term of the second, each 
term of the second is greater than the corresponding term of the first. Hence the 
first series converges and the remainder after the term 1/n 1 is less than 

+ . . . = JL _ 1 _ = JL . 

2» 2«l---i 2«“'i 

A better estimate of the remainder after the term 1/n ! may be had by comparing 

jl = j 4 - . . . with [■ . 

(n4-l)! (n4-2)I (n 4- 1) I (w 4- 1) ! (n 4- 1) nln 


163. As the convergence and divergence of a series are of vital im- 
portance, it is advisable to have a number of tests for the convergence 
01 * divergence of a given series. The test 
by comparison with a series known to con- 
verge requires that at least a few types of 
convergent series be knowm. Tor the estab- 
lishment of such types and tor the test 
of many series, the terms of which are 
positive, Cauchy’s integral test is useful. 

Suppose that the terms of the series are 
decreasing and that a function f(n) which decreases can be found such 
that = /(^)- Now if the terms be plotted at unit intervals along 
the 77/-axis, the value of the terms may be interpreted as the area of 
certain rectangles. The curve y = /(w) lies above the rectangles and 
the area under the curve is 



jT /(n) H u„. 

Hence if the integral converges ^which in practice means that if 
J* f{n)dn = F(n)j then f(n) = F{^) — 2^’(1) is finite^. 



( 5 ) 


it follows that the series must converge. For instance, if 


1 


4- — -j j- , 


+ 




+ ... 


be given, then =f(n) = 1/n^, and from the integral test 



3^ 



(In 


- 1 





provided > 1. Hence the series converges if ^ > 1. This series is 
also very useful for comparison with others ; it diverges if ^ ^ 1 
(see Ex. 8), 

The Ratio Test. If the ratio of two successive terms in a series of posi- 
tive terms approaches a limit which is less than 1, the series converges ^ 
if the ratio approaches a limit which is greater than one or if the ratio 
becomes infinite, the series diverges. That is 


if lini = y < the series converges, 

ns 00 Uj^ 

if lim = y' > 1, the series diverges. 

« =s 00 

For in the first case, as the ratio approaches a limit less than 1, it must be pos- 
sible to go so far in the series that the ratio shall be as near to 7 < 1 as desired, 
and hence shall be less than r if r is an assigned number between 7 and 1 . Then 

Wn+i<ru«, Wn+2 < run+i < . . . 

and ^ + Wn+i + iin + 2 + “'< Un{l + r + + ...) = ^ — . 

1— r 

The proof of the divergence when Un+i/Un becomes infinite or approaches a limit 
greater than 1 consists in noting that the individual terms cannot approach 0 . Note 
that if the limit of the ratio is 1, no information relative to the convergence or 
divergence is furnished by this test. 

If the series of numerical or absolute values 


of the terms of a series which contains positive and negative terms 
converges, the series converges and is said to converge absolutely. For 
consider the two sums 

Sn+p — = and | 2 ^„|-| 

The first is surely not numerically greater than the second; as the 
second can be made as small as desired, so can the first. It follows 

fh ■PrvuQ J- mi ■» i . 


of absolute values converges, is not true. 


As an example on convergence consider the binomial series 


1 + rax + 3 ~ + ■ 


m(m-l)---(m-n+l) 
1-2. --n 


where 


| «» + il _ |w-n| ,^, 
|«»| n + 1 ' 


n = co |li„| 


It is therefore seen that the limit of the quotient of two successive terms in the 
series of absolute values is lx|. This is less than I for values of cc numerically lesa 
than 1, and hence for such values the series converges and converges absolutely, 
(That the series converges for positive values of x less than 1 follows from the fact 
that for values of n greater than m + 1 the series alternates and the terms approach 
0 ; the proof above holds equally for negative values.) For values of x iiumerically 
greater than 1 the series does not converge absolutely. As a matter of fact when 
|x| > 1, the series does not converge at all ; for as the ratio of successive terms ap- 
proaches a limit greater than unity, the individual terms cannot approach 0. For 
the values x = i 1 the test fails to give information. The conclusions are there- 
fore that for values of |X|<1 the binomial series converges absolutely, for values 
of |x|> 1 it diverges, and for |x| = 1 the question remains doubtful. 


A word about series with complex terms. Let 


+ + 

= ?io + 4- ^ • + K- 1 + H 

+ 4- ^^2 “I b \ ) 

be a series of complex terms. The sum to n terms is = S'^ -f iS'^ 
The series is said to converge if approaches a limit when n becomei 
infinite. If the complex number is to approach a limit, both its rea. 
part and the coefficient 5" of its imaginary part must approach limits, 
and hence the series of real parts and the series of imaginary parts 
must converge. It will then be possible to take n so large that for any 
value of p the simultaneous inequalities 

i ^ 7 ) “ I 4 

where c is any assigned number, hold Therefore 

+ - ^n| ^ ^ < e. 

Hence if the series converges, the same condition holds as for a series 
of real terms. How conversely the condition 

implies - s;| < e, -5"|<e. 

Hence if the condition holds, the two real series converge and the com- 
plex series will then converge. 



the ratio test fails when the limit of the ratio is 1, other sharper tests for conver- 
i^ence or divergence are sometimes needed, as in the case of the binomial series 
when X = i 1. Let there be given two series of positive terms 

-f- ••• and + ui + ••• + 

of which the hrst is to be tested and the second is known to converge (or diverge). 
If the ratio of two successive terms w„ + i/u„ ultimately becomes arid remains less (or 
(jreater) than the ratio + i/u„, the first series is also convergent (or divergent). For if 


^ + 1 ^n + 2 ^ '»n + 2 

l(,i Wn ’ W« + l + 


then 

V„+l Vn + 2 


Hence if Un ~ pVn., then Un+l < pVn + \., W„ + 2<pWn + 2, •••■) 

and Un + U„+l + Un + 2 + ••* < + ^n+l + Vn + 2 +'•■)* 

As the u-series is known to converge, the pu-series serves as a comparison series 
for the tt-series which must then converge. If w« + i/Mn > + and the v-series 

diverges, similar reasoning would shovy that the u-series diverges. 

This theorem serves to establish the useful lest due to Raabe, which is 

if lim n (— l\ > 1, S„ converges ; if hm n diverges, 

««» \Wn4-l / \Wn + l / 

Again, if the limit is 1, no information is given. This test need never be tried 
except when the ratio test gives a limit 1 and fails. The proof is simple. For 


is finite 


r_^ is fin 

J n (log a (log n)«J 

f — ^ — = log log nl is infinite, 
*/ n log n J 


11 1 1 
hence ^ 2 )i + ^ n (log 71)1 + **^ 2 (log 2) ^ n (log n) 

are respectively convergent and divergent by Cauchy’s integral test. Let these be 
taken as the r-series with which to compare the u-series. Then 

^ ndj. / log(TH-l) Y-^^^ A + 1\ / log(l + 

Vn+i n \ logn / \ 7i/\ logn / 

and J^ = (l + l)l2gil±IL) 

iJn+i \ nl logn 

in the two respective cases. Next consider Raabe’s expression. If first 

lim n (— l') > then ultimately n (— I'j > 7 > 1 and > 1 + 

n=« W+i / W+i / 

Now and ultimately f ?g ^ * < 1 + «, 

„=*\ logn / \ logn / 


>ri si 


Un -f Ml + . . . -f- i/„ -f- . . . and u,, 4 - 4- •• • + !?« + ••• 


of whicli the first is to be tested and the second is known to converge (or diverge) 
If the ratio of two succeuftive terms + i/u„ ultimately becomes and remains less (oj 
(jreater) than the ratio + i/y^, the first series is also convergent {or divergent). For iJ 

Vn ’ Wn + l «n + r ’ ^ + 1 Vn + 2 ^ * 

Hence if Un = then + 1 < pvn + 1 , Vn + 2 < p^n + 2 , • • * , 

and -j- My, 4. 1 H- Uft 4 2 4* • • • < /> (w„ 4- + i 4* Wtt + 24~ ••*)• 


As the u-series is known to converge, the py-series serves as a comparison seriei 
for the u-series which must then converge. If + > y„ + i/y« and the y-seriei 

diverges, similar reasoning would show that the w-series diverges. 

This theorem serves to establish the useful lest due to Raabe^ which is 

if lim n 1 ) > converges ; if lim n l'\ < 1, ^Sn diverges. 

n=:a} \«n+l / n«ao + l / 


Again, if the limit is 1, no information is given. This test need never be triec 
except when the ratio test gives a limit 1 and fails. The proof is simple. For 


and 


/ 


dn 

n{log 


1 

a (log n)^A 


is finite 


r ■ =:loglogn1 

d n log n J 


is infinite. 


hence h • • • d 1 and - 4- . ♦ • 4- — + • • • 

2 (log 2 ) 1 + n (log 71)1 + *^ 2 (log 2 ) ^ n (log n) 

are respectively convergent and divergent by Cauchy’s integral test. Let these tx 
taken as the u-series with which to compare the u-series. Then 


_ n 4- 1 / log(n-f A ^ 1\ / log(l 4- n) y+« 

Vn+i n \ logn / \ n/\ logn / 

and + 

I?n +1 \ nj logn 


in the two respective cases. Next consider Kaabe’s expression. If first 


lim n 1 

/ Un 

— 1 1 > 1, then ultimately n 

l)>Y>l 

and 3->l + '^ 

71 =S00 


/ W+i 

tt»+i « 

Now 

lim 1 

n = ao 

+ and ultimately ( 

log (1 4- n)> 
. logn > 

) <l + ». 
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where e is arbitrarily small. Hence ultimately if 7 > 1, 


425 




l0g(H -»)V+« ^ ^ ^ 


+ -^<1 + - 


OV Vn/Vn + 1 < W„/U„ + 1 01* + i/w„ <Vn + l/V„, 

and the u-series converges. In like manner, secondly, if 

lim n(— l) < 1, then ultimately < 1 + 2 , 7 < 1 ; 

M = 3o \u»+.i / Uji^i n 

and i+2<(i+lV.2i^) or or !f!l±I>Hi±i. 

n \ n/ logn m„ + i u„4.i Un 


Hence as the v-series now diverges, the w-series must diverge. 

Suppose this test applied to the binomial series for x = — 1. Then 


Un _ n -f 1 


lim — l\ = lim 

n =s 00 \7l — Til } n = 30 


m 4- 1 



= m + 


n 


1 . 


It follows that the series will converge if m > 0, but diverge if m <0. If x = + 1, 
the binomial series becomes alternating for n > ?7i + 1. If the series of absolute 
values be considered, the ratio of successive terms |Un/UH+i| is still (n 4- l)/(n — m) 
and the binomial series converges absolutely if m > 0 ; but when m < 0 the series 
of absolute values diverges and it remains an open question whether the alternat- 
ing series diverges or converges. Consider therefore the alternating series 


1 4* fUf 4“ 


m(m — 1) m(m— l)(m— 2) 


1.2 


12.3 


m(m — 1) ... (m — n 4* 1) 


, m<0. 


This will converge if the limit of is 0, but otherwise it will diverge. Now if 
wfc ^ — 1, the successive terms are multiplied by a factor [7 m — n 4- 1 \/n ^ 1 and 
they cannot approach 0. When — 1 < m < 0, let 1 4* a- fraction. Then the 

nth term in the series is 


and 


’ log|u„| 


= - log(l - tf) - log(|l log 



Each successive factor diminishes the term but diminishes it by so little that it may 
not approach 0. The logarithm of the term is a series. Now apply Cauchy’s test. 


J -log^l — = j^-*nlog^l — 4 ^log(w— ^)j = co. 


The series of loffarithms therefore diverges and lim|wnl= e-® =0. Hence the 


, , 1 L + _i L,+ 

(0 ^"’32 + 52”'^ + *“» 


(/3) i L 4. _J L_ 4. . . . 

^^'2 2 . 22 ^ 3 ■ 28 4 . 24 ^ 

. _J ^ 

log 2 log 3 ^ log 4 ’ 

(r) e-i-.2e~2^3e-8_ 46 - 44 ., 


2 . Find the values of x for which these alternating series converge or diverge: 


1 1 

(a) 1 — *2 4. _ 3 j4 _ _ 356 4. 

2 3 

. , x'^ , 

''"■3l + 6l“7l + '' 

(e) i_5! + ^_5:^ + ... 

' ' 1J> ^ 2!) 3p 


„ 28x8 28x8 2’X» 

(/•)2x- — + . 


a X -\-l 03-1-2 x-f-S 




28 


X a;-}-l a;-f2 a;-|-3 


3 . Show that these series converge and estimate the error after n terms : 


(“) 1 + ^ + p + p + 


^ 3 ^ 3 T 5 T 7 


From the estimate of error state how many terms are required to compute the 
series accurate to two decimals and make the computation, carrying three figures. 
Test for convergence or divergence : 


(«) sinl -I- sin - + sini + • • 

2 3 

(rj) tan-i 1 4- taii~i - + tau*“* - + 
2 3 


(f) sin2 1 4- sin2 1 4. siri2 - + 

2 0 

(6) tail 1 + tan - + tan i + ■ 

V 2 2 V3 3 


(‘) 




1 + 1 2h-V 2 3 + Vs 


(«) 




22 _ 12 ^ 32 _ 28 48 - ; 


O) - + ^o + 


2 , 2.3 , 2-3-4 


+ •■ 


, , 1 , Vi Vs Vi 


4 . Apply Cauchy’s integral to determine the convergence or divergence : 

(„) 1 + 128! + 1283 + I2ii+..., («)i + _i_ + _L_ + _L_ + . 

a'’ 3!' 4P 2(log2)P S(log3)P 4(log4)P 


(•V) 1 + 


« J 

2/ n log n loj 


i log log n 

'L 

(f) cot-11 + cot-1 2-1 , 




n log n (log log n)p 


(rt 1 + oo T " T + ^ r » + * 


22 + 1 ^ 32 + 2 42 + 3 

5. Apply the ratio test to determine convergence or divergence ; 



22 23 2* 

(/3) 1- h — 4- 

^ ^ 2 ^^ 310 410 ^ 


22 38 44 

(5) __ 4. 4- ^ ^ . 

^ ^ 2! 3! 4! 

(e) Ex. 3(<r), (/3), (y), (8) ; Ex. 4(a), (f), 

210 310 410 

10“ ioi 

0*2 '11*4 7*0 

( 6 ) l + ^ + 

2p 4 p 

(•) J + + •••. 

M - + — + -T- 4 - • • 
a a2 tt 3 


6. Where the ratio test fails, discuss the above exercises by any method. 

7. Prove that if a series of decreasing positive terms converges, lim nUn = 0. 

8 . Formulate the Cauchy integral test for divergence and check the statement 
on page 422. The test has been used in the text and in Ex. 4, Prove the test. 

9. Show that if the ratio test indicates the divergence of the series of absolute 
values, the series diverges no matter what the distribution of signs may be. 

10 . Show that \t ^Un approaches a limit less than 1 , the series (of positive 
terms) converges ; but if ^Un approaches a limit greater than 1 , it diverges. 

11 . If the terms of a convergent series Wq + + Ug + • • • of positive terms be 

multiplied respectively by a set of positive numbers ciq, a^, Ug? * * * which are 
less than some number 6 ?, the resulting series + cl^ui -f + . . . converges. 
State the corresponding theorem for divergent series. What if the given series has 
terms of opposite signs, but converges absolutely ? 

10 01 , ^ • sin® sin 2 a; , sin 3 a; sin 4 a; , „ 

12. Show that the series 4 converges abso- 

12 22 32 42 

lutely for any value of x, and that the series 1 4 - x sin ^ + x^ sin 2 ^ + x® sin 3 ^ 4 

converges absolutely for any x numerically less than 1 , no matter what B may he. 

13 . If ttQ, a^, • • • are any suite of numbers such that approaches a 

limit less than or equal to 1 , show that the series % 4 - a^x 4 - 4 converges 

absolutely for any value of x numerically less than 1. Apply this to show that the 
following series converge absolutely when |x| < 1 ; 

(a) 1 4 . 1x2 + 11 ^x 64 -..., (/3) 1-2x4-3x2-4x^4--‘', 

2 2*4 2 • 4 • 6 



and remains less than 7 < 1 without approaching a limit, and sufficient for diver- 
gence if there are an infinity of values for n such that ^Un>l. Note a similar 
generalization in Ex. 13 and state it. 

15. If a power series % + -1- -1- ttgX® + • . . converges for » = X>0, it 

converges absolutely for any x such that |x| < X, and the series 

a^x -h I -f J ttgX® -!-••• and rtj + 2 a.^x + 3 rtyX^ , 

obtained by integrating and differentiating term by term, also converge absolutely 
for a])y value of x such that |x| < X, The same result, by the .same proof, bolds if 
the terms ajX, a^X^, • • • remain les.s than a fixed value (V. 

16 . If the ratio of the successive terms in a series of positive terms be regarded 
as a function of 1/n and may be expanded by Maclaurin’s Eormula to give 

= a , fi remaining finite as - = 0, 

Wn + i n 2\n/ n 

the series converges if a > 1 or a = 1, /3 > 1, but diverges if a < 1 or a = 1, ^3 ^ 1. 
This test covers most of the series of positive terms which arise in practice. Apply 
it to various instances in the text and previous exercises. Why are there series to 
which this test is inapplicable ? 

17 . If P01 P2T * * * ^ decreasing suite of positive numbers approaching a 

limit X and Sq, ^2>* * * limited suite of numbers, that is, numbers such 

that 1S«| ^ 6r, show that the series 

(Po ““ Pi) 'So + (Pi P2) ^1 + (p2 “ Ps) 'Sg + • " converges absolutely, 


and 

18. 

Wo + 


GO 

2; 


(P« Pn + 1 ) 




' 0 ' 

Apply Ex. 17 to show that, Pi, P2» ‘ ^ decreasing suite, if 

^1 + Ug H converges, + p^u^ + p^u^ + . • . will converge also. 


N.B. PqUq + Pi^i -f • • • -h PnUn — Po'Sj + Pi ('S2 'Sj) + • • • -f P» (Sn + 1 — ^n) 

= 'Sj (Po - Pi) + h /S'n(p„-1 — Pn) + pA + l« 


19 . Apply Ex. 18 to prove Ex. 16 after showing that p^u^ -f pjWi + •• • must 
converge absolutely if Po + Pi + • • • converges. 


20. If ctj, ttg, Ug, • • ' , On are n positive numbers less than 1, show that 


(1 H- a^)(l + ttg)* • •(! + ttn) > 1 + «! + Ug + • • ‘ ^ 

and (1 - Ui) (1 — ctg) ' • • (1 “* «n) > 1 — «! - Us ^ 

by induction or any other method. Then since 1 Ui < 1/(1 — ai) show that 

1 + («, + «„ + ••• + a„) > ^ 
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42fe 


if «, + 02 + • • • + On < !• Or if TT be the symbol for a prodwt, 



>-fr(l + a)>l + ^a, 



^aj >1T(l-o)>l- Ja. 


21. Let fr (1 + (1 + 1 ^ 2 ) ' * ' (1 +^) (1 +Wn + i) * • • 1*6 infinite product and 

let Pn be the product of the first n factors. Show that | Pn+ 2 , — P»| < « is the neces- 
Kary and sufficient condition that P„ approach a limit when n becomes infinite. 
Show that Un must approacli 0 as a limit if P„ approaches a limit. 


22. Ill case P„ approaches a limit different from 0, show that if c be assigned, 
a value of n can be found so large that for any value of p 

|^^-ll = riV'(l + u<)-l|<e or "ff (1 + = 1 + ^, |n|<«. 

I JT „ I I n + 1 1 n +1 


Conversely show that if this relation holds, P„ must approach a limit other than 0. 
The ivfinile product is said to converge when P^ approaches a limit other than 0 ; in 
all other cases it is said to diverge, including the case where lim Pn = 0. 


23. By combining Exs. 20 and 22 show that the necessary and suflicient con- 
dition that 

Pn = (1 + a^) (1 + ttg) • • • (1 + an) and Qn = (1 - a^) (1 - ttg) ♦ • • (1 - a„) 

converge as n becomes infinite is that the series shall con- 

verge. Note that Pn is increasing and Q„ decreasing. Show that in case Sa diverges, 
Pn diverges to qo and Qn to 0 (provided ultimately Ui < 1). 

24. Define absolute convergence for infinite products and show that if a product 
converges absolutely it converges in its original form. 


25. Test these products for convergence, divergence, or absolute convergence : 

( 7 ) n [1 - - (®) (1 + ®)(1 + • • • , 

26. Given or - < u — log (1 + w) < or - according as w is a 

1 + ^2 ' 2 1 + w 

tive or negative fraction (see Ex. 29, p. 11). Prove that if converges, then 
Wn+l + Wn + 2 + • • • + Wn;+p — log (1 + Wn + l) (1 + W« + 2 ) * * • (1 +?tn+p) 


posi- 



/\ppi^ JUiJL. lu: 




m y • 

-^)- 


■ <^> (■+!)('-!)(■*?)('-!)■ 


28. Suppose the integrand /(x) of an Infinite integral oscillates as x becomes in- 
finite. What test might be applicable from the construction of an alternating series ? 


165. Series of functions. If the terms of a series 

(x) == (x) -f- (03) H \- u^{x)-\ (6) 

are functions of x, the series defines a function S(x) of x for every 
value of X for which it converges. If the individual terms of the series 
are continuous functions of x over some interval a x ^ b, the sum 
S,^ (x) of n terms will of course be a continuous function over that interval. 
Suppose that the series converges for all points of the interval. Will it 
then be true that >S(x), the limit of is also a continuous function 

over the interval ? Will it be true that the integral term by term, 

J ph nh p\> 

' u^ix)dx I u^(x)dx-{ , converges to / S(x)dx? 

a %J a a 

Will it be true that the derivative term by term, 

^0 (^) "b (^) H ) converges to S' (x) ? 

There is no a priori reason why any of these things should be true ; for 
the proofs which were given in the case of finite sums will not apply 
to the case of a limit of a sum of an infinite number of terms (cf. § 144). 

These questions may readily be thrown into the form of questions concerning 
the possibility of inverting the order of two limits (see § 44). 

J ’* 6 pb 

lim Sn (») d» = lim I Sn (x) dx ? 

a nasoo n=:y)Ja 

For differentiation : Is — lim Sn(x) = lim ~ 8n(x) ? 

dx n = <x} nsscodX 

For continuity : Is lim lim Sn (x) = lim lim Sn (x) ? 

a: = JCg 71 = 00 7t=oox = XQ 

As derivatives and definite integrals are themselves defined as limits, the existence 
of a double limit is clear. That all three of the questions must be answered in the 
negative unless some restriction is placed on the way in which Sn (x) converges to 
S (x) is clear from some examples. Let 0 ^ x ^ 1 and 

Sn (x) = then lim Sn (x) = 0, or S (x) = 0. 

7^=00 

No matter what the value of x, the limit of Sn(x) is 0. The limiting function is 
therefore continuous in this case ; but from the manner in which Sn{x) converges 


uous. The area under the limit S (x) = 0 from 0 to 1 is of course 0 j but the 
lit of the area-under aS^(x) is 

n r xn^e-”^dx= lim nx — l)l^=r 1. 

QO^O J»SSSQo|_ Jo 

e derivative of the limit at the point x =: 0 is 
course 0 j but the limit, 

lim \— (xn^e-”^)! 
n = 00 LdX J X = 0 

= lim — nx) = lim vP = oo, 

n=5«) L Jx = 0 n = oo 

the derivative is infinite. Hence in this case two of the questions have negative 
3wers and one of them a positive answer. 

If a suite of functions such as (x), (x), • • . converge to a 

ait S(x) over an interval a S a; ^ the conception of a limit requires 
at when c is assigned and is assumed it must be possible to take n 
large that |jf2„(ajQ)| = 15(0?^) — >S'„(cCq)| < c for this and any larger n, 
le suite is said to converge uniformly toward its limit, if this condition 
n be satisfied simultaneously for all values of x in the interval, that is, 
when € is assigned it is possible to take n so large that |jR,,(cc)| < c 
r every value of x in the interval and for this and any larger n. In 
e above example the convergence was not uniform ; the figure shows 
afc no matter how great n, there are always values of x between 0 and 
for which (x) departs by a large amoimt from its limit 0. 

The uniform convergence of a continuous function (cc) to its limit is 
fficient to insure the continuity of the limit S (x). To show that S (x) is 
ntinuous it is merely necessary to show that when c is assigned it 
possible to find a Aa; so small that -f Ax) — ^(x)| < c. But 
(x + Ax) — ^(x)| = |*S^„(x + Ax) — 5„(x) + i?„(x + Ax) — and 
by hypothesis i2„ converges uniformly to 0, it is possible to take n 
large that \Ii^{x + Ax) j and (x) | are less than j- e irrespective of x. 
oreover, as S„ (x) is continuous it is possible to take Ax so small that 
, (x “h Ax) — (x) I < ^ c irrespective of x. Hence | S (x + Ax) — S' (x) | < £, 

id the theorem is proved. Although the uniform convergence of S„ to S 
a suJBacient condition for the continuity of S, it is not a necessary con- 
tion, as the above example shows. 

The uniform convergence of S„ (x) to its limit insures that 



and the result is proved. Similarly if (x) is {continuous and converges 
uniformly to a limit then T(x) = S' (x). For by the above result 

on integrals, 

T (sc) dx — lim C 5' (x) dx = lim (x) — (a) 

n=«X n=^co\_ 

Hence T(x) = S'(x). It should be noted that this proves incidentally 
that if »SI^(cc) is continuous and converges uniformly to a limit, then 
S(x) actually has a derivative, namely T(x). 

In order to apply these results to a series, it is necessary to have a 
test for the uniformity of the convergence of the series ; that is, for the 
uniform convergence of S,^(x) to S(x). One such test is Weierstrass^s 
M-test : The series 

Wo (*) + «! (a:) H !-«„(*) + ••• (7) 

will converge unifoimly provided a convergent series 



=z S{x) — S(a), 


+ + + (8) 

of positive terms may he found such that ultimately |Wt(aj)| ^ The 
proof is immediate. For 


I I = !«» (®) + Wn+l (*) H 1 S il/„ + -il/n + i + • • • 

and as the AT-series converges, its remainder can be made as small as 
desired by taking n sufficiently large. Hence any series of continuous 
functions defines a continuous function and may be integrated term by 
term to find the integral of that function provided an M-test series may 
be found ; and the derivative of that function is the derivative of the 
series term by term if this derivative series admits an ikf-test. 


To apply the work to an example consider whether the series 
, cosx , cos2x . cosSx cosnx 


(70 


defines a continuous function and may be integrated and differentiated term by 
term as 

rs{x)=' 

Jq 


dx 


a{x) = - 


sinx , sin2x , sin3x 

sinnx 


(7'0 

4 - 4 - 4 - . . 

18 28 38 

n8 

* 

sin X sin 2 X sin 3 x 

sinnx 


(7"0 

i 

00 

1 

1 

1- 

n 

• • . 


and 


|WD.t.|=:= A, uiic oci ici i-j- — -I- — -^...- 1 — - ± ' may oe laKen as 

an ilf-series for S{x). Hence 5(cc) is a continuous function of x for all real values 
of X, and tlie integral of iS (x) may be taken as the limit of the integral of S„ (x), 
that is, as the integral of the series term by term as written. On the other hand, 
an jlf-series for (7'") cannot be found, for the series 1 + J + ^ . is not conver- 

gent. It therefore appears that S' (x) may not be identical with the term-by-term 
derivative of S (x) ; it does not follow that it will not be, — merely that it may not be. 

166. Of series with, variable terms, the power series 

/(») = % + a,,{z - a) + - af + •■ ■ + ~ a)" + ■ ■ ■ (9) 

is perhaps the most important. Here z, a, and the coefficients may 
be either real or complex numbers. This series may be written more 
simply by setting sc = « — a: ; then 

f(x + a) = <t>{x) = + a^x + H h H (9') 

is a series which surely converges for aj = 0. It may or may not con- 
verge for other values of Xj but from Ex. 15 or 19 above it is seen 
that if the series converges for X, it converges absolutely for any x 
of smaller absolute value ; that is, if a circle of radius X be drawn 
around the origin in the complex plane for x or about 
the point a in the complex plane for z, the series (9) 
and (9') respectively will converge absolutely for all 
complex numbers which lie within these circles. 

Three cases should be distinguished. First the 
series may converge for any value x no matter how 
great its absolute value. The circle may then have 
an indefinitely large radius ; the series converge for all values of « or a? 
and the function defined by them is finite (whether real or complex) 
for all values of the argument. Such a function is called an integral 
fiimtion of the complex variable z or x. Secondly, the series may con- 
verge for no other value than x = 0 ov z — a and therefore cannot define 
any function. Thirdly, there may be a definite largest value for the 
radius, say R, such that for any point within the respective circles of 
radius R the series converge and define a function, whereas for any point 
outside the circles the series diverge. The circle of radius R is called 
the circle of convergence of the series. 

As the matter of the radius and circle of convergence is important, it will be 
well to go over the whole matter in detail. Consider the suite of numbers 

l«il. 

Let them be imagined to be located as points with coordinates between 0 and + ® 
on a line. Three possibilities as to the distribution of the .points arise. First they 



of numbers which increase without limit. Secondly, the numbers may converge to 
the limit 0. Thirdly, neither of these suppositions is true and the numbers from 0 
to -f 00 may be divided into two classes such that every number in the first class is 
less than an infinity of numbers of the suite, whereas any number of the second 
class is surpassed by only a finite number of the numbers in the suite. The two 
classes will then have a frontier number which will be represented by 1//^ 
(see §§19ff.). 

Ill the first case no matter wlm x may be it is possible to pick out members 
from the suite such that the set i with i <j <k- • • ^ increases 

without limit. Hence the set ^|ai||a:|, |a;|, • • • will increase without limit ; the 

terms ajx^, • • • of the series (9') do not approach 0 as their limit, and the series 
diverges for all values of x other than 0. In the second case the series converges 
for any value of x. Tor let c be any number less than l/|x| . It is possible to go so 
far in the suite that all subsequent numbers of it shall be less than this assigned €. 
Then 

|a„+pX«+i>| < and €«|x|"4- + • • •, e|x|<l, 


serves as a comparison series to insure the absolute convergence of (9'). In the 
third case the series converges for any x such that |x| < 12 but diverges for any 
X such that |xl> R. For if |x| <12, take €<12 — |x|so that|x| < 12 — €. Now proceed 
in the suite so far that all the subsequent numbers shall be less than 1/(12— e), 
which is greater than 1/12. Then 


|an+j>x«+p|< 


Iasi"'''’’ ^ , 

(B — ’ 


and 


oo 

2 


0 


|a;|n+i> 
(12 — €)«+!» 


will do as a comparison series. If |x| > 12, it is easy to show the terms of (O') do not 
approach the limit 0. 


Let a circle of radius r less than R be drawn concentric with the 
circle of convergence. Then within the circle of radius r <i R the power 
series (9') converges uniformly and defines a continuous function; th^ 
integral of the function may he had by integrating the series term by 
term^ 

X ® 11 1 

^{x)dx = a^ + -^a^a? + -ap’^-\ 1 - - + • ■ • ; 

a/nd the series of derivatives converges uniformly and represents the 
derivative of the function^ 

-h 2 -f- 3 -| h na^x^'-'^ H . 

To prove these theorems it is merely necessary to set up an M-series 
for the series itself and for the series of derivatives. Let X be any 
number between r and R, Then 


l^ol H 1- 4 - ' * • 


( 10 ) 



radius r. Moreover as |x| < 

holds for sufficiently large values of n and for any x such that \x\ ^ r. 
Hence (10) serves as an M-sevles for the given series and the series of 
derivatives ; and the theorems are proved. It should be noticed that it 
is incorrect to say that the convergence is uniform over the circle of 
radius li, although the statement is true of any circle within that circle 
no matter how small R — r. For an apparently slight but none the 
less important extension to include, in some cases, some points upon 
the circle of convergence see Ex. 5. 

An immediate corollary of the above theorems is that a/ny 
series (9) in the complex variable which converges for other values than 
a, and hence has a finite circle of convergence or converges all over 
the complex plane, defines an analytic function f(z) of z in the sense of 
§§ 73, 126; for the series is differentiable within any circle within the 
circle of convergence and thus the function has a definite finite and 
continuous derivative. 

167 . It is now possible to extend Taylor’s and Maclauriii’s Formulas, 
which developed a function of a real variable x into a polynomial plus 
a remainder, to infinite series known as Taylor’s and Maclaurin’s Series, 
which, express the function as a power series, provided the remainder 
after n terms converges uniformly toward 0 as becomes infinite. It 
will be sufficient to treat one case. Let 

/(*) =/( 0 ) +/'( 0 )* + + • • • + 






- t)dt, 


lim = 0 uniformly in some interval — h ^ x ^ h, 

n—<x> 


where the first line is Maolaurin’s Formula, the second gives diffeinet 
forms of the remainder, and the third expresses the condition that the 
remainder converges to 0. Then the series 


/( 0 )+/'( 0 )* + ||/''( 0 )*= 


+ • • • + + • • ■ ( 11 ) 


sists merely in noting that/(ic) — R„(x) — S^(x) is the sum of the first 
n terms of the series and that < c. 

In the case of the exponential function e» the nth derivative is e®, and the re- 
mainder, taken in the first form, becomes 


Rn (a) = — 


71 ! 




As n becomes infinite, lin clearly approaches zero no matter what the value of h ] 

a*8 yn 

e* = l + a: + -+- + . 

is the infinite series for the exponential function. The series converges for all 
values of x real or complex and may be taken as the definition of e* for complex 
values. This definition may be shown to coincide with that obtained otherwise (§ 74). 
For the expansion of (1 + x)”‘ the remainder may be taken in the second form. 


|B„(!e)|< 


(n-1) 

|m(m — !)■ > »(m-- n + 1) I 


/i»(l + 


h<l. 


Hence when ^ < 1 the limit of Rn (x) is zero and the infinite expansion 

/I * 1 . . — 1) o . — 1) — 2) a . 

(1 + X)*" = 1 + 771X + — x2 + — i L X® + • * . 

' 2 ! 3 ! 

is valid for (1 + x)”» for all values of x numerically less than unity. 

If in the binomial expansion x be replaced by — x* and m by — J, 

1 . 1 o . 1-S ^ . 1-3.6 « . I. 3 . 6.7 a . 

Vl~x2 2 ^ 2.4 ^ 2 . 4.6 ^2. 4 . 6. 8 ^ 

This series converges for all values of x numerically less than 1, and hence con- 
verges uniformly whenever |x| ^ /k 1. It may therefore be integrated term by 

2S2-462.4-672.4.6.80 


This series is valid for all values of x numerically less than unity. The series also 
converges for x = ± 1, and hence by Ex, 6 is uniformly convergent when — 1 ^ x ^ 1 . 


But Taylor’s and Maelaurin’s series may also he extended directly to 
functions /(«) of a complex variable. If/(«) is single valued and has 
a definite continuous derivative /' (2:) at every point of a region and on 
the boundary, the expansion 

/(«) =/(«) +/'(«)(* -«) + ■•■ +/<"-■>(«) + R. 
has been established (§ 126 ) with the remainder in the form 


|*-(«)| = 


(z - a)" 

f f(t)dt 

2w J 

0 


1 r“ Jfi: 


2 IT p" p — r 


Xi.'* X XX'^ i X XJ Q 




for all points z within the circle of radius r (Ex. 7, p. 306). As n becomes 
infinite, R„ approaches zero uniformly, and hence the infinite series 

f(z) =/(«) +/'(a:)(«-a) + (12) 


iH valid at all points within the circle of radius r and upon its circum- 
ference. The expansion is therefore convergent and valid for any z 
iietually within the circle of radius p. 

Even for real expansions (11) the significance of this result is great 
Ixjoause, except in the simplest cases, it is impossible to compute (a?) 
and establish the convergence of Taylor’s series for real variables. The 
result just found shows that if the values of the function be considered 
for complex values z in addition to real values Xj the circle of conver- 
gence will extend out to the nearest point where the conditions imposed 
on f(z) break down, that is, to the nearest point at which f(z) becomes 
infinite or otherwise ceases to have a definite continuous derivative /'(^). 
For example, there is nothing in the behavior of the function 

(1 -f === 1 — --- ic® rr® , 

as far as real values are concerned, which should indicate why the expan- 
sion holds only when |x| < 1 ; but in the complex domain the function 
(1 4- z^)~'^ becomes infinite at j*; = ± i, and hence the greatest circle 
about = 0 in which the series could be expected to converge has a unit 
radius Hence by considering (1 4* for complex values, it can be 
predicted without the examination of the nth. derivative that the Mac* 
laurin development of (1 -|- x^)~^ will converge when and only when x 
is a proper fraction. 

EXERCISES 


1. (cr) Does® + ® (1 — ®) + x (1 — H converge uniformly when 0 ^ x ^ 1 ? 

(/3) Does the series (1 4 = 1-1- 1 4 4- -j. . . . converge uiii- 

ionnly for small values of A: ? Can the derivation of the limit e of § 4 thus be made 
rigorous and the value he found by setting fc = 0 in the series ? 

2. Test these series for uniform convergence ; also the series of derivatives •. 

(a) 1 4 X sin ^ 4 x® sin 2 ^ -f- X® sin 3 ^ -h • • • , |xj ^ X < 1, 


- suix sin^x sin^x , siirix , 

wi + -pi- + -^ + -pr + -4ir + 


III S A'< CO, 


, , * - 1 1 /* - 1 \» 1 /x - IV 

+ 2(— )+5(— ) 


i X ^ X < 00 , 




iX^X<oo. 


^oo 


JLXlJitV/XXX X U Vy X KJ 


3. Determine the radius of convergence and draw the circle. Note that in prai 
tice the test ratio is more convenient than the theoretical method of the text: 


(a) cc — i i X® - J x'‘ + 


. bx , bH^ , 6®x® 

1 + - + + -j- + • • 

a a® 


■]■ 


(^) + ^*7 + ..., 


(J) 1 - x2 + 


2 1 


X® X® 

’ 3! Tl ■ 


(0 - (1 + + (^ + i + i)** - (i + i + 1 + i)** + • 


(!■) 1 - 


3» + 3 
4-2! 


+ 


3*4-3 

a 

4.41 


3»+ 3 
4.61 


X® + 


(tj) 1 — X + X* — X® + X® — X® 4- x 12 _ a;i8 ^ ^ 

(61) (a:_i)i- j(x-l)2 + j(x--l)8-l(x--l)*4----, 

j (m - 1 ) (m +' 2) ^ (m - 1) (w - 3) (m + 2) (m + 4) ^ 

22(m + 1) 2® • 2 ! (m + 1) (m + 2) ~ 2® • 3 ! (TO + 1) (m + 2) (OT + 3) ’ 

''2® 2®(2!)ni 2/ 26(3 1)2 \1 2 3/ 28(4 1)2 Vl ^ 2 ^ 3 4/ 

II T I <2r(Q: + l)<3(/? + l) ■ a(a + l)(a + 2)j3(/3 + l)(ff + 2) , 

l.y ^ 1-2-7(7 + 1) 1.2.3-7(7 + 1)(T' + 2) 


4. Establish the Maclaurin expansions for the elementary functions: 

(a) log(l--x), (p) sinx, (7) cosx, (5) coshx, 

(«) a® (f) tan-'^x, (17) sinh-^x? (^) tanh-^x. 

5. AbeVs Theorem. If the infinite series 4* a^x 4- + a^x® 4- • • • converge 

for the value X, it converges uniformly in the interval 0 ^ x ^ X. Prove this b 
showing that (see Exs. IT-’IO, p. 428) 

lKn(l)| = K®" + an+l®»+* + • • • |< (i^lOnX" + • • • + a«+j,Jr"+'’l- 

when p is rightly chosen. Apply this to extending the interval over which th 
series is uniformly convergent to extreme values of the interval of convergenc 
wherever possible in Exs. 4 (a), (f), ($), 

6 . Examine sundry of the series of Ex. 3 in regard to their convergence at es 
treme points of the interval of convergence or at various other points of the circuir 
ference of their circle of convergence. Note the significance in view of Ex. 5. 

7. Show that/(x) = e /(O) =0, cannot be expanded into an infinite Mac 

laurin series by showing that and hence that Bn does not converg 

uniformly toward 0 (see Ex. 9, p. 66). Show this also from the consideration 0 
complex values of x. 


8. Erom the consideration of complex values determine the interval of cod 
vergence of the Maclaurin series for 


o, onow Xiiiab u twu puwtsr senes represent tue same luiiction 

ill any interval the coefficients in the series must he equal (cf. § 32). 


r <1 


10. From 1 + 2 r cosac + = (1 4- re^®) (1 + re“*^) = -f - — ^ 

/ r2 \ 

prove log (1 4- 2 r cos » 4- r®) = 2 ( r cos ac — — cos 2aj 4- — cos Sac — ■ • -1 , 

/I a: / ^2 |.3 \ 

J log (1 4- 2 r cos X 4- r2) dfic = 2 sin » — — sin 2 X 4- — sin 3 X j ; 

^/cosx cos2x , cos3x \ 

and log(l + 2r cosa + r-*) = 21ogr + 2 _ + j , 

^ log(l + 2rcosx + r2)(ix = 2*logr + 2^— ^ j; 

V, <x- . r. L (X . , -crsin2x \ 

J log (1 4- sin a cos x) dx = 2 X log cos - 4- 2 ^tan - sin x — tan^— — - 4- • • • j • 

„ /'i dx ,113 1-3.5 ^ r 

7l^, = '-r5 + r4:9- 27176713 + 


r>l 


dx 


Vl 4- i 


12. Evaluate these integrals by expansion into series (see Ex. 23, p. 452) 

■ ” = !: - i (7Y+ 1 /:y_ . . . = tan-ir , 

X ? 3 \q} 5 \qi q 


i“> j; 
m 


r’^ iog(i+*L " 2 gf)cte=^siu-»fc, (7) 

Jo cosx 1 4- c 


sin X 


dx = — - » 
cos^x 4 


(5) 


r *g- <rV cQs 2 flxdx = e , (c) r log (1 + 2 r cos X 4- r^) dx. 

Jo 2 a do 


13. By formal multiplication (§ 168) show that 
1- a2 


1 — 2 a cos X 4* <3:2 
a sin X 


= 1 4* 2 a cos X 4- 2 a^ cos 2x4-* 
= a sin X 4- a^ sin 2 x 4- • • • • 


1 — 2 a cos X 4- tx* 

14. Evaluate, by use of Ex. 13, these definite integrals, m an integer : 
cos mxdx TTo^ 


'»> X’lr 


. ^ xsinxdx tt, , . 

X l-2acosV.i : a -^"a^°g<^+"^’ 


2a cosx + a^ 1 — a^ 


, , sinx! 

Jo l-2a 


COS X 4- a^ 2 
sin^xdx 


n ’ 


X (1 — 2 a cos X 4- <3:2)(1 — 2 /3 cos x 4- 

15. In Ex. 14 (7) let a = 1 - h/vi and x = z/m. Obtain by a limiting process, 
and by a similar method exercised upon Ex. 14 (a) : 


z sin zdz cos zdz tt 

Jo h^ + z^ “2^"^ ’ Jo 


=z~-e-^. 


^z^ 2 ' ’ Jo h^-^z^ 2 

Can the use of these limiting processes be readily justified ? 


/(X, h) = — === = 1 + hP^(x) + }fip^{x) + • • • + h^P„(x) + •••• 

Vl-2x/t + A2 

Obtain therefrom the following expansions by differentiation : 

\f'. = ^ + hp'^ + + ■• • + + •••, 

/' = = Pi + 2 + 3 P, + . ■ • + n/i— iP„ + . . . . 

{1-2X/J + *2)1 

Hence establish the given identities and consequent relations : 

xp; + ft(xrj-p;) + ... + *»-i(xp;-p;,_i) +...= 

/'= Pi+*(2Pj) + . . . + *n-l(„p„) 

+ + +--- + A”('P'„+i + P;-i-?«) + -'- = 

2 xhf = /i (2 x) H + h^{2 xPn -i) . 

Or TiP n — ^P'n -^n— 1 and ^,1^-1 + ^n— 1 Pn ^ 

Hence xP^ = +i “” (^ + 1) Pn and (x^ — 1) P; = n (xPn - Pn*-i). 

Compare the results with Exs, 13 and 17, p. 262, to identify the functions with the 
Legendre polynomials. Write 

1 1 1 

(1 - 2 x/i + (1 - 2 /l cos ^ (1 - h&&)i (1 - he- 

= (lJt . .\/n- ihe-^9 + ll?;i2e-2te + . . 
\2 2.4 /\2 2-4 / 

and show P„(cos 9) = 2 - ^ / cos nO H — cos (n — 2) ^ + • • * T * 

2.4..-2?i L 1 -(211 — 1) J 


168. Manipulation of series. If an infinite series 

S = + [- H“ • ' * (1^) 

converges, the series obtained hy grouping the terms in parentheses with- 
out altering their order will also converge. Let 

and S{, 5 ^, 


be the new series and the sums of its first n' terms. These sums are 
merely particular ones of the set S^, and as ti' < n it 

follows that n becomes infinite when n* does if n be so chosen that 
Sn = K'* As approaches a limit, S'„, must approach the same limit. 
As a corollary it appears that if the series obtained by removing parem 
theses in a given series converges, the value of the series is not affected 
by removing the parentheses. 



== y ^ = ^0 ■> '^1 ^ 

then (\u^ + fiv^) + (ku^ + fiv^) ^ 

will converge to the limit XS + /aT, and will converge absolutely provided 
both the given series converge absolutely. The proof is left to the reader. 

If a given series converges absolutely ^ the series formed by rearranging 
the terms in any order without omitting any terms will converge to the 
same value. Let the two arrangements be 


5 = -f + H 

and *S^ = + Wg, H h H • 

As S converges absolutely, n may be taken so large that 

|^«| + |^n+i| H < c; 

and as the terms in are identical with those in B except for their 
order, n' may be taken so large that shall contain all the terms in 
The other terms in 5', will be found among the terms 
Hence ^ ^ + . . . < e. 


As |5 — < c, it follows that [5 — < 2 c. Hence B'^, approaches B 

as a limit when becomes infinite. It may easily be shown that 5" also 
converges absolutely. 

The theorem is still true if the rearrangement of Bis into a seines some 
of whose terms are themselves infinite series of terms selected from S. 

Thus let 5. ^ 4. 4. 4. .. . + 4. 


where may be any aggregate of terms selected from S. If be an 
infinite series of terms selected from as 


bd i — U{Q + Uii + '^t2 d” • ' • 4“ 'i^in + ' • * ? 

the absolute convergence of Ui follows from that of (cf. Ex. 22 below). 
It is possible to take n' so large that every term in shall occur in one 
of the terms ?7 q, tli, • • Then if from 

(14) 

there be canceled all the terms of the terms which remain will be 
found among u^ + i^ • • • , and (14) will be less than e. Hence as tv 
becomes infinite, the difference (14) approaches zero as a limit and the 
theorem is proved that 


live and tiie niiiuDer oi negative terms is iimnite, tlie senes or positive terms ana 
the series of negative terms diverge, and the given series may be so rearranged as 
to comport itself in any desired manner. That the number of terms of each sign 
cannot be finite follows from the fact that if it were, it would be possible to go so 
far in the series that all subsequent terms would have the same sign and the series 
would therefore converge absolutely if at all. Consider next the sum Sn = Pi — 
i 4- ra = n, of a terms of the series, where Pi is the sum of the positive terms and 
Nv, that of the negative terms. If both Pi and Nm converged, then Pi + Km wuuhl 
also converge and the series would converge absolutely; if only one of the sums 
Pi or JV„i diverged, then S would diverge. Hence both sums must diverge. The 
series may now be rearranged to approach any desired limit, to become positively 
or negatively infinite, or to oscillate as desired. For suppose an arrangement In 
approach L as a limit were desired. First take enough positive terms to make the 
sum exceed X, then enough negative terms to make it less than X, then enough 
positive terms to bring it again in excess of X, and so on. But as the given series 
converges, its terms approach 0 as a limit ; and as the new arrangement gives a 
sum which never differs from X by more than the last term in it, the difference 
between the sum and X is approaching 0 and X is the limit of the sum. In a similar 
way it could be shown that an arrangement which would comport itself in any of 
the other ways mentioned would be possible. 

If two absolutely convergent series he multiplied^ as 

+ '^^1 + '*^2 + • • • “h H j 

T = Vq + + ^^2 + ’ * * + + * ’ • 7 

and W = UgV^ + + u^Vq -\ 1- u„v^ H 

+ Mo«i + Iti'Wj + H 1- -1 

+ ■•••••• 

+ Wo^n + UiV„ + U^V„-\ h H 

+ 

and if the terms in W he arranged in a sim/ple ser ies as 

^0% + (“l^O + + («2'»o + Vl + + ’Vs) + ■ • • 

or in any other manner whatsoever, the series is absolutely convergent 
and converges to the value of the product ST. 

In the particular arrangement above, SfP^, is the sum of 

the first, the first two, the first n terms of the series of parentheses. As 
lim = STj the series of parentheses converges to ST, As and T 
are absolutely convergent the same reasoning could be applied to the 
series of absolute values and 

l’‘oll’’ol + l’‘lll’’ol + Kills'll + l“oll’’il + l“2ll’’ol + • • • 

would be seen to converge. Hence the convergence of the series 

-f MjVj + + • • • 


Moreover, any other arrangement, such in particular as 

Vo + (Vo + Vi) + (Vo + Vi + Va) + • • • > 

would give a series converging absolutely to ST, 

The equivalence of a function and its Taylor or Maelaurin infinite 
series (wherever the series converges) lends importance to the operations 
of multiplication, division, and so on, which may be performed on the 
series. Thus if 

f{x) = %-\- ajX + H , \x\ < 

g {x) = ^0 -h H , \x\< 

the multiplication may be performed and the series arranged as 

/(*) 9 (*) = + K*i + * + K^2 + *“ + ••• 

according to ascending powers of x whenever x is numerically less than 
the smaller of the two radii of convergence R^^ R^j because both series 
will then converge absolutely. Moreover, Ex. 5 above shows that this 
form of the product may still be applied at the extremities of its inter> 
val of convergence for real values of x provided the series converges 
for those values. 


As an example in the multiplication of series let the product sin x cos x be found 
sin aj = X — aj® + ajs , cosx = 1 — ~ + • • •• 


The product will contain only odd powers of x. The first few terms are 


® (s!‘*'2!)“”''’(5!'''8!2l''‘4l)®' (t ! '^ 5 !2 ! ■*■ 8 ! 4 I 6 


The law of formation of the coefficients gives as the coefficient of x2*+i 

^^*[(2fc + l)! (2fc-l)l2! (2A:-3)14! ‘ 31(2fe-2)! (21)'.] 

(-1)*= ft . (2fc + l)2fc (2fc + l)(2fe)(2fc-l)(2fc-2) . (2 fc + l )1 

'(2fc + l)!L 2l ^ 4! 11 J 

But 22*+i = (1 + l)2*+i = 1 + (2 fc + 1) + + . . . + (2 fc + 1) + 1. 

2 1 


Hence it is seen that the coefficient of takes every other term in this symmel 
rical sum of an even number of terms and must therefore be equal to half the sum. 
The product may then be written as the series 


sinxcosx = - 
2 



( 2 *)» 
* 3 ? + 



Isin2x. 

2 



169. If a function /(x) be expanded into a i>ower series 

f{x) = %-{- + (i^x^ H , \x\ < R, (15) 

and if X = q: is any point within the circle of convergence, it inay he 
desired to transform the series into one which proceeds according to powers 
of (x — a) and converges in a circle about the point x = cr- Let t x — a. 
Then x = a 1 and hence 

x" = a:" + 2 4- 1 % x»= + 3 aH + 3 at;^ + • • • , 

fix') = -h 0 a^ijx^ 4- 2 -h “f” • • • • (^^0 

Since \a\ < li, the relation |«r| 4- |jf| < R will hold for small values of t, 
and the series (15') will converge for x == |«:| 4- 1^|. Since 

% + «i(kl + I'^l) + S(l“r + 2|a)|<| + H 

is absolutely convergent for small values of tj the parentheses in (16') 
may be removed and the terms collected as 

/(x) == <;> (ii) = (a^ 4- ap^ 4- ap^ + a^ H ) 4- (a^ 4- 2 ap: + 3 H )t 

" i " (^2 ^ 4 - . . .) ^ ^ 8 ^ 

or /(x) = <f>{x - or) = 4- ^^(x — a) A^(x — a)^ 

+ ( 16 ) 

where ^4^, A^^ infinite series ; in fact 

= !]/"'(«),•••. 

The series (16) in x — or will surely converge within a circle of radius 
R ’-\a\ about x = a ; but it may converge in a larger circle. As a matter 
of fact it will converge within the largest circle whose center is at cc and 
within which the function has a definite continuous derivative. Thus 
Maclaurin's expansion for (1 4- x^)“^ has a unit radius of convergence ; 
but the expansion about x = J into powers of x — ^ will have a radius 
of convergence equal to J VS, which is the distance from x == ^ to either 
of the points x = ±i. If the function had originally been defined by 
its development about x = 0, the definition would have been valid only 
over the unit circle. The new development about x = J will tlierefore 
extend the definition to a considerable region outside the original 
domain, and by repeating the process the region of definition may be 
extended further. As the function is at each step defined by a power 


/(x).=: -f -I- -I \x\< E^, 

^ = ^(y) = ^0 + + V + • • -^ \i/] < ^2^ 

and let |/>q| < 7)^^ so that, for sufficiently small values of y, the point x 
will still lie within the circle R^, By the theorem on multiplication, the 
series for x may Vje squared, cubed, • • ■ , and the series for a:^, a?®, • " 
be arranged according to powers of y. These results may then be sub- 
stituted in the series for f(x) and the result may be ordered according 
to powers of y. Hence the expansion for /[<^(y)] is obtained. That 
the expansion is valid at least for small values of y may be seen by 
considering 

+ > i 

^ = l^ol + + l*2ll&’r + ■ • •> |2/| small, 

which are series of positive terms. The radius of convergence of the 
series for/[<^(y)] may be found by discussing that function. 

For example consider the problem of expanding e^oex to five terms. 
ey = l+y+ 1^/2+ + 2/ = cosa;=:l~ia ;3 + ^a;< + -.., 

= , y8 = l-~|x2+ , =1- 2x2 ^ 

el/ 1 + (1 “ i X 2 + ) + 4(1 - ®2 + J ) 4. J (1 I X2 + } X* ) 

+ (1-2x2 + 

= (i + i + 4 + 4 + 3s^ + •••)- (4 + 4 + i + A + -- •)«" 

+ (4 + 4 + '?V + 44-**‘)®^ 
ev = e« 08 a; = 24J — 14x2 + x^ . 

It should be noted that the coefficients in this series for are really infinite 
series and the final values here given are only the approximate values found by 
taking the first few terms of each series. This will always be the case when 

y \x -\ begins with &o 0 ; it is also true in the expansion about a new 

origin, as in a previous paragraph. In the latter case the difficulty cannot be 
avoided, but in the case of the expansion of a function of a function it is some- 
times possible to make a preliminary change which materially simplifies the final 
result in that the coefficients become finite series. Thus here 

gcoax ei+ « =ee*, z = cos x — 1 = — 4 ”■ viv + * " > 

«* = 4x* - X® + • • •, z« =- 4x6 + • ‘ zS z® = 0 + • • •, 
«*=l+(-ia;2+^®*-Titra:* + ---) + i(4*‘-s^®“+--') + i(-i»' + - • •) + •••> 
e^oax — = e(l — 4x2 + 4 x^ — yW®® -i )• 

The coefficients are now exact and the computation to x® turns out to be easier 
than to x2 by the previous method ; the advantage introduced by the change would 
be even greater if the expansion were to be carried several terms farther. 


The quotient of two power series f{x) by gipr^j if ^(0) ^ 0, may he 
obtained by the ordinary algorism of division as 


f(x) _ (h^ + apr + a.^x^ -j 

g{x) bpd^ -] 


Cq + cpc , 


0 . 


Por ill the lirst place as ^(0) ^ 0, the quotient is analytic in the neigh- 
borhood of X = 0 and may be developed into a power series. It there- 
fore merely remains to show that the coefficients • • • are those 

that would be obtained by division. Multiply 


(Oq + ape + H ) = + epo 4* H ) {h^ + bpc -j- hpe^ H ) 

= Vc + + Vx) * + (Vo + K<>i + *" + •••, 

and then equate coefficients of equal powers of x. Then 


% = Vox = ^>1% + Vix “2 = Vo + + Vox • • • 

is a set of equations to be solved for Cg, • • •. The terms in/(x) and 
g (x) beyond x"' have no effect upon the values of c^, • • •, c„, and hence 
these would be the same if ^n+ 2 ) * • * replaced by 0, 0, • • •, and 
o-n+i, «n + 2 ) •••, • • • by such values <+ 1 , a'n+j, • • •, a\„, 0, 

as would make the division come out even ; the coefficients •••,(?„ 
are therefore precisely those obtained in dividing the series. 

If y is developed into a power series in x as 

y =/(^) = +• V + H , a^^ 0, (17) 

then X may be developed into a power series in y — a^ as 

^ =/■' (y ~ %) ^K{y- %) + h{y + (is) 

For since =?£= 0, the function f(x) has a nonvanishing derivative for 
a; = 0 and hence the inverse function /~^(y — a^ is analytic near x = 0 
or y = and can be developed (p. 477). The method of undetermined 
coefficients may be used to find b^, This process of finding 

(18) from (17) is called the reversion of (17). For the actual work it is 
simpler to replace (y — a^/a^ by t so that 

^ == X + H , t&i = 

and aj = ^ -p b^f -f” b'f^ -j- b'^ = bpL \ , 


Let the assumed value of x be substituted in the series for t ; rearrange 
the terms according to powers of t and equate the corresponding coef- 
ficients. Thus o 

t z=: t (h^ a^f^ + (&8 -|- 2 b^a^ 4* 

4 " (^4 4 " 2 igO-g + b'^a^ 4 “ 3 4 " 4 * * ■ ' 


170. Por some few purposes, which are tolerably important, 
operational m,ethod of treating series is so useful as to be almost indis- 
pensable. If the series be taken in the form 




with the factorials which occur in Maclaurin’s development and with 
unity as the initial term, the series may be written as 


^ ^ _ ^2 _j_ „ _! h ^ aj” H , 


provided that a^ be interpreted as the formal equivalent of a^. The 
t)roduct of two series would then formally suggest 


^ g(«+6)x ^ 1 4. ^ _p ^ 4. 4, . . . ^ ^jL9) 


and if the coefficients be transformed by setting a'b^ == aihjy then 


+ a^x+^3^+-. ^ (1 + 




= l+K + ^)x+ + + . 


This as a matter of fact is the formula for the product of two series 
and hence Justifies the suggestion contained in (19). 

Tor example suppose that the development of 


-5 — 1 j_ 




were desired. As the development begins with 1, the formal method 
may be applied and the result is found to be 


^ — 1 


, p(,B +l)a: pBx 


a; = a: + [(B + l)^-BTfT + [(^ + l)*-^]l7 + ---, (21) 


(B + 1)2 - J5^ = 0, (B + 1)» - B* = 0, • • . , (B + 1)* - B* = 0, • • • , 
or 25^4-1 = 0, 3^2+ 3 + 1 = 0, 4^?^+ (5 ^ > 

or = = ^3 = 0, = 


The formal method leads to a set of equations from which the suc- 
cessive B’s may quickly be determined. hTote that 


X , X X e^' -i-l X X X , , / x\ 

T + B = BTr-T = o cot;h- = -^ coth -K (22) 
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is an even function of .r, and that consequently all the with odd 
indices except are zero. This will facilitate the calculation. Tlie 
first eight even B’s are respectively 

xVj iy %V‘' 

The numbers B, or their absolute values, are called the Bernoullutn 
numbers^ An independent justificjation for the method of formal (cal- 
culation may readily be given. For observe that Qf ^20) 

is true when B is regarded as an independent variable. Hence if this 
identity be arranged according to powers of B, the coefficient of (uu'-li 
power must vanish. It will therefore not disturb the identity if any 
numbers whatsoever are substituted for ; the particular 

set B^j therefore be substituted ; the series may ho rtmr- 

ranged according to powers of x, and the coefficients of like powers of 
X may be equated to 0, — as in (21) to get the desired equations. 

If an infinite series be written without the factorials as 

1 4- -1 + 

a possible symbolic expression for the series is 

r — - — = 1 -}- -f- aV + + • • • , 

1 — ax 

If the substitution y = x/(l -f x) or x = y/(l — y) be made, 

1 _ 1 _ 1 — y 

1 ^ y + ( 24 =) 

X a . 

Now if the left-hand and right-hand expressions be expanded and a be 
regarded as an independent variable restricted to values which make 
I ox I < 1, the series obtained will both converge absolutely and may he 
arranged according to powers of a. Corresponding coefficients will then 
be equal and the identity will therefore not be disturbed if replaces 
a*. Hence 

1 -h a^x + -) (1 y) [1 + (1 -4- q- (1 4- ayh/ +*••], 

provided that both series converge absolutely for % = Then 

1 4- 4 • •• = 1 + (^y 4- a(l 4- a) i/^ -h a (1 + a)V H 

= 1 4- o^jy -f (a^ 4- ^ 2 a^) , 



INFINITE SERIES 


449 


This transformation is known as Eiilen^s transformation. Its great 
.vantage for computation lies in the fact that sometimes the second 
lies converges much more rapidly than the first. This is especially 
lie when the coefficients of the first series are such as to make the 
efficients in the new series small. Thus from (25) 

log (1 + x) = aj — ^ J -f ^ ^ ic* H 

= y + i i + i y' + y® + • • •. 

D compute log 2 to three decimals from the first series would require 
veral hundred terms ; eight terms are enough with the second series. 
11 additional advantage of the new series is that it may continue to 
nverge after the original series has ceased to converge. In this case 
e two series can hardly be said to be equal ; but the second series of 
urse remains equal to the (continuation of the) function defined by 
e first. Thus log 3 may be computed to three decimals with about a 
)zen terms of the second series, but cannot be computed from the first. 

EXERCISES 

1. By the multiplication of series prove the following relations: 

(a) (1 + X + 05* + X® + • • •)* = (1 + 2 aj + 3a;* + 4x® + •'•) = U *)■"“» 

(jS) cos*x + sin*x = 1 , ( 7 ) = (^) 2 sin*x = 1 — co 8 2 x. 

2. Find the Maclaurin development to terms in x® for the functions: 

(or) e^cosx, (/3) e^sinx, ( 7 ) (1 + x) log (1 + x)^ (5) cos x sin- ^x, 

3. Group the terms of the expansion of cosx in two different ways to show that 
si > 0 and cos 2 < 0. Why does it then follow that cos ^ = 0 where 1 < ^ < 2 ? 

4. Establish the developments (Peirce’s Nos. 785-789) of the functions: 

(a) e*!-* (fii e'“* ( 7 ) («) 

5. Show that if g{x) = hmX'^ + 5m + 1 ®"*+^ H and/(0) 5 ^ 0, -rtien 

/(x)_ gp + a,a! + + ■ ■ . ^ c-m+i ^ ^ ^ . 

g(x) -f hjn+lX^^'^ -I- . . . x'" X»”-l X 

id the development of the quotient has negative powers of x. 

6 . Develop to terms in x® the following functions : 

{a) 8 in(fesinx), (/3) log cosx, ( 7 ) Vcosx, (5) ( 1 — fc* sin*x)”i. 


wic csiutfciionLi Auuu tiicoc ociicrj uy biio vji icvcicsiujut 


1 /*x 11 1 

(rt) - = I e-^'‘<}x = X - -x8 + --x® —x> + . . ., 

' ' 2 Jo 3 3 ! 5 3 ! 7 ’ 


(P) \= (y)~=f^ 


(ix 


U V(l-x'*)(l- Jx'-*) 


9 . By the formal method obtain the general equationa for the coefficients in the 
ilevelopjiients of these functions iiinl compute tlie first five tliat do not vanish; 




sin X 


(« 


2 e* 


(y) 


— l -{- 1 1— 2xe«'+e2a: 

10. Obtain the general expressions for the following developments: 


/X XI 1 . ^ 2x® , ii2n(2cc)2« 

(a) coth « = -H + + - 

X 3 45 946 (2 n ) ! x 


iP) OOtX = l------ + (_l)nl3J 

^ ' X 3 46 045 ^ ^ ' ,V 


B2„(2x)2" 


(2 n) ! X 


/ \ 1 • 1 X^ X^ X<^ , / TX J?2n(2x)2» 

^ ^ ® ^ 6 180 2836 ' 2n.(2n)! 


X® 


B2n(2x)2n 


(5) logsinhx = logx H 1 4- ■ 

^ ^ ® 6 180 2836 2n.(2n)I 


11. The Eulerian numbers JS^n are the coefficients in the expansion of sechx 
Establish the defining equations and compute the first four as — 1, 5, — 61, 1386. 


12 . Write the expansions for sec x and log tan (^tt + | x). 


lo. Erom the identity = 

er_i e2^-l 

derive the expansions: 


a;2n-l 


x2n~'l 

( v) tanh X = (2» - l)22Bj ± + (2^ - 1)2* — + ... 

2 1 4 ! 

{rUn—l 

.4.(22»-.l)22«j?2n^ + '* 
2n I 


Qj® 2 1 7 0*2 

(5) tanx = x + - + — + — + (_ ])n-i(22» _ i) + • 


/ K , X^ X^ X® a;2n 

(c) log C 0 SX= (-l)>-l( 22 n-l) 22 »i? 2 „^ 


2 n • 2 n 1 


• , - X^ 7 X^ 3*2n 

(f) log tanx = logx + —+ — + ... + (- i)»-i(22»-i _ i)22"Bj„-f + . 

o 60 n • 2 n ! 


r,) C80X = i(|i 


cot - + tan 


i) " X + li + ■ ■ ■ + l)»-i2(22»-i _ l)Bj„ 


2n! 


(^) logco.sh x, (t) logtanhx, * (ic) cschx, (X) sec^x. 


>b8erve that the Bernoullian numhers afford a general development for all the 
rigonoinotric and hyperbolic functions and their logarithms with the exception of 
he sine and cosine (which have known developments) and the secant (which re- 
juires the Eulerian numbers). The importance of these numbers is therefore 
apparent. 

14 . The coefficients P,{y), • • • , PM in the development 

= V + Pj(y)x + Pj(v)x“ + • • • + P»(s/)»" + • • • 

e® — 1 

are called Bernoulli’s polynomials. Show that (n + 1) 1 PM = {B + 2/)*+^ - 
and thus compute the first six polynomials in y. 

15 . If p = JV is a positive integer, the quotient in Ex. 14 is simple. Hence 

n ! Pn(N) = 1 + 2 ” + 3 " + • • • + (N- 1 )” 

is easily shown. With the aid of the polynomials found above compute: 

(a) l + 2‘+3^ + --- + 10<, (^) l + 2 ' + 8' + - . + 95, 

(7) l + 2= + 32 + ... + (i^-l)^ («) l + 2» + 3« + --. + (if-l)'- 

1 1 _ 1 r__i l_T 

16. Interpret ^ 

17 , From = — ~ — establish formally 

Jo 1 — ax 

1 + a,x + a,x» + as*' + • • • =fe-‘F(xt)<it 


where jF (u) — 1 + ^ g i ^ ' 

Show that the integral will converge when 0 < x < 1 provided [a,*! ^ 1. 

18, If in a series the coefficients «*• = show 

f(t) ,, 

1 + a^x + a,x^ + a,x^ + “ ' = iZVfc 


19. Note that Exs. 17 and 18 convert a series into an integral. Show 


. „ X x2 X® ^ 

(-logt)p-^, 

by = 


1— xt 

^ nP 

1 X 1 ^ _ 

1 + 12*^ 1+22“^ 1+32 

pisinlogt^j 

Jo 1 — xt 

1 +^ ~ 



Wl+6*+6(ft + i)'= +b(& + l)(6 + 2) 





r(b) 


-dt. 
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20. In case the coefficients in a series are alternately positive and negative show 
that Euler’s transformed series may be written 

a^x — Ozx’^ + asx® — diX* + • • • = + A aiy^ 4* A^aiy^ + H 

where Aui = cti — ^ 2 , A^cti = A<i\ — Aa 2 — d\ — 2 (X 2 + fhe successive 

first, second, • • • differences of the numerical coefficients. 

21. Compute the values of these series by the method of Ex. 20 with x = 1, y = i- 
Add the first few terms and apply the method of differences to the next few as 
indicated : 


(a) + =0.60316, 


(fi) 1_-L + -L_J,^+ ... = 0.6049, 
V2 V3 vi 


add 8 terms and take 7 more, 

add 6 terms and take 7 more, 

(•y'l - =1 — 0.78639818, add 10 and take 11 more, 

4 367 

(5) Prove(l+l + l + ^ + .--) = 2-^^(l-i + ^-i + "-) 

anti compute for p = 1.01 with the aid of five-place tables. 


22. If an infinite series converges absolutely, show that any infinite series the 
terms of which are selected from the terms of the given series must also converge. 
What if the given series converged, but not absolutely ? 


23. Note that the proof concerning term-by-term integration (p. 482) would not 
hold if the interval were infinite. Discuss this case with especial references to 
justifying if possible the formal evaluations of Exs. 12 (a), (5), p. 439. 


24. Check the formula of Ex. 17 by termwise integration. Evaluate 


i r*e ^J^(bu)du = 1 - + M ^ (1 + 

X t/0 A I 

by the inverse transformation. See Exs. 8 and 16, p. 399. 
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171. The trigonometric functions. If m is an odd integer, say 
Vi. = 2 ?i -f- 1, He Moivre’s Theorem (§ 72) gives 


sin mff> 
m sin 


= eos^” <l> — 


(m — 1) (m — 2) 

3! 


^os^n-2^ sin^ <f> ~\ , 


( 1 ) 


where by virtue of the relation cos^ <#» = 1 — sin“ the right-hand mem- 
ber is a polynomial of degree n in sin^ From the left-hand side it is 
seen that the value of the polynomial is 1 when sin (^ = 0 and that the 
71 roots of the polynomials are 

sin* TT /m, sin* 2 nr fm^ • • • , sin* mrfm. 

Hence the polynomial may be factored in the form 

sin mff> _ A _ sin*<^ \ A _ sin* </> \ _ <l> \ ^2) 

wsm</» \ sin*7r/m/\ sin*2 7r/my \ sin*n7r/m/ 

It the substitutions = x/m and = ix/m be made, 

sin X _ / _ sin* x/m \ A _ sin* x/m \ A __ sin* x/m \ ^ ^ 

m sin x/m sin*7r/m/\ sin*27r/m/ \ sin*n7r/my 

sinh X _ /-j , sinh*x/??^ \ A sinh*x/m \ A sinh* x/ m \ ^ 

msinhx/m \ sin*7r/m/\ sin*27r/m/ \ sin*7i7r/m/ 

Now if m be allowed to become infinite, passing through successive 
odd integers, these equations remain true and it would appear that the 
limiting relations would hold ; 



since 



sill X ^ X JT 1 1 


sinh X — xTT ll '{■ 


would be found. As the theorem that the limit of a product is the prod- 
uct of the limits holds in general only for Unite products, the process 
here followed must be justified in detail. 

For the justification the consideration of sinh x, which involves only positive 
quantities, is simpler. Take the logarithm and split the sum into two parts 


m sinh — ^ 

m 


•=^iog(l + 


. „ /CTT 

sin^ — / p + 1 


tlog 1 + 


sinh2 — 


As log (1 + a:) < or, the second sum may be further transformed to 


BzzVlOg 1 + . 
p+i \ 


sinh^ — \ sinh2 — 


< 'V an z= sinh^ — ^ — i— . 

^ %Tisin2^ 


p+t sin^- 


Now as n < i m, the angle kw/m is less than I tt, and sin f > 2 ^/tt for ^ J tt, by 
Ex, 28, p. 11. Hence 


R<sinh2- > — -=:__sinh2— > -- < — sinh*— / . 

m 4 4 m ^ 4 mJp 




< — sinh*—. 

kir 4p m 


Now let m become infinite. As the sum on the left is a finite, the limit is simply 

then follows easily by letting p become infinite. Hence the justification of {4') 

By the differentiation of the series of logarithms of (5), 

. sin x ^ \ . sinh x ^ \ /a\ 

log — =2log^l-^j, + (6) 

the expressions of cot x and coth x in series of fractions 


^ 1^2x 1 ^ ^ 2x 

cot » = > V a; = - + > — s 


( 7 ) 



uniformly. For the hyperbolic function the uniformity of the conver- 
gence follows from the i)f-test 

and 2 :^ converges. 


The accuracy of the series for cot x may then be inferred by the substi- 
tution of ix for X instead of by direct examination. As 


-2x 1,1 . ^ 1 

— p , (iQt 33 = > — . 

h^TT^ — X? X — kir X -f- kir ^ 


( 8 ) 


111 this expansion, however, it is necessary still to associate the terms 
for h — and — for each of the series for 7c > 0 and for 
/c < 0 diverges. 

172, In the series for cothcc replace xhj \x. Then, by (22), p. 447, 




( 9 ) 


If the first series can be arranged according to powers of x, an expres- 
sion for £ 2 , will be found. Consider the identity 

^ n-1 / f\n 

which is derived by division and in which ^ is a proper fraction if t is 
positive. Substitute t == £cY4 hV j then 

»-i / \p / y2 Y* 


4 7s V® + 




Let 


|coth| - 1 = - 2 ”^ - 2 0 ' 


* The 0 is still a proper fraction since each is. The interchange of the order of 
summation is legitimate because the series would still converge if all signs were positive, 
since is convergent. 


j . 2/9 


Hence 

and 


X 

2 ' 


-^2/> ■ 

X 


^ X X 

2 If 1 2 2 

(10) 

'' (2 7r)“" 

(11) 

«~1 ry.2 71 

(12) 


The desired expression for is thus found, and it is further seen 
that the expansion for ^ x coth ^ x can be broken off at any term with 
an error less than the first term omitted. This did not appear from the 
formal work of § 170. Further it may be noted that for large values of 
n the numbers are very large. 

It was seen in treating the T-function that (Ex. 17, p, 385) 

log r (ri) = log n — n-^ log V2 tt + <*> 

where <o (?i) = ^ ^ coth ^ ^ * 


As 



x^Pe^^dx 



x^Pe'~^dx 


r(2i?-f 1) 


2p ! 


the substitution of (12), and the integration gives the result 


1-2 ^ 3-4 ^ ^( 2 j?- 3 )( 2 iJ - 2 ) ^ ( 2 ja — 1 ) 2 ^? 


( 13 ) 


For large values of n this development starts to converge very rapidly, 
and by taking a few terms a very good value of can be obtained ; 
but too many terms must not be taken. Compare §§ 151, 154, 


EXERCISES 


1 . 


Prove cos x = 


sin 2 a: 
2sinx 



4x2 \ 

(2 k + l)27r2/ 


2 . On the assumption that the product for sinhx may be multiplied out and 
collected according to powers of x, show that 


, , ^ 1 7r2 




90 ’ 


= «*= “ay equal i 
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3. By aid of Ex. 21 (6), p. 452, show : (a) 1 + 1 + i + 1 . _ 

' 22 32^4“ «■’ 




_1_ l_j_ 

22 32 42 + ■ “ - : 

( 1 \ + •» 

X — - t) = — "V __l__ 

2 / + 

w cscx = - (cot? + tan =y Izil! = .^ V <" 

^ 2/^x-4:7rx^x2— jfc 27 r 2 ’ 

6. From + + 


, 1 4- » (iic 7r2 


5. I'rom tan x 


show cscx = - ^cot| 4- tan 


X TT^ VXi ’ for a = 1 by Ex. 21, p. 462. 

7. If « i.s a proper fraction .so that 1 - a is a proper fraction, show 

X i+a ~^a-k~fi T+i ’ ^^^X 

8. When n is large B^n = (— I)”-* 4 approximately (Ex. 13). 

9. Expand the tenns of - coth 2 = 1+^ i kh^ + division when x < 2 tt 

and rearrange according to powers of x. Is it easy to justify this derivation of (II) 9 

10. Find w'{n) by differentiating under the sign and substituting. Hence get 

TM = ± _ A _ A _ . . . _ ^ 

r (?i) 2n 2n2 4n^ (2 p — 2) 9i2i> - 2 2pn^2f' 

1 1 r (^) /* 1 1 — ti*"-! 

F(n) Jo ~i- a ' ^ ” ‘® “d^®Sral, 

^ ,.,11 1 

j^+T, = l + - + - + ... + _. and 7 = = 0.6772156849... 

by taking n = 10 and using the necessary number of terms of Ex. 10. 

12. Prove log r (?i 4- i) = ti (log n — 1) + log V2 tt 4- (n), where 


“ £ 00 (x ” j""" f ’ ^ (n) -- 0, (2 n), 
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THEORY OF FUNCTIONS 


13. Show n! =: V2 irn or (~^~) 


24n + 12 


Note that 


results of § 149 are now obtained rigorously. 

n — I V I 

I — 

14. From - 

1 — P-^X 

0 

of § 149, prove the expansions 
d2 


« — 1 __ V 1 


P- (n -l).r 

^ ^ and the formi 

X 


(«) 




(,) 1.6 r (. + ., + r. . I g - . (.) = «■ ft (i . 3 


r(n + l) 


173. Trigonometric or Fourier series. If the series 


00 

f(x) = i cos kx + siii kx) 

1 

= i + c^i cos sc + cos 2 sc -f % cos 3 sc 4 


-f sin sc -f- Z >2 sin 2 sc -f- />g sin 3 sc -I 

converges over an interval of length 2 tt in x, say 0 ^ x < 2 tt 
— TT < sc ^ TT, the series will converge for all values of x and will 
fine a x^eriodic function /(sc + 2 tt) = /(sc) of period 2 tt. As 



cos kx sin fojc^sc 


= 0 


and 



cos kx cos lx 
sin kx sin 


c?sc = 0 or TT (; 


according as A; =?<^ ^ or Aj = Z, the coefficients in (14) may be determii 
formally by multiplying /(sc) and the series by 


1 = cos 0 Xj cos sc, sin sc, cos 2 sc, sin 2 sc, • • • 

successively and integrating from 0 to 2 tt. By virtue of (15) each 
the integrals vanishes except one, and from that one 


1 /^2ir ^ ^2ir 

= ” I /(a?) cos kxdx^ l>k^~ I /(^) ^ 

*>'0 Jo 

Conversely if /(sc) be a function which is defined in an interval 
length 2 tt, and which is continuous except at a finite number of poi 
in the interval, the numbers aj^ and 5^ may be computed according 
(16) and the series (14) may then be constructed. If this series c 
verges to the value of /(sc), there has been found, an expansion off 

over the intp.rvfl.! frnm A 9 m. i-r. « nrp fi'miTieJV S6TU 


assumed that the function may be represented by the series, that the 
series may be integrated, and that it may be differentiated if the differ- 
entiated series converges. 

For example let be developed in the interval from 0 to 2 tt. Here 


\ piTT \ p^Ttk t Qk n 

= - / ea: cos kxdx = ~ j ^ cos ydy ~ — ( - 
TT Jq kir Jq tt \ 


/A:siny + cosy' 


or 


_e27r , ak = 

TT 7r 


1 

p2v 

and 

bk = - 

1 sin kxdx = - 


TT 

Jo 

Hence 

Tre® 

1 1 


■ “ + 7;; r COSX 4 : 

e2ir _ 1 “■ 

2 1 * + 1 ! 


_ gZTT 

TT 4- 1 TT A:? 4 1 


& 24 I 7rA:2 4l 


cos 2 a; 4 • 


- cos 3 a; 4 • 


12 3 

sin.x sin 2 X — sin 3 as 4 . • . . 

12 41 2*41 32 41 

This expansion is valid only in the interval from 0 to 2 tt ; outside that interval the 
series automatically repeats that portion of the function which lies in the interval. 
It may be remarked that the expansion does not hold for 0 or 2 tt but gives the 
point midway in the break. Note further that if the series were differentiated the 
coefficient of the cosine terms would be 1 4 1/A;2 and would not approach 0 when 
k became infinite, so that the series would apparently oscillate. Integration from 
0 to aj would give 

— 1 . 1 . . 1 sin2ic , 1 sin 3 x , 

gii’r-l + 1 ®“*’^ 2 ® + 1 2 "^32 + 1 3 

4 — - — cos X 4 — cos 2 X 4 -r^— cos 3 x 4 ‘ , 

12 41 22 41 32 41 

and the term ^ x may be replaced by its Fourier series if desired. 


As the relations (15) hold not only when the integration is from 0 
to 2 TT but also when it is over any interval of 2 tt from a: to cc -4 2 tt, 
the function may be expanded into series in the interval from a to 
4 2 TT by using these values instead of 0 and 2 tt as limits in the 
formulas (16) for the coefficients. It may be shown that a function 
may be expanded in only one way into a trigonometric series (14) valid 
for an interval of length 2 tt ; but the proof is somewhat intricate and 
will not be given here. If, however, the expansion of the function is 
desired for an interval a <, x <. p less than 2 tt, there an infinite 
number of developments (14) which will answer; for if ^(x) be a 




X u is x luis d 


function which coincides witli /(x) during the interval a < x < 
over which the expansion of /(.r) is desired, and which has any value 
whatsoever over the remainder of the interval < « + 2 tt, the 

expansion of ^ (x) from «: to «: + 2 tt will converge to /*(’^) 
interval a < x < jS, 

In practice it is frequently desirable to restrict the interval over 
which /(x) is exi)anded to a length tt, say from 0 to tt, and to seek an 
expansion in terms of sines or cosines alone. Thus suppose that in the 
interval 0 < x < tt the function ^(x) be identical with /(x), and that 
in the interval — tt < x < 0 it he equal to /(•— x) ; that is, the finus 
tion <!> (x) is an even fune.tion, </> (x) = <j!) (— x), which is equal to /(x) 
in the interval from 0 to tt. Then 


X + 7r ^ir ^TT 

<f> (x) cos kxdx = 21 cos kxdx = 21 f (x) cos hxdx^ 

TT Jq Jf) 

X + w pir 

(x) sin kxdx = I (x) sin kxdx — I sin kxdx = 0. 

^ Jo Jo 


Hence for the expansion of <jf)(x) from — tt to + tt the coefficients all 
vanish and the expansion is in terms of cosines alone. As /(x) coin- 
cides with <l> (x) from 0 to tt, the expansion 


/(^) ff;bCos kXf = — j f(x) cos kxdx (17) 

terms of cosines alone, and valid over the interval from 0 to 
TT, has been found. In like manner the expansion 


/(x) sin 7rx, b^=:—J f(x) sin kxdx (18) 

in term of sines alone may be found by taking <^(x) equal to/(.x) from 
0 to TT and equal to — /(— x) from 0 to — tt. 


Let be developed into a series of sines and into a series of cosines valid over 
the interval from 0 to tt. For the series of sines 


or 

Also 


2 r^l , 
fi=- -xsi 
TT Jo 2 


sin kxdx = — ^ 5 
k 2 


oo 


sin 

~ir~ 


J X = sin X — ^ sin 2 X + I sin 8 X — J sin 4 X 4- • • • . 

2 ^ 2 fo.fceven 

“o — — I = - / -xcosfcc(ix=J 2 

vJo ‘2 2 ttJo 2 I 


Trk 


k odd. 


(A) 



= 1 - cosa; — J(l — cos2x) + i(l- cos3a:) — 3 ^( 1 — cos4») + . . . 


TT 2 r . 

= - X SI 

4 ttL 


. sinSx cos5x 

sin X H 1 + . 

38 63 


These are not yet Fourier series because of the terms ^irx and the various I’s. For 
^ TTX its sine series may be substituted and the terms 1 — J ^ may be col- 

lected by Ex. 3, p. 457. Hence 



b" = I[(t" " T + (li “ p) " T + • • •] • (®') 

The differentiation of the series (A) of sines will give a series in which the individual 
terms do not approach 0 ; the differentiation of the series (B) of cosines gives 


J TT = sin X + -} sin 3x+^sin5xH- ) sin 7 x -1- • • • 

and that this is the series for 7r/4 may be verified by direct calculation. The differ- 
ence of the two series (A) and (B) is a Fourier series 


m=l- 


2 

'ttL 


. cos 3 x . 

cos* +^5- + ' 


1 r • sio 2x . “1 


(C) 


which defines a function that vanishes when 0 < x < tt but is equal to — x when 
0 > X > — TT. 

174 . For discussing the convergence of the trigonometric series as formally 
calculated, the sum of the first 2 71-1-1 terms may be written as 


•j /.27rr-| “1 

/S„ = - I - H- cos (i — x) + cos 2 (t — x) -1- . . . -f cos 71 (t ~ x) f(l) dt 
ttJo i2 J 


sin (2 71 -f 1) ^-7” 

1 /*2rr ^ 2 


=-/ 

TT t/0 


2 sin 

2 


f{l)dt = l fl ^/(x + 2u) 


sin (2 H 4-l)u 


du, 


siiiu 



definite integrals (10) by t to avoid confusion, then summing by the formula of 
Ex. 9, p. 30, and finally changing the variable to u = \ — x). The sum is 
therefore represented as a definite integral whose limit must be evaluated as n 
becomes infinite. 

Let the restriction be imposed upon /(x) that it shall be of limited variation in 
the interval 0 < x < 2 tt. As the function /(x) is of limited variation, it may be 
regarded as the difference P(x) — N{x) of two positive limited functions which 
are constantly increasing and which will be continuous wherever f{x) is continu- 
ous {§ 127). If /(x) is discontinuous at x = Xq, it is still true that/(x) approaches 
a limit, which will be denoted by /(Xq — 0) when x approaches Xq from below ; for 
each of the functions P(x) and A‘(x) is increasing and limited and hence each 
must approach a limit, and /(x) will therefore approach the difference of the limits. 
In like manner /(x) will approach a limit /(x^ + 0) as x approaches from above. 
Furthermore as /(x) is of limited variation the integrals required for ajk, b* will 
all exist and there will he no difficulty from that source. It will now be shown that 

*0 

liinS„(i„) = Urn i fl~^/(Xo+ =1 [/(®o + 0)-/(a:„ - 0)]. 

n =: OQ n =s <» TT «/— — sin U Z 


This will show that the series converges to the function wherever the function is con- 
tinuous and to the mid-point of the break wherever the function is discontinuous. 


Let /(K„ + 2 u) + 2 u) 


Sin 74 


sin (2 n + I) u „ , . sin ku 


then /S„(XQ)=:i T ^ F{u) ^^^- du = - f P (w) du, — tt < CK 0 < b < tt. 

TTt/— ^ U Trda U 


As f(x) is of limited variation provided — 7r<a^i4^b<7r, so must /(x^ + 2 u) 
be of limited variation and also F(u) = uf/sinu. Then F(u) may be regarded as 
the difference of two constantly increasing positive functions, or, if preferable, of 
two constantly decreasing positive functions ; and it will be sufficient to investigate 
the integral of F(u)u-'^ sin ku under the hypothesis that F(u) is constantly de- 
creasing. Let n be the number of times 2‘7r/A; is contained in b. 


I 

Jo 


sin feu 
u 


du ; 


=/. 


47r 

+ft +■ 




2 nir 

T 


. sinA;w , 
F{u) du 




, sinfeic 


du. 


As F{u) is a decreasing function, so is w~iP(u/A:), and hence each of the integrals 
which extends over a complete period 2 tt will be positive because the negative ele- 
ments are smaller than the corresponding positive elements. The integral from 
2n7r/k to b approaches zero as k becomes infinite. Hence for large values of fc, 


sin ku 


,sml 
F(u) 

0 14 




^p^^/u\ sin 14 


P - 

\k, 


u 


-du, 


p fixed and less than n. 


, . ^ , sin /cu , 

Again, / F{u) du - / + I + I 

Jo .li Jo Jv Jbtt 

J r.(2«-l)7r 

jf 

(2n-3)7r 


4-...+ 


“ du -f -F (h) 


sin ku 


dll. 


IItn*e all the terms except the first and last are negative because the negative ele- 
nients of the integrals are larger than the positive elements. Hence for k large, 



Sin/cU, /*(2/j-l)Tr /tiVgiim 

du< I i?’ U du, 

u Jo \k/ u 


p fixed and less than n. 


In the inequalities thus established let k become infinite. Then u/k:==0 from 
above and F(u/k) = F(H- 0). It therefore follows that 


T-., /*<2p“i)^smu , . smfcu 

jp’(4- 0) I du< hm ( F(u) 

Jo U k=coJ0 u 


-au > .r 


’’Jo 


Although p is fixed, there is no limit to the size of the number at which it is fixed. 
Hence the inequality may be transformed into an equality 

Ita rV(«)“(iw = i*’(+0)r"?l^l^du = ^ir(+0). 

^«=«,Jo ' u ^ 'Jo u 2 

Likewise lim f V(«) = F(- 0) F ^du = 0). 

t = «Ja ' U 'Jo 74 2 

Hence lim f V(«) — ^ [F(+ 0) + J’(- 0)] 

k=seo Ja U 2 


or limi ^ f(x, + 2 u) ^ du = 1 [/(x, + 0) +/(», - 0)]. 

n =:= CO TT J—-X Sin U 


Hence for every point in the interval 0 < » < 2 tt the series converges to the 
function where continuous, and to the mid-point of the break where discontinuous. 

As the function f(x) has the period 2 it, it is natural to suppose that the con- 
vergence at a; = 0 and x = 2 tt will not differ materially from that at any other 
value, namely, that it will be to the value ^ [/(+ 0) 4-/(2 tt — 0)]. This may be 
shown by a transformation. If k is an odd integer, 2 u -f 1, 


sin (2 n + 1) u = sin (2 w -f 1) (tt — u) = sin (2 n + 1) u', 


T . sin{2 7i + l)u - 

lim I F(u) — ^ dw = lim 



sin (2n -b l)u^ 
u' 


du' = ~F{u'=^ + 0). 


Hence lim f >(„) = lim ['+ F =^IF{+ 0) + F(w ~ 0)]. 

n =«3 Jo U n = oo Jo Jb 2 


1 . sm (2n 4- l)u , , ., 

Now for x = 0orx = 27r the sum Sn = - I /(2 u) : du, and the limit 

TT Jo sin u 

will therefore be i [/(4- 0) +/(27r - 0)] as predicted above. 

The convergence may be examined more closely. In fact 


1 u sinfcu , 1 .sinfcu, 

5„(x) = - / ^f{x + 2u)~: du=- I F(x,u)-~—du. 


2 7 r//t is contained in tt - j p. Then tor ah values or xm p, 


I du + €</ F(x,u)~ 

Jo \ k/ u Jo 


sin ku 


da 


j ^iprr w\ sinw , , 

' ^(* 17 ) du^-\ 

0 \ kj u 


p<n, 


where e and 7 } are the integrals over partial periods neglected above and are iini- 
fonnly small for all j*’s of a ^ x ^ ^ since F(x, u) is evei-ywhere Unite. This 
shows that the immbcu' p may be chosen uniformly for all x’s in the interval and 
yet ultimately may he allowed to become infinite. If it be now assumed that /(x) is 
contiimoiis for rr ^ x ^ p, then F{x, u) will be continuous and hence uniformly 
continuous in (x, ti) for the region defined by a ^ x ^ ^ and •— Jx^'u. = 7r — Jx. 
Hence F{x^ u/k) will converge uniformly to F{x^ + 0) as A becomes infinite. Hence 


F{x, + 0) r" — ''du + e'< r 

Jo u 


< F(x, + 0)1“ 


where, if 5 > 0 is given, K may be taken so large that je'l <5 and I'j?'! < 5 for k>K; 
with a similar relation for the integration from a (x) to 0. Hence in any interval 
0 <or^xSi 3 < 27 r over wliich /(x) is continuous S»(x) converges uniformly 
toward its limit /(x). Over such an interval the series may be integrated term by 
term. If /(x) has a finite number of discontinuities, the series may still be inte- 
grated term by term throughout the interval 0^x^27r because Sn(x) remains 
always finite and limited and such discontinuities may be disregarded in integration. 


EXERCISES 

1. Obtain the expansions over the indicated intervals. Integrate the series. 
Also discuss the differentiated series, Make graphs. 


(a) — — — = i — -cosx + -cos2x — i<cos3x + -^co?4x— • • • 
^ ^ 2smh7r 2 2 6 10 17 

12 3 4 

- sin X sin 2 X H sin 3 x sin 4 x + • • • , 

2 5 10 17 


— TT to + IT, 


. 4 ri cos2x cos 4 

(5).s.nx = -|_-- — 


• J , 0 to TT, 


(P) Jtt, as sine series, 0 to tt, (y) Jtt, as cosine series, 0 to tt, 

cos 4 X cos 6 X 
^5 6.7 

(c) cosx, as sine series, 0 to tt, (f) e^, as cosine series, 0 to tt, 

{ t }) X sin X, — TT to TT, ( 9 ) X cosx, — tt to tt, (t) tt -f X, — tt to TT, 

(/c) sin^x, — ?r to TT, ^ fractional, (X) cos^x, — tt to tt, ^ fractional, 

U) fix) = I i ® {•') /(») - r i ^ as a sine series, 0 to ir, 

\0, ir<®<2ir, W ^ ^ ,r <x<'7r, 

( x\ 111 

2 sin - 1 = cos X 4- - cos 2x + -cos3x + - cos 4 x + • • • , 0 to ir, 

2/ 2 3 4 


tor an odd function tor which /(x) =/(7r — x)? for an even function for which 
/(x)=:/{7r-x)V 


3. Show that /(x) = with bk = - f /(x) sin dx is the trigo- 

^ c c Jo c 

nonietric sine series for/(x) over the interval 0<x<c and that the function thus 
ileiined is odd and of period 2 c. Write the corresponding results for the cosine 
series and for the general Fourier series. 

4. Obtain Nos. 808-812 of Peirce’s Tables. Graph the sum of Nos. 809 and 810. 


5. Let e{x) = f(x) ~ cos x — On cos nx — sin x bn sin nx 

be the error made by taking for/(x) the first 2 4- 1 term.s of a trigonometric series. 

1 

'L’lie mean value of the square of c(x) is — i [e(x)Ydx and is a function 

2 TT j— TT 

F{a,j, an, & 1 , •••, &n) of the coefficients. Show that if this mean square 

error is to be as small as possible, the constants Uoi * ' ’ » ’ • • ? must be 

precisely those given by (16) ; that is, show that (16) is equivalent to 

= = = 0 

da^ da^ dan S&i dbn 

6. By using the variable X in place of x in (16) deduce the equations 

f^x) - (X) cos 0 (X -'x) ^ ^ "/(x) cos A; (X - X) d\ 

- —V f f{x)e*^<^dx; 

” 1 2 TT 

and hence infer /(x) =2^ ^ J /(®) 

“ CO 

7. Without attempting rigorous analysis show formally that 
r*0(a:)da= lim [... + 0(-. n.Anr)Aa+0(—n + l-Aa)Au; + ..• + (?!>(-. l.Acr)Aa 

d-oo Aa: = 0 

+ 0 ( 0 - Acir)Aa + 0(1 • Aa)Aa + . • • + 0 ( 71 - Aa)A<x + • • *] 


■ bn sin }ix 


= lim ^ = lim ^ 0 ~ ■ 


TT, 

e ^ — CtX 


is the expansion of /(x) by Fourier series from — c to c. Hence inter that 







8. Assume the possibility ot expanding / (ai) Detween — i ann -t i as a wunea 
Legendre polynomials (Exs. 13-20, p. 262, Ex. 16, p.440) in the form 

/(X) = aoPo(x) 4 * W + (^ 2^2 W + • • * + (») + •••• 

By the aid of Ex. 19, p. 258, determine the coefficients as ctjfc = — 

For this expansion, form e(x) as in Ex. 5 and show that the determination of the 
coefficients ai so as to give a least mean square error agrees with the determi- 
nation here found. 

9. Note that the expansion of Ex. 8 represents a function f{x) between the 
limits ± 1 as a polynomial of the nth degree in x, plus a remainder. It may be 
shown that precisely this polynomial of degree n gives a smaller mean square error 
over the interval than any other polynomial of degree n, Por suppose 

(Jn(x) = Cq + CjX + • • • + c„x” = 60 + + 1 - 

be any polynomial of degree n and its equivalent expansion in terms of Legendre 
polynomials. Now if the c’s are so determined that the mean value of [/(x) — f/n(x)]^ 
is a minimum, so are the 6’s, which are linear homogeneous functions of the c’s. 
Hence the ii’s must he identical with the a’s above. Note that whereas the Maclaurin 
expansion replaces /(x) by a polynomial in x which is a very good approximation 
near x = 0, the Legendre expansion replaces /(x) by a polynomial which is the 
best expansion when the whole interval from — 1 to -h 1 is considered. 

10. Compute (cf . Ex. 17, p. 262) the polynomials = x, Pg = “ i 

= tx 8 , P 4 = I - p, = - -y 

X I 2 / 6 \ 2 

x^ sin TTxdx = 0, - ( 1 ), 0, - , 0 when i = 4, S, 2, 1, 0. Hence shov^^ 

-1 7 r\ TT 

that the polynomial of the fourth degree which best represents sin ttx from — * 1 
to + 1 reduces to degree three, and is 

sin-TTX = -x — A /5 x8 — ?x^ r= 2.69x — 2,89x». 

TT ttW^ /\2 2 ) 

Show that the mean square error is 0.004 and compare with that due to Maclaurin’^^ 
expansion if the term in x* is retained or if the term in x^ is retained. 

11 . Expand siniirs: = 1? P. _ 15? /I? _ l) P. = 1.663® — 0.662®». 

2 * TT® VtT* / 


12. Expand from — 1 to + 1, as far as indicated, these functions : 


(“) 

cos TTX 

to 

P 4 . 

(« 

e® 

to 

p.. 

(y) 

log (1 + x) 

to 

P 4 . 

(«) 

Vl-»2 

to 

p.. 

(0 

cos -lx 

to 

P 4 , 

(f) 

tan “lx 

to 


(’I) 

1 

to 

p., 

(0) 

1 

to 

p.. 

( t\ 

1 

to 

p«. 

Vl + X 

8 » 


Vl — x2 



VT+ x2 

■^8' 


What simplifications occur if /(x) is odd or if it is even ? 



period 2 tt may be expanded into a trigonometric series ; that if the 
function is odd, the series contains only sines; and if, furthermore, 
the function is symmetric with respect to a; == ^ tt, the odd multiples 
of the angle will alone occur. In this case let 

/ (jT.) = 2 sin X — sin 3 x H 1- (- 1)” a,, sin (2 ti + 1) x H ]. 

As 2 sin nx = — i the series may be written 

/(*) = 2 ^ (- 1)X sin (2 « + l)a; = - i V (- a_„ = 

This exponential form is very convenient for many purposes. Let ip 
be added to x. The general term of the series is then 

^ 7i ^ (27 j 1) 2 71 -|- 

Hence if the coefficients of the series satisfy the new 

general term is identical with the succeeding term in the given series 
multiplied by — Hence 

/(x + /(x) if a„_i = 

The recurrent relation between the coefficients will determine them 
in terms of a^. Eor let q =: e'~P, Then 

== = . . . = a^q^-q^-'^ . . . 

^0 = a_i = a^^q-^ = a^^q^^q-^ = . . . = 

The new relation on the coefficients is thus compatible with the original 
relation = a^_^. If = q^^ the series thus becomes 

/(x) =: 2 sin X -- 2 sin 3 X + • • • + (- 1)” 2 q^^^ ” sin (2 + 1) x + • • • , 

/(x + 2 tt) =/(x), /(x + tt) = — /(x), f(x ^ip) = -^ 

The function thus defined formally has important properties. 

In the first place it is important to discuss the convergence of the 
series. Apply the test ratio to the exponential form. 

^n+iA« == 

Tor any x this ratio will approach the limit 0 if g' is numerically less 
than 1. Hence the series converges for all values of x provided |< 7 | < 1. 
Moreover if |a;| < the absolute value of the ratio is less than 
which approaches 0 as becomes infinite. The terms of the series 
therefore ultimately become less than those of any assigned geometric 



( 19 ) 


By a change of variable and notation let 


// (ii) = 2 sin - 2 sill 


+ 2 sin ^ 


2/C 


... (20) 


The function // called eta of u, has therefore the properties 

iir 

II {a + 2K)=- H{u), H{xi, + 2 iK’) = - (21) 

inTT 

//(n + 2 mJT -f 2 inK') = (— H(u')j m, n integers. 


The quantities 2 K and 2 iK* are called the of the function. They 

are not true periods in the sense that 2 tt is a period of f(x ) ; for when 
2 K is added to u, the function does not return to its original value, but 
is changed in sign j and when 2 iK* is added to the function takes 
the multiplier written above. 

Three new functions will be formed by adding to u the quantity K 
or IK* or K -|- iK*^ that is, the half periods, and making slight changes 
suggested by the results. First let (u) ^ H(u K). By substitution 
in the series (20), 


(m) = 2 cos ^ + 2 cos + 2q^ cos + 


5 TTU 


( 22 ) 


By using the properties of H, corresponding properties of 

irt 

//, (74 + 2 /T) = - {u), (76 + 2 iK*) ='-f q-^e W. (2*^) 

are found. Second let IK* be added to u in H(u). Then 

i(2n + l)2 (2«+l)^(u + tiro nHn + i _rr(n + ^):^' (2n + l)^u 

q e “!/ ^ ^ e 

is the general term in the exponential development of H {it -p iK*) 
apart from the coefficient ± i. Hence 


H{u. + iK’) = i (- l)"y”'~^fi 

— oo 

, Tfi 00 _ ^ Tti 

• ”*2^" V' / 

= '^9 ^ ^ 1 ) </ ^ • 


The development of 0 {u) and further properties are evidently 
®{u) = l~2q cos YJ[ + 2 cos - 2 2 '’cos + • • •, (24) 


+ 2K)-®{u), @ (m H- 2 tiiT') = (25) 

finally instead of adding K + tiiT ' to in (iC)^ add iiC in @ {u). 

^ / V ^ ^ 2 TTZ^ . « A 4: TTU , ^ O 6 'TT-Zt , 

@j(m) = 1 4- 2 2 ’ cos + 2 2 -^ cos + 2q^ cos + • • • . (2b) 


®j(m + 2 if) = ®j(m), ®,(w + 2 iJC') = 4- 2~‘6~Jr“ ®j(m). (27) 


Por a tabulation of properties of the four functions see Ex. 1 below. 

176. As H(u) vanishes for 2 ^ = 0 and is reproduced except for a 
Unite multiplier when 2 mK + 2 nlK' is added to u, the table 

H (u) = 0 for u=^2 mK + 2 niK\ 

H^{v) = 0 for 'W = (2m4-l)A'd-2 7iiK\ 

© = 0 for u -=2 mK + (2 w -h 1) 

©j(%) = 0 for w = (2 m + 1) A 4- (2 71 4“ 1) iK\ 

contains the known vanishing points of the four functions. Now it is 
possible to form infinite products which vanish for these values. From 
such products it may be seen that the functions have no other vanish - 
ing points. Moreover the products themselves are useful. 

It will be most convenient to use the function Now 

^'^Pmjr+^+Zm-^' + iX-O ^ _ ^(2n+l)^ - 00 < M < 00 . 

in in 

Hence ex“ 4- y-( 2 «+i) and e 72 . ^ 0, 


are two expressions of which the second vanishes for all the roots of 
for which n ^ Oj and the first for all roots with n < 0. Hence 

oc / in \ / inu\ 

TT = C H (1 + 4- 

is an infinite product which vanishes for all the roots of The 

product is readily seen to converge absolutely and uniformly. In par- 
ticular it does not diverge to 0 and consequently has no other roots 
than those of ®^(u) above given. It remains to show that the product 
is identical with with a proper determination of C. 


0(2) = ei(u) = 1 + y + ... + (•;»’ ^2» + +.. ., 

<p(z)= 0-*Tr(M) = (l+ (?2) (1 + ?“z) (1 + g®z)- • •(! + }2n-lj.). . . 


A direct substitution will show that 0 (q^z) = q-'^z-^<f> (z) and ^|/ (q^z) =: q-'^z- ^ 0 (2). 
In fact this substitution is equivalent to replacing m by w -f 2 iK' in Next con- 
sider the first 2 ti terms of 0(2) written above, and let this finite product be 0 h( 2^)* 
Then by substitution 

(g2n 4. qz)^pn(q’^z) = (1 + q^^^^z)^ri(z). 

Now i/n{z) is reciprocal in z in such a way that, if multiplied out, 


^»(z) = + ^) + • • • + + ^)> = 3 "’' 


n , n 

Then (g2» 4. qz) V ai(q^iz^ + = (14- + V Uiiz^ + 

0 V 

and the expansion and equation of coefficients of gives the relation 


^2i*-l(l_^2»-2i + 2) g2n-2A. + 2) 

7 -TTTTT OV Qi = 

U (1 --.g2n + 2* + 2) 

A; = 0 


1 «. fy2n + 2i 

w. — 1 n — f 


From On = oto = - 


U (1_ ^2n + 2A- + 2) 


TT 


a, = - 


TT {l-^2n + 2;+2l:) 

fc=zl 

TT'(l-g2A:) 
k=l 


Now if n be allowed to become infinite, each coefficient at approaches the limit 


O 1 

Hence (u) = JT (1 — ") • TT (l + 9^ ” + “) (l + g2 n + ie~ 

1 0 

provided the limit of \l^n{z) may be found by taking the series of the limits of the 
terms. The justification of this process would be similar to that of § 171 . 


The products for (d, H may be obtained from that for ©j by sub- 
tracting iK\ K -f iK^ from u and making the needful slight altera- 
tions to conform with the definitions. The products may be converted 
into trigonometric form by multiplying. Then 

JI{u) — C2q^ sin ^ it — 2 cos (28) 


Y JJJUV/X Jl. IO 


X 


i?i(M) — C2qi COS + 2 {■=’• cos 

®(?«) = C y ^1 - 2 y“»+i cos ~ + 

®^(u) = C ^ ^1 + 2 cos 

c = Y(i-?^") = (i-0 (i-?0(i-?')---, 

//j(0) =C2qi IT (1 4- ^’'■")^ ® (0) = C TT (1 - q^o+^y, 

1 0 ^ 

//'(O) = c 2 ^ it (1 - </“ ’•)2, ®^(0) = c it (1 4- ?" " + ‘y. 

The value of H'(0) is found by dividing H(u) by u and letting == 0. 
Then 

ff'(0) = 2^i?,(0)®(0)®^(0) (33) 


(29) 

(30) 

(31) 

(32) 


follows by direct substitution and cancellation or combination. 

177. Other functions may be built from the theta functions. Let 


®(K) ®j(0) 


v^=^, 

®x(0) 



sn 11 = 


1 H(n)^ 

Vk ®(«)’ 



k' H^(u) 
k ^(u) ^ 


dni^ = 



• (35) 


The functions sn Uy cn Uj dn u are called elliptic functions* of u. As H 
is the only odd theta function, sn u is odd but cn u and dn u are even. 
All three functions have two actual periods in the same sense that sin x 
and cos x have the period 2 tt. Thus dn u has the periods 2 K and 4 ilC 
by (25), (27); and snt^ has the periods 4 A and 2 tA' by (25), (21). 
That cn u has 4 K and 2 A + 2 as periods is also easily verified. 
The values of u which make the functions vanish are known ; they are 
those which make the numerators vanish. In like manner the values 
of u for which the three functions become infinite are the known roots 
of ©(u). 

If q is known, the values of and VT' may be found from their 
definitions. Conversely the expression for 
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is readily solved for </ by reversion. If powers of q higher than the 
first are negletited, the approximate value of y is found by soluticm, as 

1 1 - VP q + v° + • 

^14- VP 1 — 2 y'* + ■ 


= y-2/4-6y’' + --- 


1 1 - V/d 2 

Hence q = 7i — — Tri + JTb 


1 - VPV , 16 /i - V;£ 


2i+ VP ' 2^Vn-VP/ 2 »Vi + Va 


+ 


/p; 


+■ 


(37) 


is the series for q. For values of k' near 1 this series converges with 
great rapidity, in fact if ^ /c' > 0.7, VP > 0.82, the second term 

of the expansion amounts to less than 1/10® and may be disregarded 
in work involving four or five figures. The first two terms here given 
are sufficient for eleven figures. 

Let iS- denote any one of the four theta series //, //^ ®, Then 


.?Xm) = <#>(«) = 


Z ^ 6 K 


(38) 


may be taken as the form of development of »V^*, this is merely tlic 
Fourier series for a function with period 2 K, But all the theta func- 
tions take the same multiplier, except for sign, when 2 iK^ is added to it ; 
hence the squares of the functions take the same multiplier, and in par- 
ticular = q~h-'^<l}(z). Apply this relation. 

2) ^ *„s", = K-t- 

It then is seen that a recurrent relation between the coefficients is found 
which will determine all the even coefficients in terms of and all the 
odd in terms of Hence 

(z) 4- h^{z), constants, (38') 

is the expansion of any or of any function which may be developed 
as (38) and satisfies = q~^z'~^tl>(z). Moreover ^ and ❖ are iden- 

tical for all such functions, and the only difference is in the values of 
the constants b^, b^. 

As any three theta functions satisfy (38') with different values of the 
constants, the functions ^ and ^ may be eliminated and 

where cr, /3, y are constants. In words, the squares of any three theta 
functions satisfy a linear homogeneous equation with constant coeffi- 
cients. The constants may be determined by assigning particular values 






— - 


orsn»M + cn“«-l 
//fO @\u) ’ + on M _ 1. 


( 39 ) 


ir\u) 

H'^K ©^(v/.) 

treating //, 0^, @ in a similar manner may be proved 

Jr sn'^ u + dn^ zt = 1 and = 1. (40) 

'he> function >V (?/) d {u — a), where a is a constant, satisfies the rela- 
I tp = q~-z'~'^C<p (.v) if log C = vnajK. Reasoning like that used 
ti'(*ating tlieii shows that between any three such expressions 
re is a linear relation. Hence 

aJli^u') U (u — a) + l3H^(u)H^(;a — a) - y^{u)®(jc — a), 

= 0, (0) (a) = y@ (0) & (a), 

7. == K, = y®,(O)0,(a), 

©0©i0®ia H (u) H (u — a) 0^0 (u) Hi (u — a) _ ^ ^ ^ 

”” J/f 0 ©«. © (ii) 0 (tt — <x) 0 @ (xt) 0 (w - a) Sa ^ 

dn « sn zc sn (u ^ a) + Giiucn(u -* a) = cna, 

u thi« relation replace a- by — v\ Then there results 

cn 71 cn(7i + t;) 4- snwdn7;sn(7z + x;) = cnv, 

on t; cn (zz 4- x^) + sn t; dn Z4 sn (z^ 4 x;) = cnz^, 


(41) 


__ cn^Tz — cmz^ = smx; — smz4 
sn gn ^ ( 3 n zt — sn zz cn x; dnx; 


(42) 


syanmetry and by solution. The fraction may be reduced by multiply- 
r numerator and denominator by the denominator with the middle 
n changed, and by noting that 
y cn^ zt dii^ zz - sn^ zz cn" y dn" x; = (sn" y - sn" u) (1 -- Zb" sn" xt sn" x^. 


leii 


sn zz cn y dn y 4- sn v cn zt dn u 
sn + v) = i^jc^sn^uan^v ’ 


sn (zt — v) ■ 


sn 71 cn V dn y — sn y cn z^ dn z^ 


1 — 7{;"sn"ztsn"y 

2 sn y c n u dn 7i 

d sn (u + v) — sn (w — v) = ^ _ ‘ 

The last result may be used to differentiate snw. For 

sn (u + A?<) — sn M ^ i- Am cn (m + jr , 

” l-k^sn^i^usn\u + i^1^) 


(43) 


(44) 


AiC 


dll 


sn t( = g cn 71 dn zz, 


snzz 

q = lim 


(45) 


( 45 ') 


_ 0,(0) H'(0) 

H,(0) ®(0) 




The periods 2 Kj 2 iK' have been independent up to this point. It will, 
however, be a convenience to have ^ == 1 and thus simplify the formula 
for differentiating QXiu, Hence let 


9 = ^^ 



( 0 ) — 


(46) 


Now of the five quantities /C, K\ /c, k\ q only one is independent. 
If q is known, then k' and K may be computed by (36), (46); k is de- 
termined by k^ + = 1, and if' by 7r/f '/if = ~ log q of (19). If, on the 

other hand, 7c' is given, q may be computed by (37) and then the other 
quantities may be determined as before. 


EXERCISES 


_ ”[.K -h. 

1. With the notations X = ^ ^ establish: 


H‘(- u)=- ja'(u), 
^i(-' w)=:+H'i(u), 

e(-u)=+ e(u), 

0l(- w)=:+ei(w), 

iri(u + jf)=-£r(u), 
0(u + jk:) = +0^(u), 

0j (u 4- = + 0 (w.), 


JT(u + 2if)=- 

(u 4 2 iC) = — (w), 

0 (u 4 2 iT) = 4 0 (w), 
0i(M4 2if) = 4ei(w), 
II (u 4 iK') = iXB (u), 
ill + iK') = 4 X0i(w), 

0 (w 4 iK') = i\H{u)^ 

01 (w 4 iK') — 4 ^-^1 (^)» 


if (xt 4 2 iK') = — fxK (u), 
ifj (u 4 2 iK') = 4 (w), 

0 (u 4 2 iK') = — /A0 (li), 
01 (u 4 2 xif') = 4 /X01 {^i)» 
H{u 4 K 4 iK') = 4 X0i (i^)j 
.iffi (w 4 if 4 iK') = — iX0 (w), 

0 (w 4 if 4 — 4 XJTi (“w), 

01 (w 4 :5: 4 = 4 iXir(w). 


2. Show that if u is real and g = the first two trigonometric terms in the 
series for fi”, JSTi, 0 , 0 i, give four-place accuracy. Show that with g ^ 0.1 these 
terms give about six-place accuracy. 


3, Use. 


gsm a 


1 — 2 g cos cr 4 g 2 


~ log 0 (u) z= : 

du 0(2^) 


= g sin a: 4 g^ sin 2 a 4 g® sin 3 a 4 • • • to prove 


27r 


gsin 


K 


2mi 


Sttu 

'~K~ 


4. Prove the double periodicity of cnu and show that : 

sn(u + -ff) = ^. sn(M + jJ!:') = — i_, sn(u + K + iK') = , 

dn u A: sn It kcnu 

cn (w 4 .K) = — , cn (w 4 iK') = , cn(u 4 A 4 iK') = > 

dnu ' fcsnxt \ -r ^ j 

dn(w 4 X) = dn (w 4 iK') = — , dn{w 4 jST 4 iK') = 

dnu snit cnu 


6. Compute h' and for g = J and ^ = 0.1, Hence shoTv that two trigonometric 
tonns in the theta series give four-place accuracy if k' ^ 

„ „ , , cii It cn u — sn M sn V dn u dn r? 

7. Provo cii (it + v) = - 


and 


dn (it + -u) : 


8. Prove — cnw =— snitdnu, 
du 


1 — sn^ u sn^ v 
dn u dm; — sn u sn u cn u cn t? 
1— k^ sn^ u sn^ v 

~ dn w = — sn w cn u, 

du 


g = l. 


9. Prove sn-^u = f — ^ - from (45) with {/ = 1. 

«^0 _ 1(2'^ 

10. If p = 1, compute fc, fc', iC, JBT', for q = 0.1 and q = 0.01. 

11. If <; = 1, compute k% q, K, K\ for k‘^ = J. 

12. In Exs. 10, 11 write the trigonometric expressions which give snw, onw, dmi 
with four-place accuracy. 

13. Find sn 2 w, cn 2 w, dn 2 u, and hence sn J u, cn \ w, dn \ it, and show 

snj£' = (l+i:')-i, cn^r = VF(1 + dnjrsVF. 

14. Prove — kj'snudn =\og (dn « + fc cn u) ; also 

&‘(0}ff(u+a)S(u-a) = e<‘(a)S^u)-H^(a)e»(u), 
e* (0) e (u + a) 9 (M - a) = 0“ (u) 0» {a)-H^ (u) m {a). 



CHAPTER XVIII 


FUNCTIONS OF A COMPLEX VARIABLE 

178. General theorems. The eoinplcx funetion (.r, y) + ;//), 

where v y) and v (x, y) are siujjle valued real functions continuous 
{uid differentiable partially with respect to x and y, has been dehucd 
as a function of the complex variable z = x + iy when and only when 
the relations ?4 = ^wid satisfied (§73). In this case 

the function has a derivative with respect to z which is independent 
of the way in which approaches the limit zero. Let w = f(z) be a 
function of a complex variable. Owing to the existence of the deriva- 
tive the function is necessarily continuous, that is, if t is an arbitrarily 
small positive number, a number S may be found so small that 

i/(«) -/(*())l < « |s-sj<5, (1) 

and moreover this relation holds uniformly for all points of the 
l egion over which the function is defined, provided the region includes 
its bounding curve (see Ex. 3, p. 92). 

It is further assumed that the derivatives 7 /^, u',, 'f’p are continuous 
and that therefore the derivative /' (s;) is continuous.* The function 
is then said to be an analytic function (§ 126). All the functions of a 
(complex variable here to be dealt with are analytic in general, although 
they may be allowed to fail of being analytic at certain specified points 
called singular points. The adjective analytic^’ may therefore usually' 
be omitted. The equations 

^ = /(«) or u^u (x, ij), v=:v (x, y) 

define a transformation of the xy-plane into the ^^v-plane, or, briefer, of 
the s:-plane into the i<;-plane; to each point of the former corresponds 
one and only one point of the latter (§ 63). If the Jacobian 

={Ky + {<y^\mf ( 2 ) 

* It may be proved that, in the case of functions of a complex variable, the 
continuity of the derivative follows from its existence, but the proof will not be 
given here. 



< 

/ 

\^x 




be, solved in the neighborhood of that point, and hence to each point 
of the second plane corresponds only one of the first: 

./• = ,r (itj r), 1/ ~ y (-^t, v) or z — ^ (^e). 

Tlierefore it is seen that If w =/(":) is analytic in the neighborhood 
"/« = fnid if the derivative f'(z^ does not vanish^ the function may he 
mlvul as z = <(!>(?/;), wliere </> is the inverse function of /, and is like- 
wise analytic, in the neighborhood of the point w = It may readily 
be shown that, as in the case of real functions, the derivatives and 
4>Xn') arc reciprocals. Moreover, it may be seen that the tramforma- 
iUm is conformal, that is, that the angle between any two curves is 
unchanged by the transformation (§ 63). For consider the increments 

= [/(«,) + « ==/'(«») [1 + C//'(®o)] /'(«o) ^ 0 . 

As Iiiz and Aw are the chords of the curves before and after transforma- 
tion, the geometrical interpretation of the equation, aj^art from the infin- 
itesimal f, is that the chords Az are magnified in the ratio |/'(^o)| to 1 
and turned through the angle of f\z^ to obtain the chords Aw (§72). 
In the limit it follows that the tangents to the t4;-curves are inclined at 
an angle equal to the angle of the corresponding ;s-curves plus the angle 
of /(^^^). The angle between two cxu'ves is therefore unchanged. 

The existence of an inverse function and of the geometric interpre- 
tation of the transformation as conformal both become illusory at points 
for which the derivative /'(«) vanishes. Points where /'(^) = 0 are 
called critical points of the function (§ 183). 

It has further been seen that the integral of a function which is ana* 
lytic over any simply connected region is independent of the path and 
is zero around any closed path (§ 124) ; if the region be not simply con- 
nected but the function is analytic, the integral about any closed path 
which may be shrunk to nothing is zero and the integrals about any 
two closed paths which may be shrunk into each other are equal (§ 125). 
Furthermore Cauchy^s result that the value 

= ^ C £^dt ( 3 ) 

^ ^ ^ 27n J t — z ^ ^ 

Jo 

of a function, which is analytic upon and within a closed path, may be 
found by integration around the path has been derived (§ 126). By a 
transformation the Taylor development of the function has been found 
whether in the finite form with a remainder (§ 126) or as an infinite 
aeries (§ 167). It has also been seen that any infinite power series 


wnicn converges is ainerenriaDie ana nence aennes an analytic lunction 
within its circle of convergence (§ 166). 

It has also been shown that the snm, difference, product, and quotient 
of any two functions will be analytic for all points at which both func- 
tions are analytic, except at the points at which the denominator, in the 
case of a quotient, may vanish (Ex. 9, p. 163). The result is evidently 
extensible to the case of any rational function of any number of analytic 
functions. 

From the possibility of development in series follows that if tioo 
functioTis are analytic in the neighborhood of a point and have identical 
values upon any curve drawn through that jjoint, or even upon any set 
of points which approach that point as a limit, then the functions are 
identically equal within their common circle of convergence and over all 
regions which can he reached by (§ 169) continuing the functions analyti- 
cally, The reason is that a set of points converging to a limiting point 
is all that is needed to prove that two power series are identical pro- 
vided they have identical values over the set of points (Ex. 9, p. 439). 
This theorem is of great importance because it shows that if a function 
is defined for a dense set of real values, any one extension of the defi- 
nition, which yields a function that is analytic for those values and for 
complex values in their vicinity, must be equivalent to any other such 
extension. It is also useful in discussing the principle of permanence of 
form; for if the two sides of an equation are identical for a set of 
values which possess a point of condensation, say, for all real rational 
values in a given interval, and if each side is an analytic function, then 
the equation must be true for all values which may be reached by ana- 
lytic continuation. 

Tor example, the equation sinx = C08(J tt — x) is known to hold for the "values 
0 g X ^ i TT. Moreover the functions sinz and cos z are analytic for all values of z 
whether the definition he given as in § 74 or whether the functions be considered 
as defined by their power series. Hence the equation must hold for all real or 
complex values of x. In like manner from the equation which holds 

for real rational exponents, the equation = e* + «» holding for all real and im- 
aginary exponents may be deduced. Tor if y be given any rational value, the 
functions of x on each side of the sign are analytic for all values of x real or com- 
plex, as may be seen most easily by considering the exponential as defined by its 
power series. Hence the equation holds when x has any complex value. Next 
consider x as fixed at any desired complex value and let the two sides be con- 
sidered as functions of y regarded as complex. It follows that the equation must 
hold for any value of y. The equation is therefore true for any value of z and w. 

179 . Suppose that a function is analytic in aU points of a region ex- 
cept at some one point within the region, and let it be assumed that 


continuous. The discontinuity may be either unite or infinite. In case 
tlie discontinuity is finite let \f{^')\< O in the neighborhood of the 
point ^ = a of discontinuity. Cut the point out 
with a small circle and apx^ly Cauchy’s Integral to 
a ring surrounding the point. The integral is appli- 
cable because at all points on and within the ring 
the function is analytic. If the small circle be 
replaced by a smaller circle into which it may be 
shrunk, the value of the integral will not be changed. 



Now the integral about which is constant can be made as small 
as desired by taking the circle small enough ; for | f(t) | < G and 
— «| > jor — ;s| — where is the radius of the circle and hence 
the integral is less than 2 TTrfi/\_\z — <z| — rj. As the integral is con- 
stant, it must therefore be 0 and may be omitted. The remaining inte- 
gral about C, however, defines a function which is analytic at a; = a. 
Hence if f{a) be chosen as defined by this integral instead of the 
original definition, the discontinuity disappears. Finite discontinuities 
may therefore he considered as due to had jicdgment in defining a 
f met ion at some folnt; and may therefore be disregarded. 

In the case of infinite discontinuities, the function may either become 
infinite for all methods of approach to the point of discontinuity, or it 
may become infinite for some methods of approach and remain finite for 
other methods. In the first case the function is said to have 2 , pole at 
the point ^ = a of discontinuity; in the second case it is said to have 
an essential singularity. In the case of a pole consider the reciprocal 
function 

F(a) = 0. 

The function F(z) is analytic at all points near a and remains 
finite, in fact approaches 0, as z approaches a. As F(a) =: 0, it is seen 
that F(z) has no finite discontinuity at = a and is analytic also at 
s = a. Hence the Taylor expansion 

F(z) = a^{z - ay a^^fz - • 

is proper. If B denotes a function neither zero nor infinite at « = a, 
the following transformations may be made. 
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F{z) = {z- «)”'£,(•“)> m = 


/(^) = 




4* * • * + 


^-1 
z — a 




In other words, a function which has a pole at ^; = fi, may be written 
as the product of some power {z — by an ^-function; and as the 
/i-function may be expanded, tlie function may be expanded into a 
power series which contains a certain number of negative powers of 
(z — c/). The order m of the highest negative power is called the order 
of the pole. Compare Ex, 5, p. 449. 

If the function /(;s) be integrated around a closed curve lying within 
the circle of convergence of the series + Qfz — a) -\ , then 




C_ ^dz 
(z — a)”‘ 



C_idz 
z — a 


+ r [C, + Cfz ~ a) + • • -yz = 27r^C.i, 
Jo 

or f f{^) dz^2 TTiC^i ; (4) 

Jo 

for the first m — 1 terms may be integrated and vanish, the term 
C^-^/(z — a) leads to the logarithm C^ilog (z — a) which is multiple 
valued and takes on the increment 2 7 ^^( 7 _J, and the last term vanishes 
because it is the integral of an analytic function. The total value of 
the integral of f(z) about a small circuit surrounding a pole is there- 
fore 2 7riC_^, The value of the integral about any larger circuit within 
which the function is analytic except atz=:a and which may be shrunk 
into the small circuit, will also be the same quantity. The coefficient 
of the term (z — is called the residue of the pole', it cannot 
vanish if the pole is of the first order, but may if the pole is of higher 
order. 

The discussion of the behavior of a function f{^ when z becomes 
infinite may be carried on by making a transformation. Let 

= b « = 1, = (5) 

To large values of s correspond small values of z ' ; if /(«) is analytic 


be used. If F{z') does not remain finite but has a pole at = 0, then 
f{z) is said to have a pole of the same order at a; = oo; and if 
has an essential singularity at == 0, then f(z) is said to have an essen- 
tial singularity at = oo. Clearly if f{z) has a pole at ^ = oo, the value 
of f(z) must become indefinitely great no matter how z becomes infi- 
nite; but if f{z) has an essential singularity at = oo, there will be 
some ways in which z may become infinite so that f(z) remains finite, 
while there are other ways so that becomes infinite. 

Strictly speaking there is no point of the ^-plane which corresponds 
to :=z 0. Nevertheless it is convenient to speak as if there were such 
a point, to call it the point at infinity^ and to designate it as z ^ cc. If 
then F(z^) is analytic for == 0 so that f(z) may be said to be analytic 
at infinity, the expansions 

F{z^= + + = 

/(*)=(^o + T+§+-'+& + --- 

/V A’ Z 

are valid ; the fimctiou /(z) has been expanded about the point at infirm- 
ity into a descending power series in z, and the series will converge for 
all points z outside a circle \ z\=^ R, For a pole of order m at infinity 

/(*) = + C_, + • • • + C_i* + ^ + • • • . 

Simply because it is convenient to introduce the concept of the point 
at infinity for the reason that in many ways the totality of large values 
for z does not differ from the totality of values in the neighborhood of 
a finite point, it should not be inferred that the point at infinity has 
all the properties of finite points. 

EXERCISES 

1 . Discuss sin {x + y) = sin x cos y + cos * sin y for permanence of form. 

2 . If f{z) has an essential singularity at 2 = a, show that l/f{z) has an essential 
singularity at 2 = a. Hence infer that there is some method of approach to 2 = a 
such that f{z) ± 0 . 

3 . By treating f(z) — c and [f{z) — c]-i show that at an essential singularity a 
function may be made to approach any assigned value c by a suitable method of 
approaching the singular point z =: a. 

4 . Find the order of the poles of these functions at the origin ; 

(cr) cot 2, (fi) 080*2 log (1 — 2), {7) 2 (sin 2 — tan 2)’"'. 
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the residue 1 or n. Show that if f(z) has a pole of the mth order at ^ = a, the 
quotient has the residue — m. 

6 . Prom Ex. 6 prove the important theorem that ; If f{z) is analytic and does 
not vanish upon a closed curve and has no singularities other than poles within 
the curve, then 

— I = Wi + ng + • • • -f njfc - - mg mi = N-M, 

2 7 n -'o f{z) 

where N is the total number of roots of /(z) = 0 within the curve and M is the 
sum of the orders of the poles. 

7. Apply Ex. 6 to 1/P(z) to show that a polynomial P(z) of the nth order has 
just n roots within a sufficiently large curve. 

8 . Prove that e* cannot vanish for any finite value of z, 

9. Consider the residue of zf'(z)/f{z) at a pole or vanishing point of f(z). In 
particular prove that if/( 2 ;) is analytic and does not vanish upon a closed curve 
and has no singularities but poles within the curve, then 

i r %— dz - n^aj + UgUg + • • ♦ + nkdk - mibi^ 

27nJo f{z) 

where Ug, • • • , Ua: and n^, ng, • • • , n*; are the positions and orders of the roots, 
and hj, ■ ,bi and m^, mg, • • • , mi of the poles of f(z), 

10. Prove that © 1 ( 2 :), p. 469, has only one root within a rectangle 2K hj 2iK\ 

11. State the behavior (analytic, pole, or essential singularity) at 2 = 00 for : 

(a) -I- 22 , (^) e*, ( 7 ) z/(l + 2 ), (5) z/(z^ + 1). 

12. Show that if f{z) = (z — a)^PJ(z) with — 1< < 0, the integral of /(z) about 

an infinitesimal contour surrounding z = o: is infinitesimal. What analogous theo- 
rem holds for an infinite contour ? 


180. Characterization of some functions. The study of the limita- 
tions which are put upon a function when certain of its properties are 
known is important. For example, a function which is analytic for all 
values of z including also z — 00 is a constant. To show this, note that 
as the function nowhere becomes infinite, | f{z) | < G, Consider the dif- 
ference fiz^ — /(O) between the value at any point z = and at the 
origin. Take a circle concentric with g; = 0 and of radius R > 
Then by Cauchy’s Integral 


/(«o)-/(0) = 


1 

2 iri 



m 




mdt 

- »o) 


? 


or 


|/(^,)-/(0)l< 


|sj 2-7rJRg ^ g|gj 
2 7rif(ie-|«J) R-\z,\ 


By taking R large enough the difference, which is constant, may be 
made as small as desired and hence must be zero: hence f(z) =/(0). 


nnity of order equal to the difference of those degrees. Conversely it 
may be shown that any function which has no other singularity than a 
pole of the mth order at infinity inust he a polynomial of the mth order; 
that if the only singularities are a finite member of poles ^ whether at im 
finity or at other points j the function is a rational function ; and finally 
that the knowledge of the zeros and poles with the multiplicity or order 
of each is sufficient to determine the function except for a constant 
multvplier. 

For, in the first place, if /(«) is analytic except for a pole of the mth order at 
infinity, the function may be expanded as 

f{z) - + • • • + a-xz + 0^0+ + • • • , 

or /( 25 ) ~ + . . . + a^iz] = -f ^2^"^ + * ’ * • 

The function on the right is analytic at infinity, and so must its equal on the left 

he. The function on the left is the difference of a function which is analytic for 

all finite vahies of z and a polynomial which is also analytic for finite values. 
Hence the function on the left or its equal on the right is analytic for all values 
of z including 2 = 00, and is a constant, namely a^. Hence 

f(z) = % + a^iz + . . . is a polynomial of order m. 

In the second place let 2;^, • • • , 2*, oo be poles of /( 2 ) of the respective orders 

mg, • • • , wife, m. The function 

0 (z) =(z- z,rHz - .-.(z- z,rv(^) 

will then have no singularity hut a pole of order + rUj + * • * + mj. + m 
at infinity; it will therefore be a polynomial, and /(z) is rational. As the 
numerator <p{z) of the fraction cannot vanish at z^, Zg, •••, Zk, but must have 

+ mg H + mj: + m roots, the knowledge of these roots will determine the 

numerator <t> (z) and hence f(z) except for a constant multiplier. It should be 
noted that if f(z) has not a pole at infinity but has a zero of order m, the above 
reasoning holds on changing m to — m. 


When f(z) has a pole at pf the wth order, the expansion of 

f(z) about the pole contains certain negative powers 


P(z — a) = 


+ 




{z — aj^ (z — a) 


+ * 


and the difference f(z) — P(z a) is analytic at z^ a. The terms 
P(z—‘ a) are called the principal part of the function f(fi) at the pole a. 



If the function has only a finite number of finite poles and the prin- 
cipal parts con-esponding to each pole are known, 

<^(*) =/(^) - - «l) - - «.) 

is a function which is everywhere analytic for finite values of z and 
behaves at « = oo just as f(z) behaves there, since P^, • • • , Pj^ all 

vanish at ;55 = oo. If f(z) is analytic at ;*; = oo, then is a constant; 

if has a pole at = oo, then is a polynomial in z and all of 
the polynomial except the constant term is the principal part of the 
[)ole at infinity. Hence if a function has no singularities except a finite 
number of poles ^ and the principdl parts at these poles are known, the 
function is determined except for an additive constant. 

From the above considerations it appears that if a function has no 
other singularities than a finite number of poles, the function is ra- 
tional ; and that, moreover, the function is determined in factored form, 
except for a constant multiplier, when the positions and orders of the 
finite poles and zeros are known ; or is determined, except for an addi- 
tive constant, in a development into partial fractions if the positions 
and principal parts of the poles are known. All single valued functions 
other than rational functions must therefore have either an infinite 
number of poles or some essential singularities. 

181. The exponential function ^ = c“^(cos y -f ^ sin y) has no finite 
singularities and its singularity at infinity is necessarily essential, Tlie 
function is periodic (§ 74) with the period 2 iri, and hence will take on 
all the different values which it can have, if «, instead of being allowed 
all values, is restricted to have its pure imagi- 
nary part y between two limits y^'^y I + 2 tti 

that is, to consider the values of e* it is merely 
necessary to consider the values in a strip of 
the ^-plane parallel to the axis of reals and of breadth 2 tt (but lacking 
one edge). For convenience the strip may be taken immediately above 
the axis of reals. The function e® becomes infinite as z moves out 
toward the right, and zero as z moves out toward the left in the strip. 
If c = a -f- it is any number other than 0, there is one and only one 
point in the strip at which = o. .For 




6*" = -f IP" and cos -f- ^ sin y = 






have only one solution for x and only one for y if y be restricted to an 


R{e^) = 




will also liave the period 2 irL AVlien moves off to the left in the 

Btri}), R(e^'^ will approach Cajh^^^ if 0 and will become infinite if 

== 0. When z moves off to the right, ll{f') lunst become infinite if 
n >> m, approach C if = m, and approach 0 if w < The denomi- 
nator may be factored into terms of the form {f — cr)*, and if the frac- 
tion is in its lowest terms each such factor will represent a pole of the 
/I’th order in the strip because e® — a = 0 has just one simple root i]i 
the strip. Conversely it may be shown that : Any function /(.^) which 
h(is the peo'iod 2 iri^ which further has no singulai'ities hut a finite 
number of poles in each strip^ and which either becomes infinite or ap- 
proaches a finite limit as ^ moves off to the right or to the left^ must he 
f(fi) = R (6®), a rational function of r®. 


The proof of this theorem requires several steps. Let it first be assumed tliat f{z) 
remains finite at the ends of the strip and has no poles. Then /(a:) is finite over all 
values of z, including ^ = oo, and must be merely constant. Next let /{z) remain 
finite at the ends of the strip but let it have poles at some points in the strip. It will 
be shown that a rational function may be constructed such that/(s) — R(e^) 
remains finite all over the strip, including the portions at infinity, and that there- 
fore f(z) = R (e») H- (7. For let the principal part of /(z) at any pole 2 = c be 


P(z-c) = 


(2 — 0)* (z — 



then 


(e^ — 


(z ~ c)fc 


+ ... 


is a rational function of e* which remains finite at both ends of the strip and is 
such that the difference between it and P (z — c) or f(z) has a pole of not more 
than the (fc — l)8t order at z = c. By subtracting a number of such terms from 
/(z) the pole at z = c may be eliminated without introducing any new pole. 
Thus all the poles may be eliminated, and the result is proved. 

Next consider the case where /(z) becomes infinite at one or at both ends of the 
strip. If f(z) happens to approach 0 at one end, consider /(z) + 0, which cannot 
approach 0 at either end of the strip. Now If /(z) or /(z) -f C, as the case may be, 
had an infinite number of zeros in the strip, these zeros would be confined within 
finite limits and would have a point of condensation and the function would vanish 
identically. It must therefore be that the function has only a finite number of 
zeros ; its reciprocal will therefore have only a finite number of poles in the strip 
and will remain finite at the ends of the strips, Hence the reciprocal and conse- 
quently the function itself is a rational function of e*. The theorem is completely 
demonstrated. 


If the relation f(z 4- w) = /(z) is satisfied by a function, the func- 
tion is said to have the period w. The function /(27rtz/cii) will then 
have the period 2 7 ri. Hence it follows that if f{z) has the period w, 
becomes infinite or remains finite at the ends of a strip of vector breadth 



case with, sin z and cos z ; and if the period is 
TT, the function is rational in as is tan z. 

It thus appears that the single valued elemen- 
tary functions, namely, rational functions, and 
rational functions of the exponential or trigonometric functions, have 
simple general properties which are characteristic of these classes of 
functions. 

182, Suppose a function f(z) has two independent periods so that 
f(z -p <o) = f(z), f(z 4- co^ = f{z). 

The function then has the same value at z and at any point of the 
form z + m<i) -f no)', where m and n are positive or negative integers. 
The function takes on all the values of which it is capable in a parallel- 
ogram constructed on the vectors <u and w'. Such 
a function is called doubly periodic. As the values 
of the function are the same on opposite sides of 
the parallelogram, only two sides and the one in- 
cluded vertex are supposed to belong to the figure. 

It has been seen that some doubly periodic func- 
tions exist (§ 177); but without reference to these 
special functions many important theorems concerning doubly periodic 
functions may be proved, subject to a subsequent demonstration that 
the functions do exist. 

Jf a doubly periodic function has no singularities in the parallelogram^ 
it must be constant ; for the function will then have no singularities at 
all. If two periodic functions have the same periods and have the same 
poles and zeros (each to the same order) in the parallelogram^ the quo^ 
tient of the fimctio'ns is a constant; if they have the same poles and the 
same principal parts at the poleSy their difference is a constant In these 
theorems (and all those following) it is assumed that the functions 
have no essential singularity in the parallelogram. The proof of the 
theorems is left to the reader. If fiz) is doubly periodic, f{z) is also 
doubly periodic. The integral of a doubly periodic function taken 
around any parallelogram equal and parallel to the parallelogram of 
periods is zero; for the function repeats itself on opposite sides of the 
figure while the differential dz changes sign. Hence in particular 





The first integral shows that tlw sum of the residues of the 2 >ohs in the 
pavallehxjrum is zero ; the second, that the number of zeros is equal to 
the number (f poles ];)rovided multiplicities are taken into account; the 
third, that tits number of zeros of f(z) — C is the same as tJie number of 
zeros or poles off{z)^ because the poles of /(^) and f(z) — C are the same. 

The comnion number m of poles o^f(z) or of zeros of /(;$;) or of roots 
of f(z) = C in any one parallelogram is called the order of the doubly 
periodic function. As the sum of the residues vanishes, it is impossible 
that there should be a single pole of the first order in the parallelogram. 
Hence there can be no functions of the first order and the simplest 
possible functions would be of the second order with tiie expansions 


1 

(«-«) 


i + «0 + - c) + • • • 


or 



+ ^0 + 


and 



-f c'q H 


in the neighborhood of a single pole at = a of the second order or of 
the two poles of the first order Kt and z = a^. Let it be assumed 

that when the periods <d, w' are given, a doubly periodic function g {z, a) 
with these periods and with a double pole at a; = a exists, and similarly 
that h{z, a.j, with simple poles at and exists. 

Any doubly periodie function f(z) with the periods a>, w' may he ex- 
27ressed as a polynomial in the functions g(Zj a) and h(z, of the 

second order. For in the first place if the function f(z) has a pole of 
even order 2 k dX z = a, then/(«) — C\_g(zy where C is properly 
chosen, will have a pole of order less than 2 k oX a and will have 
no other poles than f{z). Hence the order of flz) — C\_g{zy a)~f is less 
than that of f{z). And if f(z) has a pole of odd order 2 /c + 1 at = a, 
the function /(;?) — C\_g{zy a)~\^h(zy a, b), with the proper choice of C, 
will have a pole of order 2 k ov less 2 X z~ a and will gain a simple 
pole 2 Xz^b. Thus although / — Cg^h will generally not be of lower 
order than f it will have a complex pole of odd order split into a pole 
of even order and a pole of the first order; the order of the former 
may be reduced as before and pairs of the latter may be removed. By 
repeated applications of the process a function may be obtained which 
has no poles and must be constant. The theorem is therefore proved. 

With the aid of series it is possible to write down some doubly peri- 
odic functions. In particular consider the series 


= ^ + : 



1 

1 1 


- m<ii — nuiil'f 

{mixi -h njy\ 


(6) 


and 


iYk'i = _ 9 V 
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wliere the second S denotes summation extended over all values oJ 
whether positive or negative or zero, and :S' denotes summation 
extended over all tliese values except tlie pair m = = 0. As the sum- 

mations extend over all possible values for ?/?, n, the series constructed 
for z + 0 ) and for z -{- w' must liave the same terms as those for the 
only difference being a different arrangement of the terms. If, there- 
fore, the series are absolutely convergent so that the order of the terms 
is immaterial, the functions must have the periods w, 

Consider first the convergence of the series p\z). For 2 = mw -f nw', that is, at 
the vertices of the net of parallelograms one term of the series becomes infinite 
and the series cannot converge. But if z be restricted to a finite region It about 
2 = 0, there will be only a finite number of terms 
which can become infinite. Let a parallelogram P 
large enough to surround the region be drawn, and 
consider only tlie vertices which lie outside this par- 
allelogram. For convenience of computation let the 
points z = mw -f nw' outside P be considered as ar- 
raiiged on successive parallelograms P^, Pj, • • • , 

Pjt, • • • . If the number of vertices on P be v, the 
number on P^ is v + 8 and on P^. is >/ + 8A:. The 
sliortest vector z — mw — ma' from z to any vertex of P^ is longer than ct, where 
a is the least altitude of the parallelogram of periods. The total contribution of 
Pj to p'{z) is therefore less than (v -4- 8)a“® and the value contributed by all the 
vertices on successive parallelograms will be less than 

Q ^'”}'8 yd-8*2 i'-f*8*S 

“ ( 2 a )8 0)8 ‘ + ( fea )8 ‘ ’ 

This series of positive terms converges. Hence the infinite series for when 
the first terms corresponding to the vertices within P^ are disregarded, converges 
absolutely and even uniformly so that it represents an analytic fmiction. Ths 
whole series for p'(2) therefore represents a doubly periodic function of the third 
order analytic everywhere except at the vertices of the parallelograms where it 
has a pole of the third order. As the part of the series p''{z) contributed by ver- 
tices outside P is uniformly convergent, it may be integrated from 0 to z to give 
the corresponding terms in p (z) which will also be absolutely convergent because 
the terms, grouped as for p'(2), will be less than the terms of IS where I is the 
length of the path of integration from 0 to z. The other terms of ^hus far 
disregarded, may be integrated at sight to obtain the corresponding terms of J?(2)- 
Hence p'(z) is really the derivative of p (z) ; and as p (z) converges absolutely ex- 
cept for the vertices of the parallelograms, it is clearly doubly periodic of tlie 
second order with the periods w, w', for the same reason that jp'(z) is periodic. 

It has therefore been shown that doubly periodic functions exist, 

ViPnno i? i.: -imlid SoiUe 



perioas w, <d ana nas no otner singularities tnan poles may be expressed 
as a rational function of p(z) and^'(^), or as an irrational function of 
p(z) alone, the only irrationalities being square roots. Thus by em- 
ploying only the general methods of the theory of functions of a 
complex variable an entirely new category of functions has been char- 
acterized and its essential properties have been proved. 


EXERCISES 

1. Eind the principal parts at 2 = 0 for the functions of Ex. 4, p. 481. 

2. Prove by Ex. 6, p. 482, that e® — c = 0 has only one root in the strip. 

3. How does behave as z becomes infinite in the strip? 

4. If the values B (e^) approaches when z becomes infinite in the strip are called 
exceptional values, show that R{e^) takes on every value other than the excep- 
tional values k times in the strip, k being the greater of the two numbers n, m. 

5. Show by Ex. 9, p. 482, that in any parallelogram of periods the sum of the 
positions of tlie roots less the sum of the positions of the poles of a doubly peri- 
odic function is mw + nw', where m and n are integers. 


6. Show that the terms of p'{z) may be associated in such a way as to prove 

ihB>tp\-^z) = and hence infer that the expansions are 

p'(z) = — 2 2- 8 + 2 Cj2 + 4 CgZ® H , only odd powers, 

and p (2) = 2-2 + 4. H , only even powers. 

7. Examine the series (6) f orp^^) show thatjp^d w) = w') =p'(J w + 1 wO = 

Why can p'(z) not vanish for any other points in the parallelogram ? 

8. Let p (i w) = e, p (J u>') = e\ p (i w 4- i w'') = Prove the identity of the 
doubly periodic functions [p'iz)]^ and 4 [p (2) “ e] [p (2) — e'] [p («) — e'']. 


9. By examining the series defining p (2) show that any two points 2 = a and 
2 = a' such that p (a) = p {a') are symmetrically situated in the parallelogram witli 
respect to the center 2 = J (w 4- w'). How could this be inferred from Ex. 6 ? 


10, With the notations <7(2, a) and h{z^ a^) of the text show : 


(«) 


p'{z)+p'(a) 

p(2)-p{a) 


= 2h{z, 0, a), 


p'{z) +p'{a) 
P(2)~-P(a) 


= 2/1(2, a, 0), 


P'i^) + P'{0'2) 
p(z)-p(a^) 


p'(z)+p'(ai) 

p(2)-p(ai) 


= 2/1(2, a^), 


= a)=p(^-a) + coMt., 

(«) piz-a) = l 


11. Demonstrate the final theorem of the text of §182. 



— n i — •• - jr 

[P'(2)]2 — 4 [p(z)]* + 20cjP( 2:) -f 28 C 2 = -^ + higher powers. 

Hence infer that the right-hand side must be identically zero. 

13. Combine Ex. 12 with Ex. 8 to prove e + e' -1- e" = 0. 

14. With the notations = 20 and ~ 28 C 2 show 

^'{z) = ■v/4p*(«) — g^j>(z) or - - = 

V4p8- ffjP-Ss 

15. If f(z) be defined by — ^ ^{z) = p(z) or f (z) = — j" p{z)dz, show that 
f (2 4- w) — f ( 2 ) and ^{z + w') — f(z) must be merely constants and 

183. Conformal representation. The transformation (§ 178) 

10 =f(z) or u lo = it(xj y) -h lo(x, y) 

is (conformal between the planes of and w at all points z at which 
f'(z) =j^ 0. The correspondence between the planes may be represented 
by ruling the «-plane and drawing the corresponding rulings in the 
?^;-plane. If in particular the rulings in the ^-plane he the lines x = const., 
y == const., parallel to the axes, those in the ^^?-plane must be two sets 
of curves which are also orthogonal; in like manner if the /^-plane be 
ruled by circles concentric with the origin and rays issuing from the 
origin, the 24>-plane must also be ruled orthogonally ; for in both cases 
the angles between curves must be preserved. It is usually most 
convenient to consider the t/;-plane as ruled with the lines to = const., 
V = const., and hence to have a set of rulings u (a;, y) = v (x, y) == 
in the ^-i^lane. The figures represent several different cases arising from 
the functions * 




(1) w — az:=z(a^-^ a^i) (x -f u = a^x — a^y^ v ^ 

(2) = logs? = log = log + 1 /^, v = tau"^-* 

X ^ 

Consider w = s;®, and apply polar coordinates so that 
w = It (cos -f sin 0) =: r^(GOs 2<l> i sin 2 <j^), 7? =» ^ ^ 2 <f>. 
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w-plane ; circles about s: = 0 become circles about w = 0 and rays is- 
suing from ^ = 0 become rays issuing from w = 0 Sit twice the angle. 
(A figure to scale should be supplied by the reader.) The derivative 
w* =: 2 z vanishes at ;$: = 0 only. The transformation is conformal for 
all points except = 0. At ;$; = 0 it is clear that the angle between 
two curves in the ^-plane is doubled on passing to the corresponding 
curves in the i<;-plane ; hence at = 0 the transformation is not con- 
formal. Similar results would be obtained from iv = z^ except that the 
angle between rays issuing from w = 0 would be m times the angle 
between the rays at = 0. 

A point in the neighborhood of which a function tv = f(z) is ana- 
lytic but has a vanishing derivative is called a critical point of 
f{z ) ; if the derivative /'(«) has a root of multiplicity h at any point, 
that point is called a critical point of order k. Let z= z^he sl critical 
point of order k. Expand /'(«) as 

/'(«) = - «„)*+" + • • • ; 
then /(«) =/(«;„) + (z - (» - + • • • , 

or w = w^ + (z — or w — (z - (z), (7) 

where E is a function that does not vanish at z^. The point « = goes 
into w = Wq. Eor a sufficiently small region about z^ the transforma- 
tion (7) is sufficiently represented as 

w C(z-- c = E(z^). 

On comparison with the case w = it appears that the angle between 
two curves meeting at z^ will be multiplied by ^ + 1 on passing to the 
corresponding curves meeting at Hence at a cintical point of the 
kth order the transformation is not conformal hut angles are multiplied 
hy k on passing from the z-plane to the w-plane. 

Consider the transformation w ^ z^ more in detail. To each point z 
corresponds one and only one point lo. To the points z in the first 
quadrant correspond the points of the first two quadrants in the u'- 
plane, and to the upper half of the ;j;-plane corresponds the whole tt?-plane. 
In like manner the lower half of the ^-plane will be mapped upon the 
whole ^<;-plane. Thus in finding the points in the -i^-plane which cor- 
respond to all the points of the a^-plane, the ^^-plane is covered twice. 
This double counting of the ^^-plane may be obviated by a simple de. 
vice. Instead of having one sheet of paper to represent the ?^;-plane, 


iij)])e,r half of the .“^-plane be c.oiisiderecl as in the upper sheet, while 
t-.lios(*, corresponding to the lower half are eoiisidered as in the lower 
sheet. Now consider the path tracked upon the double t^^-plane when 
trae.es a ])ath in the ?;-plane. Every time z crosses from the second to 



the third quadrant, w passes from the fourth quadrant of the upper 
sheet into the first of the lower. When z passes from the fourth to 
the first quadrants, w comes from the fourth quadrant of the lower 
sheet into the first of the upper. 

It is convenient to join the two sheets into a single surface so that 
a continuous path on the «-plane is pictured as a continuous path on 
the ?i;-surface. This may be done (as indicated at the right of the 
middle figure) by regarding the lower half of the upper sheet as con- 
nected to the upper half of the lower, and the lower half of the lower 
as connected to the upper half of the upper. The surface therefore 
(uits through itself along the positive axis of reals, as in the sketch on 
the left*; the line is called junction line of the surface. The point 
w = 0 which corresponds to the critical point 0 is called the branch 
point of the surface. Now not only does one point of the ;?-plane go 
over into a single point of the t<;-surface, but to each point of the sur- 
face corresponds a single point z\ although any two points of the w- 
surface which are superposed have the same value of w, they correspond 
to different values of z except iu the case of the branch point. 

184 . The 2i7-surface, which has been obtained as a mere convenience 
in mapping the ^s-plane on the t^plane, is of particular value in study- 
ing the inverse function z—'s/w. For is a multiple valued fujin- 
tion and to each value of v) correspond two values of z\ but if w l>e 

^ Practically this may he accomplished for two sheets of paper by pasting gummed 
strips to the sheets which are to he connected across the cut. 


only one value .t' corresponding to a point w upon the surface. Thus 
the f unction ~s/ w which is doxthle valued over the w-jplane hecovies single 
valued over the ic-surface. The z6'-surface is called the Uiemann surface 
of the function z = V^. The construction of Eiemann surfaces is im- 
portant in the study of multiple valued functions because the surface 
keeps the different values apart, so that to each point of the surface 
ciorresponds only one value of the function. Consider some sui'faces. 
(The student should make a paper model by following the steps as 
indicated.) 

Let to = 2 ^ — 3 z and plot the lo-surface. J'ixst solve /^(z) = 0 to find the critical 
points z and substitute to find the branch points w. Now if the branch points be 
considered as removed from the lu-plane, the plane is no longer simply connected. 
It must be made simply connected by drawing proper lines in the figure. This may 
be accomplished by drawing a line from each branch point to infinity or by con- 
necting the successive branch points to each other and connecting the last one to 
the point at infinity. These lines are the junction lines. In this particular case the 
critical points are z = -f 1, — 1 and the branch points are w = — 2, +2, and the 
junction lines may be taken as the straight lines joining ty = — 2 and w = 4- 2 to 
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infinity and lying along the axis of reals as in the figure. Next spread the requi- 
site number of sheets over the w-plane and cut them along the junction lines. As 
y) is cubic iu z, aiul to each value of to, except the branch values, there 

correspond three values of z, three sheets are needed. Now find in the z-plane the 
image of the junction lines. The junction lines are represented by d = 0 ; but 
V = 3 x-y — 2 /^ — 3 y, and hence the line y = 0 and the hyperbola 3 ac^ — 2 /^ =: 3 will 
be the images desired. The z-plane is divided into six pieces which will he seen to 
correspond to the six half sheets over the to-plane. 

Next z will be made to trace out the images of the junction lines and to turn 
about the critical points so that w will trace out the junction lines and turn about 
the branch points in such a manner that the connections between the different 
sheets may be made. It will be convenient to regard z and to as persons walking 
along their respective paths so that the terms ’’right” and ”left ” have a meaning. 


at 70 = 0 and moves back to w) = - 2. Moreover it « turns to Tine rignt cvt x , 
must 10 turn to the right through the same angle, owing to the coiiforinaJ property, 
'riuis it appears that not only is OA mapped on oa, but the ref:rioii 1' just above OA 
IS mapped on the region V just below oa; in like manner 02^ is mapped on oh. 
As ah is not a junction line and the sheets have not been cut fclirough along it, the 
regions 1, 1' should be assumed to be mapped on the same slieet, say, the upimr- 
most, I, r. As any point Q in the whole infinite region 1' may "bo reached from 0 
without crossing any image of ab^ it is clear that the whole infiiiito region 1' should 
be considered as mapped on 1' ; and similarly 1 on I. The converse is also evident, 
for the same reason. 

If, on reaching A, the point 2 : turns to the left through 90° anti moves along A C\ 
then 10 will make a turn to the left of 180°, that is, will keei^ straight along otc; 
a turn as at R into 1' will correspond to a turn as at r into I'. This checks with 
the statement that all V is mapped on all 1'. Suppose that described a smalj 
circuit about + 1. When z reaches D, w reaches d ; when z readies K, w reach(*s e. 
But when w crossed ac, it could not have crossed into I, and wlien it reaches e it 
cannot be in I; for the points of I are already accounted for as corresponding to 
points ill 1. Hence in crossing ac, w must drop into one of tlie lower sheets, say 
the middle, II; and on reaching e it is still in II. It is thus seen that II corre- 
sponds to 2. Let 2 : continue around its circuit ; then IT and 2' correspond. When 
z crosses AC' from 2' and moves into 1, the point w crosses ac' and moves from IT 
up into I. In fact the upper two sheets are connected along- ac just as the two 
sheets of the surface for w = were connected along their junction. 

In like manner suppose that z moves from 0 to — 1 and takes a turn about B so 
that w moves from 0 to 2 and takes a turn about b. When z crosses BF from V to 3, 
10 crosses 6/ from T into the upper half of some sheet, and this ixiust be III for the 
reason that I and II are already mapped on 1 and 2. Hence I"' and HI are con- 
nected, and so are I and III'. This leaves II which has been ent along 6/, and III 
cut along ac, which may be reconnected as if they had never been cut. The reason 
for this appears forcibly if all the points z which correspond to the branch points 
are added to the diagram. When ic = 2, the values of z are fclie critical value — 1 
(double) and the ordinary value 2 : = 2 ; similarly, tc = — 2 corresponds to 2 : = — 2. 
Hence if z describe the half circuit AF so that w gets around, to e in II, tlien if z 
moves out to 2 : = 2, lo will move out to w = 2, passing by O in the sheet II as 
z passes through z = Vs ; but as 2 = 2 is not a critical point, = 2 in II cannot 
be a branch point, and the cut in II may be reconnected. 

The ^c-surface thus constructed for w =fiz) = 2 ® — 3z is tbe Riemann surface 
for the inverse function z=f-^{w), of which the explicit form cannot be given 
without solving a cubic. To each point of the surface corresponds one value of 2 , 
and to the three superposed values of w correspond three different values of 2 ex- 
cept at the branch points where two of the sheets come together and give only 
one value of 2 while the third sheet gives one other. The Riemann surface could 
equally well have been constructed by joining the two branch points and then 
connecting one of them to oo. The image of u = 0 would not have been changed. 
The connections of the sheets could be established as before, hut would be dif- 
ferent. If the junction line be — 2, 2, + oo, the point w = 2 has two junctions 
running into it, and the connections of the sheets on opposite sides of the point are 
not independent. It is advisable to arrange the work so that tlie first branch point 
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which is encircled shall have only one junction running from it. This may he done 
by taking a very large circuit in 2 so that v) will describe a large circuit and hence 
cut only one junction line, namely, from 2 to 00, or by taking a small circuit about 
2 = 1 so that w will take a small turn about w = — 2. Let the latter method be 
chosen. Let z start from 2 = 0 at 0 and move to 2 = 1 at A ; then ly starts at lo = 0 
and moves to u; = — 2. The correspondence between 1' and T is thus established. 
Let z turn about A ; then w turns about lo = ~ 2 at a. As the line — 2 to — 00 or oc 
is not now a junction line, w moves from T 
into the upper half I, and the region across 
AC from 1' should be labeled 1 to corre- 
spend. Then 2', 2 and II', II may be filled 
in. The connections of I-Il' and II-T are 
indicated and III-III' is reconnected, as the 
branch point is of the first order and only two 
sheets are involved. Now let z move from 2 = Ot0 2 = -*l and take a turn about 
B ; then w moves from = 0 to lo = 2 and takes a turn about b. The region next 
I'is marked 3 and 1' is connected to III. Passing from 3 to 3' for z is equivalent 
to passing from III to III' for w between 0 and b where these sheets are connected. 
Prom 3' into 2 for z indicates IIP to II across the junction from lo = 2 to 00. This 
leaves I and II' to be connected across this junction. The connections are com- 
plete. They may be checked by allowing z to describe a large circuit so that the 
regions 1, 1', 3, 3', 2, 2', 1 are successively traversed. That 1, 1', III, III', II, IT, I 
is the corresponding succession of sheets is clear from the connections between 
10 = 2 and 00 and the fact that from lo = — 2 to — 00 there is no junction. 

Consider the function to = 2® — 32* + 32^. The critical points are 2=0, 1, 1, 
— 1, — 1 and tile corresponding branch points are lo = 0, 1, 1, 1, 1. Draw the junc- 
tion lines from = 0 to — 00 and from m; = 1 to + 00 along the axis of reals. To 
find the image of v = 0 on the 2-plane, polar coordinates may be used. 

2 = r (cos 0 + i sin 0), lo = w it? = _ 3 ^4^4 ..p 3 

V = 0 = r2[r* sin 6 0 — 3 sin 4 0 -f 3 sin 2 0] 

= r2 sin 2 0[r*(3 — 4sin2 0) — 6 cos 0 -f 3]. 

The equation tj = 0 therefore breaks up into the equation sin 2 0 = 0 and 

^ _ 3 cos 2 0 db Vs sin 2 0 _ Vs sin (60 di 2 0) __ v^S 


3 — 4 sin2 2 0 


2 sin (60 + 2 0) sin (60 — 2 0) 2 sin (60 ±2 0) 


Hence the axes 0 = 0° and 0 = 90° and the two rectangular hyperbolas inclined at 
angles of ± 15° are the images of = 0. The 2-planG is thus divided into six por- 
tions. The function w is of the sixth order and six sheets must be spread over the 
ly-plane and cut along the junction lines. 

To connect up the sheets it is merely necessary to get a start. The line w = 0 
to = 1 is not a junction line and the sheets have not been cut through along it. 
But when 2 is small, real, and increasing, w is also small, real, and increasing. 
Hence to OA corresponds oa in any sheet desired. Moreover the region above OA 
will correspond to the upper half of the sheet and the region below OA to the 
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z turns about the critical point z = 0, ly turns about lu = 0, but as anglos are doubled 
it must go around twice and the connections IH-IV', IV-III" must be made. Fill 
in more numbers about the critical point z = 1 of the second order where angles are 


tripled. On the ic-sur* 
face there will be a 
triple connection Ill'- 
ll, Il'-l, I'-III. In 
like manner the criti- 
cal point z = — 1 may 
be treated. The sur- 
face is complete except 
for reconnecting sheets 
I,H, V,VI alongwj = 0 
to ly r= — Qo as if they 
had never been cut. 



w—surfcux. 



» --plane 


EXERCISES 


1. Plot the corresponding lines for : (a) ly = (1 + 2 1) z, (/3) w = (1 — J i) z. 

2. Solve for x and y in (1) and (2) of the text and plot the corresponding lines, 

3. Plot the corresponding orthogonal systems of curves in these cases: 

(a) = 1 , (/3) 10 = I 4- ^ (JQg 2. 

z 

4. Study the correspondence between z and w near the critical points: 

(a) w (jS) 10 = 1 — z^y (7) w = sin z. 

5. Upon the lo-surface for w = z^ plot the points corresponding to z = 1, 1 + i, 

— i 4* i i,* — — J Vs — 1 i, i, i — 5 i. And in the z-plane plot the 

points corresponding to lo = V2 + V2 1, i, — 4, — J J Vs i, 1 — i, whether in 
the upper or lower sheet. 

6. Construct the lo-surf ace for these functions : 

(a) w = z^y (/3) w = z-^, { 7 ) w = 1 + z^y (d) w = (z- 1 )«. 

In (jS) the singular point z = 0 should be joined by a cut to z = ». 

7. Construct the Riemann surfaces for these functions : 

(a) w = z*-2z^y (ft TO = - z* + 4z, (7) lo = 2z« - Sz®, 

(5)ty = z + i, (e)w = z^ + ^, (t) w = ^ t • 

^ V3Z2 + 1 

185. Integrals and their inversion. Consider the function 



« = In ly, w = ln“^z, 


defined by au integral, and let the methods of the theorv of functions 



w = — QO, The integral is then a single valued function of w provided 
the path of integration does not cross the cut. Moreover, it is analytic 
except at iv = 0, where the derivative, which is the integrand 1 fw, 
ceases to be continuous. Let the w-plane as cut be mapped on the 
rti-plane by allowing iv to trace the path lahcdefghil, by computing the 
value of z sufficiently to 
draw the image, and by 
applying the principles of 
conformal representation. 

When w starts from w — 1 
and traces starts from 
= 0 and becomes nega- 
tively very large. When w 
turns to the left to trace ab, 
z will turn also through 90® 
to the left. As the integrand along ab is idfj), z must be changing by an 
amount which is pure imaginary and must reach B when w reaches b. 
W’hen w traces be, both w and dw are negative and z must be increasing 
by real positive quantities, that is, z must trace BC, When w moves along 
edefg the same reasoning as for the path ab will show that z moves along 
CDEFG, The remainder of the path may be completed by the reader. 

It is now clear that the whole t4;-plane lying between the infinitesimal 
and infinite circles and bounded by the two edges of the cut is mapped 
on a strip of width 2 iri bounded upon the right and left by two infi- 
nitely distant vertical lines. If w had made a complete turn in the posi- 
tive direction about 24? = 0 and returned to its starting point, z would 
have received the increment 2 ttL That is to say, the values of z which 
correspond to the same point w reached by a direct path and by a path 
which makes k turns about w — 0 will differ by 2 kiri Hence when w 
is regarded inversely as a function of z, the function will be periodic 
with the period 2 7ri. It has been seen from the correspondence of 
edefg to CDEFG that w becomes infinite when z moves off indefinitely 
to the right in the strip, and from the correspondence of BAIH with 
haih that w becomes 0 when z moves off to the left. Hence w must be 
a rational function of As w neither becomes infinite nor vanishes 
for any finite point of the strip, it must reduce merely to with k 
integral. As w has no smaller period than 2 tti, it follows that ^ = 1. 
To determine C, compare the derivative dwfdz = Ce® at = 0 with its 
reciprocal dzjdw — at the corresponding point 24? = 1; then C = 1. 
The inverse function In"';? is therefore completely determined as 



z— plane w^plane 
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In like manner consider the integral 

dw 


p w 

■ Jo T 


-i- 


z=f(w), w = <^(z)=f-Hz). 


BAKJ 








Here the points w = ±i must be eliminated from the w-plane and the plane ren- 
dered simply connected by the proper cuts, say, as in the figure. The tracing of 
the figure may be left to the reader. The 
chief difficulty may be to show that the 
integrals along oa and he are so nearly equal 
that C lies close to the real axis; no com- 
putation is really necessary inasmuch as the 
integral along oc' would be real and hence 
C' must lie on the axis. The image of the 
cut ly-plane is a strip of width tt. Circuits 
around either + f or —i add tt to 2, and 
hence lu as a function of z has the period tt. 

At the ends of the strip, u? approaches the 
finite values -}- i and — i. The function 
lu = 0(2) has a simple zero when 2 = 0 and 

has no other zero in the strip. At the two points z = ± the function w becomes 
infinite, but only one of these points should be considered as in the strip. As the 
function has only one zero, the point 2 = ^ tt must be a pole of the first order. 
The function is therefore completely determined except for a constant factor which, 
may be fixed by examining the derivative of the function at the origin. Thus 

le«- 
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w— plane 


ie** + e-“** 


= tan 2, 2 = tan-^w. 


186. As a third example consider the integral 

r /r~^i «=/(«’)> w = .^ («)=/-’(«)• (8) 

Jo VI — vr 

Here the integrand is double valued in w and consequently there is 
liable to be confusion of the two values in attempting to follow a path 
in the zo-plane. Hence a two-leaved surface for the integrand will be 
constructed and the path of integration will be considered to be on the 
surface. Then to each point of the path there will correspond only one 
value of the integrand, although to each value of w there correspond 
two superimposed points in the two sheets of the surface. 

As the radical Vl — vanishes at lo = ± 1 and takes on only the single value 0 
instead of two equal and opposite values, the points ly = ± 1 are branch points on 
the surface and they are the only finite branch points. Spread two sheets over the 
w-plane, mark the branch points ± 1 , and draw the junction line be tween them 



Deeii separate, tiiougn crossea, over 1, and the branch point would 
have disappeared. It is noteworthy that if w describes a large I ri 

circuit including both branch points, the values of Vl — are [ J 

not interchanged ; the circuit closes in each sheet without pass- ' [ ] +*i 

ing into the other. This could be expressed by saying that it; = oo 'I 

is not a branch point of the function. 

Now let w trace out various paths on the surface in the attempt to map the sur- 
face on the 2 -plane by aid of the integral (8). To avoid any difficulties in the way 
of double or multiple values for z which might arise if it; turned about a branch 
point It; = i 1, let the surface be marked in each sheet over the axis of reals from 
— CO to -pi. Let each of the four half planes be treated separately. Let w start 
at m; “ 0 in the upper half plane of th e uppe r sheet and let the value of Vl — it;^ 
at this point be + 1 ; the values of Vl — near lo = 0 in IT will then be near 
+ 1 and will be sharply distinguished from the values near — 1 which are supposed 
to corresxDond to points in I', II. As w traces oa, the integral z increases from 0 to 
a definite positive number a. The value of the integral from a to b is infinitesimal. 
Inasmuch as ly = 1 is a branch point where two sheets connect, it is natural to 
assume that as w passes 1 and leaves it on the right, z will turn throus-i^ 
straight angle. In other words the integral from 6 to c is naturally piv 
a large pure imaginary affected 


with a positive sign. (This fact 
may easily be checked by exam- 
ining the change in Vl — 
when ly describes a small circle 
about ly = 1. In fact if the D- _ 

J u 
\ Itt 

1 

fF |o4 

} U L 

1' 

.a' o'K 

j 

f '*■ \ 

Id e^f \ Jo a^h cl 

function Vl -f lo be discarded 

^ a ^ 

J 

U Po'a^b' r 

and if 1 — 10 be written as 



\ -1 i'll' +1 j 

then Vre^*^^ is that value of the 

2 

2 

\ i',n' / 

radical which is positive when 





1— m; is positive. Now when w z— plane w— surface 

describes the small semicircle, 

<fj changes from 0° to — 180° and hence the value of the radical along be becomes 
— iVr and the integrand is a positive pure imaginary.) Hence when w traces 
6c, z traces BC. At c there is a right-angle turn to the left, and as the value of 
the integral over the infinite quadrant cc' is I tt, the point z will move back through 
the distance I tt. That the point G' thus reached must lie on the pure imaginary 
axis is seen by noting that the integral taken directly along oc' would be pure imagi- 
nary. This shows that nr = | tt without any necessity of computing the integral 
over the interval oa. The rest of the map of I may be filled in at once by symmetry . 

To map the rest of the ly-surface is now relatively simple. For I' let w trace 
cc"d'; then z will start at 0 and trace CD' = tt. Wheji w comes in along the lower 
side of the cut d'e' in the upper sheet I', the value of the integrand is identical with 
the value when this line de regarded as belonging to the upper half plane was de- 
scribed, for the line is not a junction line of the surface. The trace of z is there- 
fore D'j&'. When w traces fo' it must be remembered that I' joins on to II and 
hence that the values of the integrand are the negative of those along fo. This 


the straight angle at the branch point — 1, It is further noteworthy that when w 
returns to o' on I', z does not return to 0 but takes the value tt. This is no contra- 
dictioii ; the one-to-one correspondence which is being established by the integral 
is between points on the lo-surface and points in a certain region of the z-plane, and 
as there are two points on the surface to each value of w, there will be two points 
z to each w. Thus far the sheet I has been mapped on the z-plane. To map II let 
the point w start at o' and drop into the lower sheet and then trace in this sheet 
the path which lies directly under the path it has traced in I. The integrand now 
takes on values which are the negatives of those it had previously, and the image 
on the 2 -plane is readily sketched in. The figure is self-explanatory. Thus the 
complete surface is mapped on a strip of width 2 tt. 

To treat the different values which z may have for the same value of w, and in 
particular to determine the periods of w as the inverse function of 2 , it is necessary 
to study the value of the integral along different sorts of paths on the surface. 
Paths on the surface may be divided into two classes, closed paths and those not 
closed. A closed path is one which returns to the same point on the surface from 
which it started ; it is not suflBcient that it return to the same value of w. Of paths 
which are not closed on the surface, those which close in w, that is, which return 
to a point superimposed upon the starting point but in a different sheet, are the 
most important. These paths, on the particular surface here studied, may be fur- 
ther classified. A path which closes on the surface may either include neither 
branch point, or may include both branch points or may wind twice around one 
of the points. A path which closes in w but not on the surface may wind once 
about one of the branch points. Each of these types will be discussed. 

If a closed path contains neither branch point, there is no danger of confusing 
the two values of the function, the projection of the path on the lo-plane gives a 
region over which the integrand may be considered as single valued and analytic, 
and hence the value of the circuit integral is 0. If the path surrounds both branch 
points, there is again no danger of confusing the values of the function, but the 
projection of the path on the lo-plane gives a region at two points of which, namely, 
the branch points, the integrand ceases to be analytic. The inference is that the 
value of the integral may not he zero and in fact will not be zero unless the in- 
tegral around a circuit shrunk close up to the branch points or expanded out to 
infinity is zero. The integral around cc'dc"c is here equal to 27r; the value of the 
integral around any path which incloses both branch 
points once and only once is therefore 2 w or — 2 tt ac- 
cording as the path lies in the upper or lower sheet ; if 
the path surrounded the points k times, the value of 
the integral would be 2fc7r. It thus appears that w re- 
garded as a function of z has a period 2 tt. If a path 
closes in w but not on the surface, let the point where it 
crosses the junction line be held fast (figure) while the path is shrunk down to 
wbaa'b'w. The value of the integral will not change during this shrinking of the 
path, for the new and old paths may together be regarded as closed and of the 
first case considered. Along the paths and a'b'w the integrand has opposite 
signs, but so has dw ; around the small circuit the value of the integral is infini- 
tesimal. Hence the value of the integral around the path which closes in w is 21 
or — 2 1 if I is the value from the point a where the path crosses the junction line 




Bhnnk down around the other branch point. Thus far the possibilities for z corre- 
sponding to any given ry are s; + 2A;7r and 2m7r — 2 . Suppose finally that a path 
turns twice around one of the branch points and closes on the surface. By shrink- 
ing the path, a new equivalent path is fonned along which the integral cancels out 
term for term except for the small double circuit around dz 1 along which the 
value of the integral is infinitesimal. Hence the values 2 + 2fcir and 2 wtt— z are 
the only values z can have for any given value of ly if 2 be a particular possible 
value. This makes two and only two values of z in each strip for each value of wj, 
and the function is of the second order. 

It thus appears that ty, as a function of 2 , has the period 2 ir, is single valued, 
becomes infinite at both ends of the strip, has no singularities within the strip, and 
has two simple zeros at 2 = 0 and 2 = tt. Hence ly is a rational function of with 
the numerator — 1 and the denominator -f 1. In fact 


w 


Q = — ; Sin z, 

Qxz d- g- « X gis 4. e- w 


The function, as in the previous cases, has been wholly determined by the general 
methods of the theory of functions without even computing a. 

One more function will be studied in brief. Bet 


/» w (l-in 

g - I a>0, z=/(io), w=:<i>{z)=f-^^). 

(a — ly) V ly 

Here the Riemann surface has a branch point at lu = 0 and in addition there is the 
singular point lu = a of the integrand which must he cut out of both sheets. Let 
the surface he drawn with a junction line from w = 0toiy =:— 00 and with a cut 
in each sheet from ly = a to ly = oo. The 
map on the 2 -plane now becomes as indi- 
cated in the figure. The different values 
of z for the same value of w are readily 
seen to arise when w turns about the 
point w = a in either sheet or when a 
path closes in w hut not on the surface. 

These v?Uaes of 2 are 2-1-2 k7ri/\^ and 
2m7ri/Va — 2 . Hence ty as a function of 
z has the period 2 iria' i , has a zero at 
2 = 0 and a pole at 2 = tn/^/a^ and approaches the finite value ly = a at both ends 
of the strip. It must he noted, however, that the zero and pole are both neces- 
sarily double, for to any ordinary value of w correspond two values of z in the 
strip. The function is therefore again of the second order, and indeed 

x/):=a~ ^ = a tanh ^ ^ 2 Va, 2 = *— tanh-^^ . 

(e2rVa4.i)2 2 Va Va 

The success of this method of determining the function z = /(w) defined by an 
integral, or the inverse w =:/-i( 2 ) = 4>{z)^ has been dependent first upon the ease 
with which the integral may be used to map the ty-plane or ly-surface upon the 
2 -plane, and second upon the simplicity of the map, which was such as to indi- 
cate that the inverse function was a single valued periodic function. It should be 
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realized that if an attempt were made to apply the methods to integrands which 
appear equally simple, say to 

z = J Va^ ~ w^dw, ^-f (iio/Vw, 

the method would lead only with great difficulty, if at all, to the relation between 
2 and w ; for the functional relation between z and iv is inrleed not simple. There 
is, liowever, one class of integrals of great importance, namely, 

z= f- -.- 

V(M) - ai)(u» - aj) • • • (U) - a„) 
for which this treatment is suggestive and useful. 


EXERCISES 

1 . Discuss by the method of the theory of functions these integrals and inverses : 


(a) ^ 

r’*' dw 
'i 2w' 

(ft 

•> 

2dw 

'o 1 -* w ’ 

(7) 

dw 

I/O 1 — ’ 

(«) ^ 

dw 

(el 

dw 


dw 

'o Vio* - 1 

a 

'o Vlo2 + 1 

\ J / 

«/ CC ly Vlo2 ^ (jCi 


dw 

(ft ^ 

dw 

(l) 

dw 

* wVw^>-a^ 

V2aW’-^w^ 


(lo 4* 1) — 1 


The results may be checked in each case by actual integration. 


2. Discu® and (§ 182, and Ex. 10, p. 489) 

Vw)(l-w)(i + a,) 



CHAPTER XIX 


ELLIPTIC FUNCTIONS AND INTEGRALS 


187. Legendre’s integral I and its inversion. Consider 


-r 


dw 


V(1 — (1 — kV) 


0 < ^ < 1 . 


(I) 


The Kiemann surface for the integrand* has branch points ditto — ±1 
and ± 1/k and is of two sheets. Junction lines may be drawn between 
+ 1, 4- l//c and — 1, — l//c. For very large values of w, the radical 
V(1 — (1 — is approximately ± kw^ and hence there is no 

danger of confusing the values of the function. Across the junction 
lines the surface may be connected as indicated, so that in the neigh- 
borhood of = ± 1 and = ± 1 /k it looks like the surface for Vw. 
Let 4 1 be the value of the integrand at w in the upper sheet. 
Further let 





V(1 - (1 - W) ' 



dt£ 

V(1 - (1 - /cW) 


‘ ( 1 ) 


Let the changes of the integral be followed so as to map the surface 
on the ;$:-plane. As w moves from o to a, the integral (I) increases 
by Ky and ^ moves 
from 0 to A, Asw 
continues straight 
on, ^ makes a right- 
angle turn and in- 
creases by pure 
imaginary incre- 
ments to the total 
amount iK' when 
w reaches h. As to 
continues there is 

another right-angle turn in z, the integrand again becomes real, and 
z moves down to C. (That z reaches C follows from the facts that the 

* The reader unfamiliar with Riemann surfaces (§ 184) may proceed at once to identify 
(I) and (2) by Ex. 9, p. 475 and may take (1) and other necessary statements for granted. 



z— plane surface 



integral irom U to igo woula be pure imaginary like dw,) it w is ailowea 
to continue, it is clear that the map of I will be a rectangle 2 Khy K* 
on the ^-plane. The image of all four half planes of the surface is as 
indicated. The conclusion is reasonably apparent that w as the inverse 
function of ^ is doubly periodic with periods 4 K and 2 iK\ 

The periodicity may be examined more carefully by considering different possi- 
bilities for paths uiion the surface. A path surrounding the pairs of branch points 
1 and /c-i or — 1 and — k-^ will close on the surface, but as the integrand has oppo- 
site signs on opposite sides of the junction lines, the value of the integral is 2iK\ 
A path surrounding — 1, + 1 will also close; the small circuit integrals about — 1 
or -f 1 vanish and the integral along the whole path, in view of the opposite values 
of the integrand along /a in 1 and II, is twice the integral from / to a or is 4iC. 
Any path which closes on the surface may be resolved into certain multiples of 
these paths. In addition to paths which close on the surface, paths which close in 
w may be considered. Such paths may be resolved into those already mentioned 
and paths running directly between 0 and w in the two sheets. All possible values 
of z for any w are therefore 4mK + 2niK' ± z. The function 10 ( 2 :) has the periods 
4 K and 2 iK% is an odd function of 2 ; as w>(— 2 ;) = w{z)^ and is of the second order. 
The details of the discussion of various paths is left to the reader. 

Let w =/(«). The function f(z) vanishes, as may be seen by the 
map, at the two points ^ = 0, 2 iiT of the rectangle of periods, and at 
no other points. These zeros of w are simple, as f’(z) does not vanish. 
The function is therefore of the second order. There are poles at 
z = iK^, 2 A + iK\ which must be simple poles. Finally /(A*) = 1. The 
position of the zeros and poles determines the function except for a con- 
stant multiplier, and that will be fixed by = 1 ; the function is 
wholly determined. The function /(^f) may now be identified with sn « 
of § 177 and in particular with the special case for which K and K' are 
so related that the multiplier (7 = 1. 




H{K) ®(z) 


sn Zy 


( 2 ) 


For the quotient of the theta functions has simple zeros at 0, 2K, 
where the numerator vanishes, and simple poles at iK\ 2K-\- iK\ where 
the denominator vanishes ; the quotient is 1 at 2; = AT ; and the deriva- 
tive of sn at 2; = 0 is <7 cn 0 dn 0 = (7 = 1, whereas /(O) = 1 is also 1. 

The imposition of the condition g — 1 was seen to impose a relation 
between K, K\ k,k\q by virtue of which only one of the five remained 
independent. The definition of K and as definite integrals also makes 
them functions K {k) and K\k) of k. But 



■ 


Jl '\/ {1 — ( 1 -- 




dw^ 


■■ = iK(k') 


( 3 ) 


V(l- w?) (1 - A'V) ' 

if w = (1 — k'^wl)^ and + A'* = 1, Hence it appears that K may be 
computed from k' as K' from k. This is very useful in practice when 
is near 1 and k''^ near 0. Thus let 


e 


' 21+VI 2‘U+Vi/^ ' 

jo l^l 

=®,(0, y') = 1 + 2/ + 2/* + . . ., 


log y log q' = Tr^, 



and compare with (37) of p. 472. Now either k or k* is greater than 0.7, 
and hence either q or may be obtained to five places with only one 
term in its expansion and with a relative error of only about 0.01 per 
cent. Moreover either q or q^ will be less than 1/20 and hence a single 
term 1 + 22^ or 1 - 1 - 25 '' gives K or K' to four places, 

188 . As in the relation between the Riemann surface and the j^i-plane 
the whole real axis of z corresponds periodically to the part of the real 
axis of w between — 1 and 1, the function sn x, for real aj, is real. 
The graph of y = sn x has roots at a; = 2 mK, maxima or minima alter- 
nately at (2 m -f- 1) K, inflections inclined at the angle 45° at the roots, 
and in general looks like y == sin (7ra;/2/f). Examined more closely, 
sn ^ /C = (1 -f- ?c'y^ > 2“ ^ = sin J tt ; it is seen that the curve sn x has 
ordinates numerically greater than sin {'irxJ2 A). As 


cn 5c = Vi — dn cc = (5) 


the curves y = cn x, y = dn aj, may readily be sketched in. It may be 
noted that as sn {x -p A") cnx, the curves for snx and cncc cannot 
be superposed as in the case of the trigonometric functions. 

The segment 0, iK' of the pure imaginary axis for z corresponds to 
the whole upper half of the pure imaginary axis for w. Hence sn ix 
with X real is pure imaginary and ^ isnix is real and positive for 
0 ^ X < K' and becomes infinite for x = A''. Hence — ^ sn ix looks in 
general like tan (7rx/2 A'). By (5) it is seen that the curves for y = cn^, 
y^dnix look much like sec (7rxJ2 A') and that cn ix lies above dn ix. 
These functions are real for pure imaginary values. 

It was seen that when k and k' interchanged, A and A' also inter- 
changed. It is therefore natural to look for a relation between the ellip- 
tic functions k)y Gn(zy k), dn(.'$;, k) formed with the modulus k 


plementary modulus /c' It will be shown that 
sn k) ■ 


cn (izj k) = 
dn k) = 


sn(«, k') 

sn {Zy k) = 

. sn {izy k') 

cn {Zy k') 

cn {iZy k') 

1 

cn {Zy k) = 

1 

cn {z, k') ^ 

cn {iZy k') 

dn {zy k') 
cn (Zy k') ^ 

dn {zy k) = 

dn (iZy k') 
cn {iZy k') 


Consider sn k). This function is periodic with the periods 4 K and 
2 IK' if iz be the variable, and hence with periods 4 iK and 2 K' if z be 
the variable. With z as variable it has zeros at 0, 2iK, and poles at 
/C', 2 iK 4- K'. These are precisely the positions of the zeros and poles 
of the quotient H(z, q')^ where the theta functions are con- 

structed with q' instead of q. As this quotient and sn (iz^ k) are of the 
second order and have the same periods, 


sn {iz, k) = C 


H{», q') . ^ sn (z, k') 
H^{z, q') > cn (z, k') 


The constant may be determined as C^ = i by comparing the deriva- 
tives of the two sides at = 0. The other five relations may be proved 
in the same way or by transformation. 

The theta series converge with extreme rapidity if q is tolerably 
small, but if q is somewhat larger, they converge rather poorly. The 
relations just obtained allow the series with q to be replaced by series 
with q' and one of these quantities is surely less than 1/20. 

In fact if V = 7r«/2 A and v' = 7raj/2 A', then 


/ h\ — 2 sin V — 2 sin 3 V -I- 2 sin 5 V 

V 1 — 2 cos 2 V 4- 2 cos 4 V — 2 5 '® cos 6 V -f- •• • 
— JL v' ~ sinh 3 v' + sinh 5 • 

cosh v' -f cosh 3 1 /' -h g'® cosh 5 v' 4 


The second series has the disadvantage that the hyperbolic functions 
increase rapidly, and hence if the convergence is to be as good as for 
the first series, the value of g' must be considerably less than that of 
g, that is, K' must be considerably less than A. This can readily be 
arranged for work to four or five places. For 


_g X / Srrx 5Trx \ 

g'® = e cosh 5 1/' = ^ 4- e , 0 ^ x ^ K', 

where owing to the periodicity of the functions it is never necessary 
to take X > K\ The term in g'® is therefore less than ^ If the term 


of k corresponding to this critical value of q is about k = 0.85. 

Another form of the integral under consideration is 
, do dw 

«)-J^ kV~^’ 

sin <;(>== y == sn X, <j[> = am x, cos = Vl — sn^x = cn x, 

A<^ = Vl — /cy == Vl — k^ sin^ <l> — dn x, k'^ = 1 — 7:^ 

X — sn~^(y, k) = Gn“\ Vl — y^, k) = dn'^VlTT'^y^ /c). 

The angle <\> is called the amplitude of x ; the functions sn x, cn cc, 
dn X are the slne-aynplltude^ cosine-amplitude^ delta-amplitude of x. The 
half periods are then 


-I. 

'=X 


dQ 


Vl- 


Jtt 


-Fsin^^ 

dS 


\ TT, k 


= F(|7r,A'), 


( 8 ) 


Vr~- k^ sin^ e 

and are known as the complete elliptic integrals of the first kind, 

189. The elliptic functions and integrals often arise in problems 
that call for a numerical answer. Here k^ is given and the complete 
integral K or the value of the elliptic functions or of the elliptic inte- 
gral F{4>^ k) are desired for some assigned argument. The values of 
K and k) in terms of sin'Vc are found in tables (B. 0. Peirce, 
pp, 117-119), and may be obtained therefrom. The tables may be 
used by inversion to find the values of the function sn x, cn x, dn x 
when X is given ; for sn x = sn F(<^, k) = sin and if x = F is given, 
may be found in the table, and then sn x = sin It is, however, 
easy to compute the desired values directly, owing to the extreme 
rapidity of the convergence of the series. Thus 

Wit 


N 


• = ©,( 0 ), 


Vif=- 


1 + 


= loss' 


'' 5 ^( 1 + 2 , - 4 . 


( 9 ) 


2! (1 4- 2 g'* + • • •). 

1 H" s/k 




X jnLJLUV/XV X KJJL' X VJ XI vy X xvyxi o 


The elliptic functions are computed from (6) or analogous ser: 
To compute the value of the elliptic integral F (<(>, note that if 

dll X __ 1 H- 2 y cos 2 V -f 2 cos 4 V 4- • • . 

VP 1 — 2 <7 cos 2v 2 < 1 ^ cos 4 v -f • • • ^ 


tan 



cot X — 1 __ cos 2 V 4- < 7 ^ cos 6 v ^ 
cot X 4 - 1 ^ 1 + 2 cos 4 V H ’ 


and tan (-| tt — X) = 2 y cos 2 v or tan ( j tt - 


2f/C03 2y 

^ 1 4 - 2 < 7 ^ cos 4 V ^ 


are two a]i})roxiiiiate equations from which cos 2 v may be obtaini 
the first neglects and is generally sufficient, but the second negle 
only q^. If /c^ is near 1, the proper approximations are 


. f A — ^ dn (x, k) ^ dn (ia;, /c^) __ 1 4 * 2 y' cosh 2 v' H 

'VTc ^0 V^ 1 — 2 5 ^' cosh 2 v' H ^ 

tan (i TT - X) = 2 q< cosh 2 v' or tan ( 4 . tt - X) = ^ ^ | 

Here y'® cosh 8 v' < q’^ is neglected in the second, but cosh 4 v' < 
in the first, which is not always sufficient for four-place work. Of co u 
if with sn cc = s in or if y == sn x is given, dn a? = Vl — /c^ sn^ a; a 
cn a; = Vl — sn^ic are readily computed. 


p t/» 

As an example take / - 

J 0 ■' 


dO 


^ and find K, sn | K, F(i x, 4). As ■■ 


_ Vl — 4 sin“ 9 

and Vfc'>0.9, the first term of (37), p. 472, gives q accurately to five pla( 
Compute in the form ; (Lg = logj^) 


Lgfc's = 0.87506 
Lg Vr = 9.06876 
VF = 9.93060 
1 - VF = 0.06940 
1 + VF = 1.93060 


Lg (l - VF) = 8.84136 
Lg (l + VF) = 0.28669 
Lg 2 ? = 8.66667 
2?=: 0.03695 
q = 0.01797 


Lg2x = 0.7982 
2 Lg (l + VF) = 0.5714 
Lg = 0.2268 
K = 1.686 
Check with table. 


sn?^' = 2^ + 

3 vF 1 — 2gcos|xd 


„ Vg 4 Vs 
V4 1 + 9 


2^ Ve V? 4 Lg 6 = 0.88908 

sn - A = 

3 1.01797 iLg 9 = 9.66366 

- Lg 1.018 = 9.99226 


Lg 6 nf£: = 9.9460 

sn 4 J: = 0.8810. 


Check with table. 


- Lg V-fc' = 0.03124 2 y = 42^^ 12' 

Lg cot X = 0 .02314 180 x - K (42,20) 

As a second example consider a pendulum of length a oscillating through an 
arc of 300°. Find the period, the time when the pendulum is horizontal, and its 
position after dropping for a third of the time required for the whole descent. 
Let _ 2 ay be the equation of the path and h = a (l + ^ Vs) the greatest 

lieight. When y = h, the energy is wholly potential and equals mgh; and mgy is 
the general value of the potential energy. The kinetic energy is 


m j rna^ 

2\dt/ 2ay-~-y^\dt/ 


and 


2 ay — y2 



■f mgy = ingh 


is the equation of motion by the principle of energy. Hence 

t=r r 

V (h — y) (2 ay — y^) V(1 — in*) (1 — ^ 2a 

Vp/ot = sn-i(i«, fc), w = sr\{Vg/at,k'), v=:hsn^{VgJ^,k), 

are tlie integrated results. The quarter period, from highest to lowest point, is 
K Va/p : the horizontal position is v = a, at which t is desired ; and the position 
for Vg/at = § K is the third thing required. 


A* = 0.93301, 


LgA“ = 9.96988 
Lg Vfc = 9.99247 
Vfc = 0.98280 
1-Vfc = 0.01720 
1+ \/fc = 1.98280 


2g' = 


1-Vk 
1+ Vfc’ 



-gl'gq^ 

Jiir(i + Vkf 


Lg(l- \^) = 8.23553 
- Lg (l + Va) = 9.70272 
- Lg2 = 9.69897 
Lgp' = 7.63722 
q' = 0.00434 


Lg2 = 0.3010 
Lg*g'-i = 0.3784 
-LgK = 0.8622 
-2Lg(l+ Va) = 9.4034 
Lg K = 0.4420. 


Hence M = 2.768 and the complete periodic time isiK Va/g. 


r = a, 


o CC 

h 


1 dn ly 

Vk enwj 




cot X, 


cn w = Vl— a/h^ dn w = Vl — 
tan^lw- x) =2g'ccsh2.', = 


Lgfc2 = 9.96988 
Lg 4 = 0.60200 
-Lg3 = 9.52288 
Lg cot^ X = 0.09482 


X = 48°26' 12" 
Jir-X = l°3S' 48" 
Lg tan = 8,43603 
Lg 2 y' = 9.93825 


2y' = 1.813 
Lg 2 y' = 0.2684 
- Lg2 g'-i s= 9,6266 
LgJlf = 9.6378 

Lg = 9.5228. 


Lg cot X = 0.02370 Lg cosh 2 / = 0, 49778 


Hence the time for ^ = a is t = 0.8333 K Va/^ = \ whole time of ascent. 

y = h ^ nK/Ky 

\a 3 \ff k \cosh 7rK/3 K' + cosh ttK/K'} 

= 2 ak ^ ak ( . 

W ^ + ?' 5 + q''Hq'-^ + <?')/ \q'~ ^ +q'^ + q7 

J Lgq' = 9.21241 9'i = 0.1681 _ ^ / 5.9645 y 

- JLg 9 ' = 0.78759 (ir'“i = 6.1319 ~ ^ \6.2993/ ' 

This gives y = 1.732 a, which is very near the top at Ji = 1.866 a. In fact starting 
at 30° from the vertical the pendulum reaches 43° in a third and 90° in another 
third of the total time of descent. As sn J K is (1 + fc')“i it is easy to calculate 
the position of the pendulum at half the total time of descent. 


EXERCISES 

1. Discuss these integrals by the method of mapping 
dw 


P V) 


0 V(o“ - m;*) («|2 - ic2) 

dw 


a > ft > 0, w = bsnaz, A; = - , 

a 


Vu>,(l — ly) (1 — k^w) 

dw 


) = sn® Q 2, A:^, 2 = 2 sn-^ (V £c, A:), 




V(l + «^2)(1 + A;'2w;®) 

2. Establish these Maclaurin developments with the aid of § 177 ; 


(a) sn2 = 2-(l + A:®)~ + (l4-14A:2 + A^)|--. 

o I 0 ! 


(^) cn2 = l-^ + (H.4A:2)f--(H- 44A:®+ 16A:4)|- + . 

A 1 4 ! o ! 


(7) dn z = 1 - *2 ^ + lcS(4 + fcS) ^ _ fc2(i6 + uk‘‘ + k*)~ + . ■ ■ 
"1 4 ! 6 ! 


3. Prove ^ —Jt 

Vr-Xi2sin2rf, I do 


dyj/ 


Vf- i2~sin2 <f> ^ Vl~ Z-2sin®i// 

4, Carry out the computations in these cases : 

'») r 


, f>l, sin®^ = i®sin®(^. 


to find jST, sn - AT, 

0 Vl-0.1sin2(? 3 


'«X 


^ dS 1 

■■■ to find K. sn - K. 

» Vl - 0.9 sin® e 3 




5. A pendulum oscillates through an angle of (a) 180°, (/S) 90°, (7) 840°. Find 


horizontal through the ends of the rope, and the y-axis 'vertical through one end. 
Remember that ^^centrifugal force” varies as the distance from the axis of rotation. 
The first and second integrations give 


dx = “ 


aHy 


V (6^ — 

dS 


rr^ ; / V62 + 62 aA 

y = V62 - a2 sii , -x ‘ 


10. Express f — ■ -■ a > 1, in terms of elliptic functions. 

^ Va — o.riR^ 


11. A ladder stands on a smooth floor and rests at an angle of against a 
smooth wall. Discuss the descent of the ladder after its release from this position, 
Eind the time which elapses before the ladder leaves the wall. 

12. A rod is placed in a smooth hemispherical bowl and reaches from the bot-s 
tom of the bowl to the edge. Find the time of oscillation when the rod is released. 


190. Legendre’s Integrals II and III. The treatment of 


f 


Vl — 7c W 


vT— 


dw 


-i: 


(1 — k^w^) dw 


(H) 


by the method of conformal mapping to determine the function and its 
inverse does not give satisfactory results, for the map of the Riemami 
surface on the ^-plane is not a simple region. But the integral may be 
treated by a change of variable and be reduced to the integral of an 
elliptic function. Bor with -m; := sn u, xi == sn”^ w, 


X' 


(1 — div 

V (1 — (1 — /cW) 




sn^ xi) du 




i: 


( 12 ) 


sn^ xidii. 


The problem thus becomes that of integrating su^ xc. To effect the in- 
tegration, sn^ xt will be expressed as a derivative. 

The function sn^ xt is doubly periodic with periods 2 K, 2 iK\ and 
with a pole of the second order at xi = iK\ But now 

_tTr 

®(M + 2A’) = ®(?t), ®(t{ + 2iA’') = — ^ ®(ii) 

log ®(zt + 2 K) = log ® (u), log (® + 2 iK") = log 0 (u) “ - log (“ S')' 





TJlJliUKy Jb UJN<JTiUJN» 


It tlten appears that the second derivative of log ©(w) also has fch 
periods 2 A", 2 IK', Introduce the zeta function 


Z(..)- flog 00.) = 5^, Z'0.) = f|®- (13 

^ ^ du ^ ^ ' ®(u) ^ ^ du ®(u) ^ 


The expansion of ©'(?^) shows that = 0 at 'i.A = mK. About u=::iK 
the expansions of Z'{'u) and sn^w are 


Z'(") = ■ 


71^ + »o + ■ 


— iKy ^ ^ (^ii — iK') 

Hence = — Z'{u) 4- Z'(0), Z'(0) = ©"(0)/©(0), 


-f- ^n + • 


and 




^ J sn^2i cZu = — Z(w) 4- 'wZ'(O), 

^ (1 — k^ sn^ u) du == 14 (1 ~ Z'(0)) 4- Z (i4). (14 


The derivation of the expansions of Z'(u) and sn^ u about u = iK' are easy. 

e(u) = aTr(i-9'‘"+*«*^“), ioge(u) = 2)'°e(i-9""+*e*^“)+>ogO 

log © (u) = log (l — qe A' “) + function analytic near u = iK', 




iirq 


0'(u) _ iirqe ^ 


/(u) = = /(iAO 4 (u - iK')f'{iK') + . . . = r/ 4 + • * • * 

Jl 


e'(u) __ 4 1 


0(u) u^iK' 


-f • 


d 0'(u) 


-1 


du 0 (u) (M - iK')^ 


sn(u+iiC') = ^ — , sn2(« + iff') = i -4- . 

/c sn u sn^ u 


f(u) = sn w = u/'(0) 4 iw»/'"{0) 4 • • • = w 4 cu® 4 * • • , 

sn2(M 4 %K') =z — — ^ z= i- — cu 4 ' . J: /J_ 2c 4 • • -V 
fc^sn^it A;2 \u / A:^ XU® / 

sn® u = — 2 c + • • • V 

k^\(u-iKY / 

In a similar manner may be treated the integral 

=/■ 


r 


du 


(tu^ - a) V(1 (1 - k^a^ Jo sn" u- a 

Let a be so chosen that sn"a = a. The integral becomes 


(III 


ELLIPTIC FUNCTIONS 


513 


The integrand is a function with periods 2 if, 2 iK' and with simple 
poles at It = a. To find the residues at these poles note 


lim 

± a 


U ^ ft 

sn^ u — 


= lim 

M = tb a 


1 

2 sn 11 cn u dii u 


± ^ 

2 su a cn a dn a 


The coefficient of (to ^ in expanding about ± a is therefore ± 1. 
Such a function may be written down. In fact 


2 sn cn g dn g _ H'(u — g) H'(‘g + g) , ^ 

sn^?6 - sn“g ““ H(u — g) -p a) ^ 

= 2^(u ~ g) - Zj(g + -f 0, 


\i The verification is as above. To determine C let ?^ = 0. 

Then C = 
and 


2cngdng , ^ ^ 1 ii{u^ 

h2Z.(g), but snw = — pr — 

sng -v^ 


^ 1 cn w dn w „ . . „ . ^ 

log sn 2^ = = %^(u) — Z (i^). 




sn w 


Hence C reduces to 2 Z (g) and the integral is 


f: 




2 sn g cn g dn 




The integrals here treated by the sabstitation ly = sn u and thus reduced to the 
integrals of ellip^functions are but special cases of the integration of any rational 
function E(w^^W)otw and the radical of the biquadratic TT = (1 — w;2)(i — 

The use of the sub stitutio n is analogous to the use of w = sin u in converting an 
integral of E(w^ Vl into an integral of trigonometric functions. Any ra- 
tional function B(w^ V W) may be written, by rationalization, as 

B (w,Vw) = + B(u.) + R(w)VlF 

B(«)) + B(u))V>jF 


where R means not always the same function. The integral of R(v)^'\/w) is 
thus reduced to the integral of which is a rational fraction, plus the inte- 

gral of wE^{w^)/^/W which by the substitution =u reduces to an integral of 
R (m, V (1 — u)(l — k^u) and may be considered as belonging to elementary calculus, 
lilus finally 


J VfF 


dw — 


f B5(sn*«)du, 


w 3= sn u. 


By the method of partial fractions Bg may be resolved and 


/* 


r 


du 


514 


THEORY OF FUNCTIONS 


the first type n may be lowered if positive and raised if negative until the integral 
is expressed in terms of the integrals of sn^x and sn^ x = 1, of which the first is 
integrated above, TJie second type for any value of n may be obtained from the 
integral for n — 1 given above by differentiating with respect to a under Jbe sign 
of integration. Hence the whole problem of the integration of /2(w, VtK) may 
be regarded as solved. 


191. With the substitution w = sin the integral II becomes 

7 i (,f,, /<•)= J'* Vl- Fsiii ^ m dw ( 17 ) 

= « (1 - Z'(0)) + Z (u), u - k). 

In particular E{^7rj k) is called the complete integral of the second kind 
and is generally denoted by E. When <^ = ^ 77, the integral u = /c) 

becomes the complete integral K, Then 

(1 - Z'(0)) + Z(/0 = /<■(! - Z'(0)), (18) 

and E (</>, k) = EF (<^, k) /K + Z ( 7 /). (19) 

The problem of computing E(<j)j k) thus reduces to that of computing 
Kf E, k) = Uy and Z(ti), The methods of obtaining K and F(<l}j k) 
have been given. The series for Z(7^) converges rapidly. The value 
of E may be found by computing /^(l — Z'(0)). 

Tor the convenience of logarithmic computation note that 


K ®(0)~>| 


2Kk> 




or -K^-R = ^'7^/V7c'•(2‘^•/ii•)^7(l-42*^ ). (20) 


Also 


Z(«) = 


%'{u) ^ 2 qir sin 2v — 2 sin 4 y H 

®(ii) K 1 — cos 2 V + 2 cos 4 V 


( 21 ) 


where v — Truj^ K, These series neglect only terms in which will 
barely affect the fifth place when k ^ sin 82° or ^ 0.98. The series 
as written therefore cover most of the cases arising in practice. Tor in- 
stance in the problem which gives the name to the elliptic functions 
and integrals, the problem of finding the arc of the ellipse % — a sin 
y = boos <ji, 

ds = Va^cos^ 0 sin^ <kd<l> = a Vl •— sin® <f}d(j > ; 



the series in q and take an additional term or two. As fc = 0.9, k"^ = 0.19. 

Lgfc2 = 9.27875 Lg(l-Vr) = 9.53120 

Lg V*' = 9.81909 Lg (l + Vr) = 0.22017 

Vr = 0.66022 diff. = 9.31103 

1 - VP = 0.33978 Lg 2 = 0.30103 

1 + VF = 1.66022 Lg term 1 = 9.01000 


Lg9 = 9.0101 
3Lg?= 7.0303 
4Lgg = 6.0404 
58 = 0.0011 
g< = 0.0001 


Lg2ir = 0.7982 
-2Lg(l+ VP^) = 9.6597 
Lg(l+ 2 «■>) =0.0001 
Lg S' = 0.3680 
K = 2.280 


5 diff. = 6.55615 
Lg 16 = 1.20412 
Lgterm2= 5,35103 
term 1 = 0,10233 
term 2 = 0.00002 
q = 0.10235. 
Lgj7r/VP = 0.8764 
|log2ir/S'= 0.6603 
Lgg = 9.0101 
Lg(l-458) = 9.9981 
Lg(S-S) = 0.0449. 


Hence 1.109 and = 1.171. The quadrant is 1.171a. The point cor- 

responding to X = i a is given by 0 = 30°, Then dnJF= Vl — 0.2026. 


Lgdni^= 9.9509 
Lg VP' = 9.8197 
LgcotX = 0.1312 
X = 36°28i' 

How 180 1?^ = JS: (42.92). 
Lg .S' = 0.3580 
Lg 42.92 = 1.6326 
-Lg 180= 7.7447 
LgS = 9.7353 
F= 0.5436 


^TT - X = 8°31i^' 
Lgtan = 9.1768 
Lg2^ = 9.3111 
Lg cos2 V = 9.8647 


cos 2 I' = 0.7323 
Hence 4 v near 90° 
l-f-2^4 cos4v= 1.0000 
2v = 42° 56'. 


The computation for S, Z, E (| tt) is then 


Lg 2 7r/S: = 0.4402 
Lg^? = 9,0101 
Lg sin 2 V = 9.8331 
- Lg (1 — 2 g cos 2 j/) = 0,0706 
LgZ = 9.3539 


LgS'/r = 9.7106 
LgF= 9.7363 
EF/K = 0.2792 
Z = 0.2266* 
^(}7r) = 0.5048. 


The value of Z marked * is corrected for the term — 2 sin 4 p. The part of -the 
quadrant over the first half of the axis is therefore 0.5048 a and 0.666 a over the 
second half. To insure complete four-figure accuracy in the result, five places 
should have been carried in the work, but the values here found check with the 
table except for one or two units in the last place. 


If 


EXERCISES 

1 . Prove the following relations for Z(w) and Zj(w). 

Z(- m) = - Z(w), Z(u + 2K):= Z(w), Z(u + 2tK') = Z(m)- iw/X. 

ITT 


Z,(«) = |.Iogfl(«) = fg. 


Zi(M + tiC') = Z(u)- 


2JC 


^ = - z;(«) + z'(0), / = - zx(«) + «z'(0), 

Zi(0)=aD. 


r, / N V 1 cnudnw 

ZJu) — Z (u) = — log sn w = 1 

^ ' ' du snu 


2. An elliptic function with periods 2 if, 2 iK' and simple poles at a^, Og, • • • , a„ 
with residues c^, Cg, • • • , c», Sc = 0, may be written 

f(u) = CjZ^(w - a^) + C2 Zi(m «- a2) + • • • + c„Z^(u - a„) + const. 


3 fc^snacnadn asn^u^l^ 

1 — sn^ asu’^u 2 2 

, o 1 r ^ It 8 (ct — w) . V 

/c^snacnadna I — ^ — '- + uZ {a). 

Jo 1 — sn^ a sn^ u 2 0 (a + w) 


4 . („) f = xuz'm - v^Z (v^«) - Vx + c 

^ Sii2 Vxu sn VXu 

, /-V /- cn VXit dn Vxu . ^ 

= Xit — vX£^(0 = sin-isn vXw) — VX — 1- C, 

sn vXu 

/ k'Hu r, „ , ,„snucnu . , . ,„snMcnu 

= J dn2 wdu — k^ - - E{<t> = sm-isn u)^k^~ 

cn'-® udu 


dnu 


dnw 


(y) C = w — 2 i? (0 = sin-1 sii It) — (1 — 2 dn^ m). 

' J sn^udn^u ^ snudnu^ ' 


5. Find the length of the quadrant and of the portion of it cut off by the latus 
rectum in ellipses of eccentricity e = 0.1, 0.5, 0.75, 0.96. 

6. If e is the eccentricity of the hyperbola x^/aP' — = 1, show that 

r<f> sec^ 0d0 


r 

ae Jo 


, where ~y = tan 0, fc = - 1 

Vl-fe2sin2 0 6“ « 




= — F(0, A:) — aeE (0, A:) + ae tan 0 v 1 — A:* sin* 0. 
ae 


7. Find the arc of the hyperbola cut off by the latus rectum if e = 1.2, 2, 3. 


8. Show that the length of the jumping rope (Ex. 9, p. 611) is 

o(r£-/V2 + ■y/lE/k'). 

9. A flexible trough is filled with water. Find the expression of the shape of 
a cross section of the trough in tenns of F(0, A:) and JE'(0, A:). 


10 . If an ellipsoid has the axes a > 6 > c, find the area of one octant. 


6*- c* 


1 „ TTob Tj,, T\ . a* — -.n ^ c 

+ — — — F(0, fc) + »— , coa<p = -, 

4 4 sin 0 \_aP a* J a Ir sin* 0 

11. Compute the area of the ellipsoid with axes 3, 2, 1. 


12. A hole of radius b is bored through a cylinder of radius a>6 centrally and 
peipendicularly to the axis. Find the volume cut out. 


13. Find the area of a right elliptic cone, and compute the area if the altitude 
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192. Weierstrass’s integral and its inversion. In studying the 
general theory of doubly periodic functions (§ 182), the two special 
functions (m), p'{u) were constructed and discussed. It was seen that 


dw 


00 


w—p{z), oo=y)(0), 


dw 


( 22 ) 


V4(?(; — e^{w — e^{w — 


+ ^2 + ^8 0 , 


where the fixed limit oo has been added to the integral to make w = oo 
and ;$: = 0 correspond and where the roots have been called 
Conversely this integral could be studied in detail by the method of 
mapping ; but the method to be followed is to make only cursory use 
of the conformal map sufficient to give a hint as to how the function 
p(z) may be expressed in terms of the functions sn ^ and Q,Xiz, The 
discussion will be restricted to the 
case which arises in practice, namely, 
when and are real quantities. 

There are two cases to consider, one 
when all three roots are real, the other when one is real and the other 
two are conjugate imaginary. The root will be taken as the largest 
real root, and as the smallest root if all three are real. Note that the 
sum of the three is zero. 

In the case of three real roots the Kieraaiiii sui'face may be drawn 
with junction lines e^, and oo. The details of the map may readily 
be filled in, but the observation is sufficient that there are only two 
essentially different paths closed on the surface, namely, about 
(which by deformation is equivalent to one about oo) and about 
(which is equivalent to one about — oo). The integral about is 
real and will be denoted by 2 that about is pure imaginary and 
will be denoted by 2 If the function p (^) be constructed as in § 182 

with w = 2 Wj, to' = 2 Wg the function will have as always a double pole 
at « == 0. As the periods are real and pure imaginary, it is natural to 
try to express p (z) in terms of sn z. As p (z) depends on two constants 
g^, whereas sn z depends on only the one the function p (z) will 
be expressed in terms of sn ( Vx^, ^), where the two constants k are 
to be determined so as to fulfill the identity ^'2 = 4^* — g^p — g^ In 


1 

-w, 

r 

2' 







in 



\ / 


X = >0, ojjVx = A’', 0).^ Vx = 

In the case of one real and two conjugate imaginaiy roots, the 
Riemann surface may be drawn in a similar manner. There are again 
two independent closed paths, one about another about e^, e^. 

Let the integrals about these paths be respectively 2 and 2 That 


F 



d 



2 (Oj is real may be seen by deforming the path until it consists of a 
very distant portion along which the integral is infinitesimal and a path 
in and out along 6^,00, which gives a real value to the integral. As 
2 (Ug is not known to be pure imaginary and may indeed be shown to be 
complex, it is natural to try to express {^) in terms of cn z of which 
one period is real and the other complex. Try 


^(s) = A 4-f* 


1 + cn(2 V/ttg, 

1 — cn (2 k) 


This form surely gives a double pole at ^5: = 0 with the expansion 1/z^. 
The determination is relegated to the small text. The result is 


+ /* 


1 -f cn(2 V/x^, h) 
1 — cn(2 k) 


= («i - - e,), = K, 



4/t 


< 1 , 




(23-) 


To verify these determinations, substitute in = 4jp® — g^p — gfg, 

p(z) = A + — — , p’(z) — - cn ( Vxz, k) dn ( V^, t), 

sn*(VX 2 , *) sn«(V^, k) 

4 = 4 (^. + t - M - ^ ■ 

sn® \ sn2 sn^ sn®/ ^ sn^ 

Equate coefficients of corresponding powers of sn^. Hence the equations 
4 - g^A - fifa = 0, 4 W = 12 - g^\ - X (1 + A:^) = 
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The first shows that ^ is a root e. Let A = e^. Note — = < 

X . = 8 = (e^ ~ e^)(es - e^), 

X + \k^ = 3 Cg — ^2 'h ^8 ^2, 

by virtue of the relation Cj + eg + fig = 0. The solution is immediate as given, 
To verify the second determination, the substitution is similar. 


p(z) =A + /ii 


1 H- cn 2 V/uz 
1 — cn 2 V/X 2 


p'(z) =- 


4 sn dn 
(1 ~ cn)2 ■ 


[p'(z )]2 = 16m» = 4m“ [«* + 2(1 - 24=) J 2 + <] 


where i = (1 + cn)/(l — cn). The identity ^ 4^3 _ ig therefore 

4/x8 [Z 8 4 . 2 (1 - 2 k^) ^2 + = 4(.48 + 3 A^iit + 3 Afit^ + -gA - - 9z- 

4 ^ 8 - fj^A - (73 = 0, 4 m 2 = 12 ^2 _ 2 M (1 ~ 2 ifc2) = 3 

Here let ^4 = The solution then appears at once from the forms 

= 3 €^2 4 . 4 - + egCg = (e^ — e^){e^ - Cg), k^) = 3 A/2. 

The expression of the function p in terms of the functions already 
studied permits the determination of the value of the function, and by 
inversion permits the solution of the equation p (z) == c. The function 
p(^) may readily be expressed directly in terms of the theta series. 
In fact the periodic properties of the function and the corresponding 
properties of the quotients of theta series allow such a represeutatiou 


A 


1 k 

^es<P<e^ 

p'imag 

1 

1 j- 

% ^ 

®'oo>p>ei^ 

1 


2(30^ 2(m}^ 


/sig* 


§* / 

/ '^i-i 

V 

•l / 

/ 

V 


/ ® ! 


/ 

/co>p>ei i ei<p<co ! 

/ 


0 -co<p'<0 0<p'«f3 2fiJ, 0~oo<p^ro 0<pkjx> 2giJ, 


to be made from the work of § 175, provided the series be allowed com- 
plex values for q. But for practical purposes it is desirable to have the 
expression in terms of real quantities only, and this is the reason for a 
different expression in the two different cases here treated.* 

The values of z for which p (z) is real may be read off from (23) and 
(23') or from the correspondence between the -^-surface and the sj-plane. 
They are indicated on the figures. The functions p and p' may be used 
to express parametrically the curve 
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The figures indicate in the two eases the shape of the curves and the 
range of values of the parameter. As the function is of the second 
order, th(* eciuation == c lias just two roots in the parallelogram, 
and as p (x) is an even function, they will be of the form z =: a and 
z ~ 2 Wj + 2 and be symmetri- 

(!ally situated with respect to the cen- 
ter of the figure except in case a lies 
on the sides of the parallelogram so 
tliat 2 4- 2 — a would lie on one 

of the excluded sides. The value of 
the odd function at these two points 
is equal and opposite. This corresponds precisely to the fact that to 
one value x = c of x there are two equal and opposite values of y on 
the curve = 4 Conversely to each point of the parallelo- 

gram corresponds one point of the curve and to points symmetrically 
situated with respect to the center correspond points of the curve sym- 
metrically situated with respect to the aj-axis. Unless z is such as to 
make both^j(;s:) and real, the point on the curve will be imaginary. 

193, The curve — 4^8 — g^x — may be studied by means of the properties 
of doubly periodic functions. For instance 

4* 4" C = -f- JBp{z) -f- O = 0 

is the condition that the parameter z should be such that its representative point 
shall lie on the line Ax -{■ By 0 =: 0. But the function Ap'(z) 4- Bp (z) -f C7 is 
doubly periodic with a pole of the third order ; the function is therefore of the 
third order and there are just three points in the parallelogram for which 

the function vanishes. These values of z correspond to the three intersections of 
the line with the cubic curve. Now the roots of the doubly periodic function sat- 
isfy the relation 

2^1 4* 252 + Z 3 *- 3 X 0 = 2 -f 2 mgWg- 

It may he observed that neither nor can be as great as 8. If conversely 2^, 
are three values of z which satisfy the relation 2^ -b Zg + 23 = 2 4- SwigWg, the 

three corresponding points of the cubic will lie on a line. For if Zg be the point in 
which a line through Zj, Zg cuts the curve, 

+ ^2 + 4 = 2 m{uj^ 4- 2 mgcug, Zg — Zg = 2 (m^ — m[) 4- 2 (?n2 — irQ Wg, 

and hence Zg, Zg are identical except for the addition of periods and must therefore 
be the same point on the parallelogram. 

One application of this condition is to find the tangents to the curve from any 
point of the curve. Let z be the point from which and z' that to which the tangent 
is drawn. The condition then is z -f 22' =: 2m^<a^ -f 2 WgWg, and hence 




merely reproduce one of the four points except for the addition of complete periods. 
Hence there are four tangents to the curve from any point of the curve. The 
que.stion of the reality of these tangents may readily be treated. Suppose z denotes 
a real point of the curve. If the point lies on the infinite portion, 0 < 2 < 2 Wj, and 
tlie first two points z' will also satisfy the conditions 0 < 2' < 2 except for the 
possible addition of 2u>^. Hence there are always two real tangents to the curve 
from any point of the infinite branch. In case the roots 

last two points z' will correspond to real points of the oval portion and all four 
tangents are real ; in the case of two imaginary roots these values of z' give imag- 
inary points of the curve and there are only two real tangents. If the three roots 
are real and z corresponds to a point of the oval, z is of the form u and all 
four values of z' are complex, 

and none of the tangents can be real. The discussion is complete. 

As an inflection point is a point at which a line may cut a curve in three coin- 
cident points, the condition Sz = holds for the parameter ? of such 

points. The possible different combinations for z are nine : 

Z = 0 iWg 1^2 

i "1 f "i" f ^2 f ^1 + f <^2 

I Wj T Wj + I Wg I" Wj 4- I a;2. 

Of these nine inflections only the three in the first column are real. When any 
two inflections are given a third can be found so that 2:1 + ^ complete 

period, and hence the inflections lie three by three on twelve lines. 

If p and p' be substituted in Ax^ + Bxy + Cy^ -h Dx + 4- F, the resuH is a 

doubly periodic function of order 6 with a pole of the 6th order at the origin. 
The function then has 6 zeros in the parallelogram connected by the relation 

4" ^2 + 2^3 + ^4 + «6 + = 2?niW^ 4“ 27n2a;2, 

and this is the condition which connects the parameters of the 6 points in which 
the cubic is cut by the conic Ax^ 4- Bxy + Cy^ 4- Daj 4- F?/ 4- F = 0. One applica- 
tion of interest is to the discussion of the conics which may be tangent to the cubic at 
three points 2:1, Zg. The condition then reduces to z^ 4- Zg 4- Zg = 4- maWg. 

If are 0 or any even numbers, this condition expresses the fact that the 

three points lie on a line and is therefore of little interest. The other possibilities, 
apart from the addition of complete periods, are 

Zl 4- Zg 4- -Sg = 2:1 4- 2^2 + ^3 = ^ 2 ’) Zj 4- Z 2 + Zg = 4- Wg. 

In any of the three cases two points may be chosen at random on the cubic and 
the third point is then fixed. Hence there are three conics which are tangent to 
the cubic at any two assigned points and at some other point. Another application 
of interest is to the conics which have contact of the 6tb order with the cubic. 
The condition is then 6z = 4* As may have any of the 6 

values from 0 to 6, there are 36 points on the cubic at which a conic may have 
contact of the 5th order. Among these points, however, are the nine inflections 
obtained by giving 7nj, 7^2 even values, and these are of little interest because the 
conic reduces to the inflectional tangent tahen twice. There remain 27 points at 


Show by Ex. 4, p. 516, that the value of f in the two cases is 


f{z) = VX-H^(0, fc) + Vx 


cn VX2;dn VXz: 
sn VXz 


f («) = — (/u + ei)z + 2VfxE(<f>^ k) + V/x 
k^ = (e, 


(2 dn^ V/I25 — 1), 


sn -y/fizdn V^z 
- 62)7(61 - 62), <t>- siii-i sn Vxz, 

fc2 = J — 3 61/4 0 = sin-1 sn V/x^:. 


and /X = V (gj — 62) (61 — eg), 

2. In case the three roots are real show that jp{z) — ei is a square, 


Vp (2:) --^ = Vx - 


i Vxz 




n Vxz 


Vp (z) ~ Gg = Vx 


dn VXz 
sn Vxz 


What happens in case there is only one real root ? 

3. Letp(z ; pg? 6^3) denote the function p corresponding to the radical 

^ip^-OsP-Sa- 

Compute p(i: 1, 0), p{\; 0, j), p(|; 13, 6). Solve p{z-, 1, 0) = 2, p(z; 0, |) = 3, 
p{z; 13, 6) = 10. 

4. If 0 of the 9 points in which a cubic cuts y* = 4x® — are on a conic, 

the other three are in a straight line. 

5. If a conic has contact of the second order with the cubic at two points, the 
points of contact lie on a line through one of the inflections. 

6. How many of the points at which a conic may have contact of the 6th order 
with the cubic are real ? Locate the points at least roughly. 

7. If a conic cuts the cubic in four fixed and two variable points, the line join- 
ing the latter two passes through a fixed point of the cubic. 

8 . Consider the space curve x = snf, y = cu^, z = dni. Show that to each 
point of the rectangle 4 JE" by 4 iK' corresponds one point of the curve and con- 
versely. Show that the curve is the intersection of the cylinders x® 4- 2/* = 1 a-nd 

^ 2:^* = 1. Show that a plane cuts the curve in 4 points and determine the 
relation between the parameters of the points. 

9. How many osculating planes may be drawn to the curve of Ex. 8 from any 
point on it? At how many points may a plane have contact of the 3d order with 
the curve and where are the points ? 

10. In case the roots are real show that f (z) has the form 


jTience 


m<r{z) = ^{z) \ogU{V\z) + G 

^ 2 w. 


or a(z)=Ce^^t }l(V\z). 

11. By general methods like those of § 190 prove that 
1 1 


and 


p(z)-p(a) 
dz 


p'(a) 


[f (* + a) - f (z - a) - 2 f(a)], 


f. 


1 


(r(z+a) ^ „zf(a) 
<r{z~- a) p'(a) 


p(z)-p(a) 

12. Let the functions ff be defined by these relations : 


e{z) = II 



BM ■■ 


: ifi— ) , e^(z) = ^(—\ e^{z) = e,p) 

\ Wj / \ Wj / \ Wj / 


TTIWj 

with q — e **\ . Show that the ^-series converge if is real and Wj is pure imagr 
nary or complex with its imaginary part positive. Show more generally that the 
series converge if the angle from to positive and less than 180°. 


13. Let 


<rlz)=ze^^i <ra{z) = e^^i 

^ ' (9'(0) ^ ^«(0) 


Prove (r( 2 : + 2wj) = — + and similar relations for <ra(z). 


T . o Tti Tri 

14. Let 2 ^ » or = “x • 

Prove (r( 2 : + 2 Wg) = — and similar relations for aa(z). 

15. Show that <r {— z) = — (T (z) and develop (r(z) as 

16. With the determination of as in Ex. 16 prove that 

d d[2 

^ log (T (z) = r ( 2 ), — log <r ( 2 ) = - r(«) = p (z) 


0'"(0) 
3 6'(0) ‘ 


by showing that p{z) as here defined is doubly periodic with periods 2wj, 2 w 2 , 
with a pole y/z^ of the second order at 2 = 0 and with no constant term in its 
development. State why this identifies p(z) v^ith the function of the text. 
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194. Partial differ eatial equations of physics. In the solution of 
physi(ial problems partial differential equations of higher order, partic- 
ularly the second, frequently arise. With very few exceptions these 
equations are linear, and if they are solved at all, are solved by assum- 
ing the solution as a product of functions each of which contains only 
one of the variables. The determination of such a solution offers only 
a particular solution of the problem, but the combination of different 
particular solutions often suffices to give a suitably general solution. 
For instance 


. d^V ldV 1 

dx^ d\f dr^ T dr 


(1) 


is Laplace^s equation in rectangular and polar coordinates. For a solu- 
tion in rectangular coordinates the assumption V == X(x) Y{y) would be 
made, and the assumption V (?*) 4>(<^) for a solution in polar coor- 
dinates. The equations would then become 


X 


yn 

~=0 or 


R 


, J?' , 

R ^ 


0. 


( 2 ) 


Now each equation as written is a sum of functions of a single variable. 
But a function of x cannot equal a function of y and a function of r 
cannot equal a function of </» unless the functions, are constant and have 
the same value. Hence 




A 


XI 

Y 


= 4 - 


or 


T 


— w 


R 


K 


(20 


These are ordinary equations of the second order and may be solved 
as such. The second case will be treated in detail. 

The solution corresponding to any value of m is 


anrl 


^ cos mtp 4- sin m(/», R — A 4- 


r = /?* = r 4 j- R 


nna 'tu rk -L- /i ciii 


\ . ,n ■■” 7 ' I ''m * \yj 

m 

'hat any number of solutions corresponding to different values of m 
lay be added together to give another solution is due to the liuBavity 
f the given equation (§ 96). It may be that a single term will suffice 
s a solution of a given problem. But it may be seen in general that : 

L solution for V may be found in the form of a Fourier series which 
hall give V any assigned values on a unit circle and either be conver- 
ent for all values within the circle or be convergent for all values 
utside the circle. In fact let /(</>) be the values of V on the unit circle. 
Ixpand /(<;(>) into its Fourier series 

/(</>) = ^ -f. ^ (a„, cos m<^ + K siii 

m 

'hen F = ^ ^0 + 2) (^»i + hi (S') 

m 

dll be a solution of the equation which reduces to /(<#>) on the circle 
nd, as it is a power series in ?*, converges at every point within the 
ircle. In like manner a solution convergent outside the circle is 

V = \ + (a„ cos sin (3") 

m 

The infinite series for V have been called solutions of Faplace’s equation. As a 
latter of fact they liave not been proved to be solutions. The finite sum obtained 
y taking any number of terms of tlie series would surely be a solution ; but the 
mit of that sum when the series becomes infinite is not thereby proved to be a solu- 
on even if the series is convergent. For theoretical purposes it would be necessary 
) give the proof, but the matter will be passed over here as having a negligible 
earing on the practical solution of many problems. For in practice the values of 
(0) on the circle could not be exactly known and could therefore be adequately 
^presented by a finite and in general not very large number of terms of the de- 
elopment of /(0), and these terms would give only a finite series for the desired 
motion V. 

In some problems it is better to keep the particular solutions sepa- 
ite, discuss each possible particular solution, and then imagine them 
ompounded physically. Thus in the motion of a drumhead, the most 
eneral solution obtainable is not so instructive as the particular solution 
orresponding to particular notes ; and in the motion of the surface of 
tie ocean it is preferable to discuss individual types of waves and cora- 
ound them according to the law of superposition of small vibrations 
p. 226). For example if 

c* df ~ <? T x'^ y’ 


« = XYT, 


X — f K = T T — [ ^ 

Icos air, Icos /?x’, Lcos c Va^ -f- 

are particular solutions which may be combined in any way desired 
A-B the edges of the drumhead are supposed to be fixed at all times, 

.t; = 0 if Cl! = 0, X = ct, y = 0, y — t anything, 


where the dimensions of the head are a by L Then the solution 


: XYT : 


. mirx . mry 

sin sin — r-^ cos ctt ' 

a b 


" I 7 9^ 

ia‘ V 


(^) 


is a possible type of vibration satisfying the given conditions at the 
perimeter of the head for any integral values of w, n. The solution is 
periodic in t and represents a particular note which may be omitted. 
A sum of such expressions multiplied by any constants would also be 
a solution and would represent a possible mode of motion, but would 
not be periodic in t and would represent no note. 

195. For three dimensions Laplace’s equation becomes 


IU^S\ 

dr\ dr) 

in polar coordinates. 


^ 1 1 d / . JV\_. 

sin^ 0 d<f}^ sin $ dO \ ^ dO ) 

Substitute V = R (r)®(0)^(<l>) ; then 


(5) 


1 d / dR\ 1 d ( , .d%\ 1 

Rdr\ dr) do) ^sin^ 0d<l>^ 

Here the first term involves r alone and no other term involves r 
Hence the first term must be a constant, say, n{n-Y 1). Then 

~ + l)jR = 0, -f 

Next consider the last term after multiplying through by sin^^. It ap 
pears that is a constant, say, — Hence 

^ = a„^ cos m<l> + h„^ sin 

Moreover the equation for 0 now reduces to the simple form 

^ [(1 _ C„> «) + [»(„ + 1) - 9 = 0. 

o^cos^L^ ^ d 0,0^6 \ |_ ^ ^ 1 — cos^^J 

The problem is now separated into that of the integration of three 
differential equations of which the first two are readily integrable. The 
third equation is a generalization of Legendre’s (Exs. 13~17, p. 252), 


t(?rms of polynomials ^ (cos 0) in cos $, Any expression 

^ (/I,,?-” + COS m<f> + sin ni<j>) P„ (cos 6) 

n, in 

is therefore a solution of Laplace^s equation, and it may be shown that 
by combining such solutions into infinite series, a solution may be 
obtained which takes on any desired values on the unit sphere and 
(jonverges for all points within or outside. 

Of particjular simplicity and importance is the case in which V is sup- 
posed independent of so that m = 0 and the equation for © is soluble 
in terms of Legendre’s polynomials P„ (cos 6) if n is integral. As the 
potential V of any distribution of matter attracting according to the in- 
verse square of the distance satisfies Laplace’s equation at all points 
exterior to the mass (§ 201), the potential of any mass symmetric with 
respect to revolution about the polar axis ^ = 0 may be expressed if 
its expression for points on the axis is known, ^or instance, the poten- 
tial of a mass M distributed along a circular wire of radius a is 


M 




M /a 
a \?' 


2 2 • 4 

la° 1-3 
2 2 • 4 


13-5 r° 

2 • 4 • 6 a® 
l-S-B d’ , 
2.4.6 )•’ 


r< a, 


r> a, 


at a point distant r from the center of the wire along a perpendicular 
to the plane of the wire. The two series 


f^/p _l!fp + — -/> + ... 

a \ » 2 a" 2 • 4 a" “ 2 . 4 • 6 a“ ' ’ 

' _l?!p 4.Ul'p 

i a b’ “ 2 r® 2 ’ 2 • 4 < 2 • 4 . 6 r’ » ^ 


r < a, 
r > a, 


are then precisely of the form admissible for 

solutions of Laplace’s equation and reduce to the known value of V 
along the axis ^ = 0 since P„{1) = 1. They give the values of V at all 
points of space. 

To this point the method of combining solutions of the given differ- 
ential equations was to add them into a finite or infinite series. It is 
also possible to combine them by integration and to obtain a solution 
as a definite integral instead of as an infinite series. It should be noted 
in this case, too, that a limit of a sum has replaced a sum and that it 
would theoretically be necessary to demonstrate that the limit of the 
sum was really a solution of the given equation. It will be sufficient 
at this point to illustrate the method without any rigorous attempt to 
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— = — m‘^y — = vv^y X = a„ cos mx + sin mx, Y A + B^6'~ 
A Y 


where Y may be expressed in terms of hyperbolic functions. Kow 


I e"" [a (m) cos mx -h h (w) sin mx] dm 
"*0 

= lim ^ (m^) cos + h (m^ sin m^x] Am^ 


(6) 


is the limit of a sum of terms each of which is a solution of the given 
equation; for a (m,-) and h (m,) are constants for any given value m = m,., 
no matter what functions a (in') and h (m) are of m. It may be assumed 
that F is a solution of the given equation. Another solution could be 
found by replacing by 

It is sometimes possible to determine a (m), b (m) so that V shall 
reduce to assigned values on certain lines. In fact (p. 466) 



+ 00 

/(A) cos m (A — x) dXdm, 


(7) 


Hence if the limits for m be 0 and oo and if the choice 


1 1 
a (m) = — I /(A) cos m\d\y h (m) = — I /(A) sin m\d\ 

is taken for a (m), h (m), the expression (6) for V becomes 

”**'/(A) cos m (A — x) d\dm (8) 

and reduces to /(x) when ^ = 0. Hence a solution V is found which 
takes on any assigned values /(x) along the x-axis. This solution clearly 
becomes zero when y becomes infinite. When f(x) is given it is some- 
times possible to perform one or more of the integrations and thus 
simplify the expression for F. 


For instance if 

fix) = 1 when x > 0 and f{x) = 0 when x < 0, 
the integral from — oo to 0 drops out and 


F = i r f e-^y • 1 • cosm(X — x)d\dm z= ^ f f e-”^y cosm(\ — ,x)dmd\ 
7r«/o «/o 7r*/o »/o 

1 yd\ 1 . X i®\ -i lx 

vJo y* + (X — ir\2 y) w % 


value as found in the equation and see that + 7''^ = 0, and to check the fact 
that V reduces to f{x) when y~0. It may perhaps be superfluous to state that 
the proved correctness of an answer does not show the justification of the steps by 
which that answer is found ; but on the other hand as those steps were taken 
solely to obtain the answer, there is no practical need of justifying them if the 
answ^er is clearly right. 


EXERCISES 


1. Find the indicated particular solutions of these equations : 
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dt 

ax 2 ’ 
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C2 

dt^ 

ax 2 ' 



a 7 _ 

327 , 
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at 

' ax 2 
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j sm cax y _ 

’ \cos cax, 


\oc 


sin c^y 
cos c/3j/, 




2. Determine the solutions of Laplace’s equation in the plane that have 7=1 
for 0 < <^ < TT and 7 = — lfor7r<<?!»<27rona unit circle. 


3. If 7 = Itt — 0| on the unit circle, find the expansion for V. 

4. Show that 7 = sin mTrx/^ • cos cmirt /I is the solution of Ex. 1 (j8) which 
vanishes at x = 0 and x = 1. Determine the coefficients Cm so that for i = 0 the 
value of V shall be an assigned function /(x). This is the problem of the violin 
string started from any assigned configuration. 

5. If the string of Ex. 4 is .started with any assigned velocity dV/dt =/(x) when 
i = 0, show that the solution is Sa^ sin mirx/l • sin cmirt/l and make the proper deter- 
mination of the constants a^. 


6. If the drumhead is started with the shape z =/(x, y), show that 

mrrx . ntry 


. . mm 

Z - y sill 

^ a 


sin — ^ cos cvt 
b 


Im? T? 


4 . . mm . mry j , 

= — / /(®, j/)sin-— sm — dyfJ*. 

ao t/ 0 «/ 0 a 0 


7. In hydrodynamics it is shown that —-~lhb — 'j is the difierential equa- 

b dx \ dxj 

tion for the surface of the sea in an estuary or on a beach of breadth b and depth 
U measured perpendicularly to the x-axis which is supposed to run seaward. Find 

(a) y = AjQ(kx) cos ni, — n^/gk, (/3) y = AJq(2 VSx) cos ni, ik = n^/grn, 


as particular solutions of the equation when (a) the depth is uniform but the 
breadth is proportional to the distance out to sea, and when {/3) the breadth is uni- 
form but the depth is mx. Discuss the shape of the waves that may thus stand on 
the surface of the estuary or beach. 


o. li a stjuus ui pa-iaiici witveo uii ctii uvcmi ui uujiOL«j/m< ucpi»ij /t uuu pcApcu- 
(iicularly by the xy-plune with the axes horizontal and vertical so that y = — A is 
the ocean bed, the equations for the velocity potential </> are known to be 

+ \^-f\ =0, + =0. 

ax^ a?/^ V^y\y=-h LdC^ cy\y=Q 

Find and combine particular solutions to show that <() may have the form 
0 = ^ cosh k(y + li) cos (kx — nt), = yk tanh kh. 


9. Obtain the solutions or types of solutions for these equations. 

0, ^ns. 


, , d^V c^V 1 dV ^ 1 d^V 
(«) — + + - — + 
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idv is^ 
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(«n,m cos m0 + sin 7710), 

1 d^v 


c2 dt^ 


02F ^ 0^ 
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10. Find the potential of a homogeneous circular disk as (Ex. 22, p. 68 ; 
Ex. 23, p. 332) 

„ 23fria l-la8 1 • 1 • 3 1 . 1 . 3 ♦ 6 , 1 

a L2r 2 • 4 r» 2- 4. 6 r« 2 • 4 . 6 • 8 r’ ‘ "J’ ^ 


v[ 


V 1 1 ♦ 1 7*^ 1 * 1 • 3 r® 

larip 4-zi_P — - L. p 4- L. p 

^0*^202“* 2 . 4 a< ^ 2 • 4 ■ 0 o« ' 




r < a, 


where the negative sign before holds for ^ < J tt and the positive for ^ J ir. 

11. Find the potential of a homogeneous hemispherical shell. 

12. Find the potential of (a) a homogeneous hemisphere at all points outside 
the hemisphere, and (^) a homogeneous circular cylinder at all external points. 


10a Q , 

13. Assume cos~i 

2a x^ + a^ 


is the potential at a point of the axis of a conduct- 
ing disk of radius a charged with Q units of electricity. Find the potential anywhere. 


196. Harmonic functions; general theorems. A function which 
satisfies Laplace^s equation V'^ -j- F'^ = 0 or -f- F'^ -f F'' = 0, whether 
in the plane or in space, is called a harmonic function. It is assumed 
that the first and second partial derivatives of a harmonic function are 
continuous except at specified points called singular points. There are 
many similarities between harmonic functions in the plane and har- 
monic functions in space, and some differences. The fundamental theo- 
rem is that: If a function is harmonic and has no singularities iqjon 
or within a simple closed curve (or surface), the line integral of its nor^- 
mal derivative along the curve (respectively, surface) vanishes ; and con- 
versely if a function V (x, y), or V (x, y, z), has continuous first and second 


closed curve (or surface) in a region vanishes, the function is harmonic. 
For by Green’s Formula, in the respective cases of plane and space 
(Ex. 10, p. 349), 


X 

X 





V*V F dxdydz. 



dxdy, 


( 9 ) 


Now if the function is harmonic, the right-hand side vanishes and so 
must the left; and conversely if the left-hand side vanishes for all 
closed curves (or surfaces), the right-hand side must vanish for every 
region, and hence tire integrand must vanish. 

If in particular the curve or surface be taken as a circle or sphere of 
radius a and polar coordinates be taken at the center, the normal de- 
rivative becomes d V /dr and the result is 


— = 0 or j J sin $d6d<ji == 0, 


where the constant a or has been discarded from the element of arc 
ad<j> or the element of surface a^ sin 0d0d<f>. If these equations be inte- 
grated with respect to r from 0 to a, the integrals may be evaluated by 
reversing the order of integration. Thus 


j jTta ^2ir Oy piiT pa Oy p27r 

.'I ^‘‘*=1, i ^"*“X 

J p2Tr p2ir 

f Vj<k = l'„ I or V, = Fo, (10) 

0 Jo 


where F„ is the value of V on the circle of radius a and Fq is the value 
at the center and F„ is the average value along the perimeter of the 
circle. Similar analysis would hold in space. The result states the 
important theorem : The average value of a harmonic function over a 
circle (or sphere) is equal to the value at the center. 

This theorem has immediate corollaries of importance. A harmonic 
function ivhich has no singtdarities within a region cannot become maxi- 
mum or minimum at any point within the region. For if the function 
were a maximum at any point, that point could be surrounded by a 
circle or sphere so small that the value of the function at every point 
of the contour would be less than at the assumed maximum and hence 
the average value on the contour could not be the value at the center 
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A hannoniG function tvJuch lion no singularities within a region and is 
constant on the boundary Is constant throughout the region. For the 
maximum and minimum values must be on the boundary, and if these 
have the same value, the funetion must have that same value through- 
out the included region. Two harmonic functions which have identical 
values upon a closed contour and have no singularities within^ are iden- 
tical throughout the included region. For their difference is harmonic 
and has the constant value 0 on the boundary and hence throughout 
the region. These theorems are equally true if the region is allowed to 
grow until it is infinite, provided the values which the function takes 
on at infinity are taken into consideration. Thus, if two harmonic 
functions have no singularities in a certain infinite region, take on the 
same values at all points of the boundary of the region, and approach 
the same values as the point (aj, y) or (x, ?/, z) in any manner recedes 
indefinitely in the region, the two functions are identical. 

If Green’s Formula be applied to a product UdV/dn, then 


Jo Jo 

=JJ + V") dxdy + JJ + u;v;) dxdy, 


or 


j f/dS.VK= J f/v.VFrfw+ J 


VU.VVdv 


(11) 


in the plane or in space. In this relation let V be harmonic without 
singularities within and upon the contour, and let U = K. The first inte- 
gral on the right vanishes and the second is necessarily positive unless 
the relations == F' = 0 or F' = F' = F' = 0, which is equivalent 
to V F = 0, are fulfilled at all points of the included region. Suppose 
further that the normal derivative dV/dn is zero over the entire bound- 
ary. The integral on the left will then vanish and that on the right 
must vanish. Hence V contains none of the variables and is constant. 
If the rwrmal derivative of a function harmonic and devoid of singular- 
ities at all points on and within a given contour vanishes identically 
upon the contour.^ the function is constant. As a corollary ; If two 
functions are harmonic and devoid of singularities upon and within a 
given contour, and if their normal derivatives are identically equal 
upon the contour, the functions differ at most by an additive constant. 


c i;*AO J^\^TT \jl. UA UX 

electricity in a conducting body. The physical law is that heat flows along the 
direction of most rapid decrease of temperature T, and that the amount of the flow 
is proportional to the rate of decrease. As — VT gives the direction and magni- 
tude of the most rapid decrease of temperature, the flow of heat may be represented 
by — kV r, where A: is a constant. The rate of flow in any direction is the compo^ 
nent of this vector in that direction. The rate of flow across any boundary is 
therefore the integral along the boundary of the normal derivative of T. Now the 
flow is said to be steady if there is no increase or decrease of heat within any closed 

boundary, that is ^ 

kf dS*Vr=0 or T is harmonic. 

Hence the problem of the distribution of the temperature in a body supporting 
a steady flow of heat is the problem of integrating Laplace’s equation. In like 
manner, the laws of the flow of electricity being identical with those for the flow 
of heat except that the potential V replaces the temperature T, the problem of the 
distribution of potential in a body supporting a steady flow of electricity will also 
be that of solving Laplace’s equation. 

Another problem which gives rise to Laplace’s equation is that of the irrotational 
motion of an incompressible fluid. If v is the velocity of the fluid, the motion is 
called irrotational when Vxv = 0, that is, when the line integral of the velocity 
about any closed curve is zero. In this case the negative of the line integral from 
a fixed limit to a variable limit defines a function 4? (x, z) called the velocity 
potential, and the velocity may he expressed as v = — V4>. As the fluid is incom 
pressible, the flow across any closed boundary is necessarily zero. Hence 

J = 0 or = 0 or V*V4> = 0, 

and the velocity potential ^ is a harmonic function. Both these problems may be 
stated without vector notation by carrying out the ideas involved with the aid of 
ordinary coordinates. The problems may also be solved for the plane instead of 
for space in a precisely analogous manner. 

197 . The conception of the flow of electricity will be advantageous 
in discussing the singularities of harmonic functions and a more gen- 
eral conception of steady flow. Suppose 
an electrode is set down on a sheet of zinc 
of which the perimeter is grounded. The 
equipotential lines and the lines of flow 
which are orthogonal to them may be 
sketched in. Electricity passes steadily 
from the electrode to the rim of the sheet 
and off to the ground. Across any circuit 
which does not surround the electrode the 
flow of electricity is zero as the flow is steady, but across any circuit 
smrounding the electrode there will be a certain definite flow; the 
circuit integral of the normal derivative of the potential V around such 



vsbeet is no longer simply connected, and the comparison would then 
be with a circuit which could not be shrunk to nothing. Concerning 
this latter interpretation little need be said ; the facts are readily seen. 
It is the former conception which is interesting. 

For mathematical purposes the electrode will be idealized by assum- 
ing its diameter to shrink down to a point. It is physically clear that 
the smaller the electrode, the higher must be the potential at the elec- 
trode to force a given flow of electricity into the plate. Indeed it may 
be seen that V must become infinite as — C log ?*, where is the distance 
from the point electrode. For note in the first place that log r is a solu- 
tion of Lapiace^s equation in the plane ; and let 6^ = F -f C log r or 
F = 1/ — C log ?*, where U is a harmonic function which remains finite 
at the electrode. The flow across any small circle concentric with the 
electrode is 

— rd<l> J ^ ^ 


and is finite. The constant C is called the strength of the source situ- 
ated at the point electrode. A similar discussion for space would show 
that the potential in the neighborhood of a source would become infinite 
as C /?*. The particular solutions — log ?* and 1 /r of Laplace^s equation 
in the respective cases may be called the fundamental solutions. 


The physical analogy will also suggest a method of obtaining liigher singular- 
ities by combining fundamental singularities. For suppose that a powerful positive 
electrode is placed near an equally powerful negative electrode, that is, suppose a 
strong source and a strong sink near together. The greater part of the flow will be 
nearly in a straight line from the source to the sink, but some part of it will spread 
out over the sheet, The value of V obtained by adding together the two values for 
source and sink is 

F — J Clog (r* -f — 2 rl cos 0) -f j 0 log (r^ + /2 ^ 2 ri cos <p) 

1^1 /■» 2/ P\ / 21 

=- jCiog^i- ~cos^ + ;5) + W 

= — ^cos 4> -h higher powers = — cos 0 + • • •. 
r r 

Thus if the strength C be allowed to become infinite as the distance 2 1 becomes 
zero, and if M denote the limit of the product 2iC, the limiting form of V is 
Mr - 1 cos 0 and is itself a solution of the equation, becoming infinite more strongly 
than — log r. In space the corresponding solution would be Mr - * cos 0 . 


within a given contour was determined by its values on the contour and 
determined except for an additive constant by the values of its normal 
derivative upon the contour. If now there be actually within the contour 
certain singularities at which the function becomes infinite as certain 
particular solutions the function t/" =: 7 is har- 

monic without singularities and may be determined as before. Moreover, 
the values of 7^, Kg, • • • or their normal derivatives may be considered as 
known upon the contour inasmuch as these are definite particular solu- 
tions. Hence it appears, as before, that ike hai^nomo function V is deter- 
mined by its values on the boundary of the region or (except for an additive 
constant) by the values of its noi'mal derivative on the boundary^ provided 
the singidarities are specified in position and their mode of becoming infin- 
ite is given in each case as some particular solution of Laplace^ s equation. 

Consider again the conducting sheet with its perimeter grounded and 
with a single electrode of strength unity at some interior point of the 
sheet. The potential thus set up has the properties that : 1® the poten- 
tial is zero along the perimeter because the perimeter is grounded j 2° at 
the position P of the electrode the potential becomes infinite as — log r ; 
and 3° at any other point of the sheet the potential is regular and sat- 
isfies Laplace’s equation. This particular distribution of potential is 
denoted by G (P) and is called the Green Function of the sheet relative 
to P. In space the Green Function of a region would still satisfy 1° and 
3°, but in 2® the fundamental solution — log r would have to be replaced 
by the corresponding fundamental solution 1/r. It should be noted 
that the Green Function is really a function 

G{P) = G(a, X, y) or G(P) = G(a, b,c\ x, %j, «) 

of four or six variables if the position P(a, b) or P (a, 6, c) of the elec- 
trode is considered as variable. The function, is considered as known 
only when it is known for any position of P. 

If now the symmetrical form of Green’s Formula 


— (xibkiv — vbkU^ dxdy ^ ^ 


where ^ denotes the sum of the second derivatives, be applied to the 
entire sheet with the exception of a smaU circle concentric with P and 
if the choice u = G and v = 7 be made, then as G and V are harmonic 
the double integral drops out and 




■»2n' 7^ 

V — rdej} = 0. 
dr 


( 13 ) 
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Now let the radius r of the small circle approach 0. Under the assump- 
tion that V is devoid of singularities and that O becomes infinite as 
— log r, the middle integral approaches 0 because its integrand does, 
and the final integral approaches 2 7rV(P). Hence 



This formula expresses the values of V at any interior point of the sheet 
in terms of the values of V upon the contour and of the normal deriva- 
tive of O along the contour. It appears, therefore, that the determination 
of the value of a harmonic function devoid of singularities within and 
upon a contour iriaij he made in terms of the values on the contour pro- 
vided the Green Function of the region is known. Hence the particular 
importance of the problem of determining the Green Function for a 
given region. This theorem is analogous to Cauchy’s Integral (§ 126), 

EXERCISES 

1 . Show that any linear function ox + 6?/ + + d = 0 is harmonic. Find the 

conditions that a quadratic function be harmonic. 

2. Show that the real and imaginary parts of any function of a complex vari- 
able are each harmonic functions of (x, y). 

3. Why is the sum or difference of any two harmonic functions multiplied by 
any constants itself harmonic ? Is the power of a harmonic function harmonic ? 

4 . Show that the product UV of two harmonic functions is harmonic when 
and only when + Uyy'y = 0 or VC/.VF = 0. In this case the two functions 
are called conjugate or orthogonal. What is the significance of this condition 
geometrically? 

5. Prove tlie average value theorem for space as for the plane. 

6. Show for the plane that if V is harmonic, then 



is independent of the path and is the conjugate or orthogonal function to F, and 
that U is devoid of singularities over any region over which V is devoid of them. 
Show that F -f it/ is a function oi z — x ->r iy. 

7. State tlie problems of the steady flow of heat or electricity in terms of ordi- 
nary coordinates for the case of the plane. 


10. Discuss the problem of the small magnet or the electric doublet in view of 
Ex. 9. Note that as the attraction is inversely as the square of the distance, the 
potential of the force satisfies Laplace’s equation in space. 

11. Let equal infinite sources and sinks be located alternately at the vertices 
of ail infinitesimal square. Find the corresponding particular solution (or) in the 
case of the plane, and (^) in the case of space. What combination of magnets does 
this represent if the point of view of Ex. 10 be taken, and for what purpose is the 
combination used ? 

12. Express V (P) in terms of G(P) and the boundary values of V in space. 

13. If an analytic function has no singularities within or on a contour, Cauchy’.s 
Integral gives the value at any interior point. If there are within the contour cer- 
tain poles, what must be known in addition to the boundary values to determine 
the function ? Compare with the analogous theorem for harmonic functions. 

14. Why were the solutions in § 194 as series the only possible solutions 
provided they were really solutions ? Is there any difficulty in making the same 
inference relative to the problem of the potential of a circular wire in § 195 ? 

15. Let G(P) and <r(Q) be the Green Functions for the same sheet but relative 
to two different points P and Q. Apply Green’s symmetric theorem to the sheet 
from which two small circles about P and Q have been removed, making the choice 
u = 6r(P) and u = (t(Q). Hence show that Gr(P) at Q is equal to G(Q) at P. This 
may be written as 

G(a, b; x, = G(x, p; a, b) or G(a, 6, c; x, y, z) = G{x^y,z\ a, 6, c). 

la. Test these functions for the harmonic property, determine the conjugate 
functions and the allied functions of a complex variable : 

(a) xy, (fi) x^y ~ | (7) i log (x^ + y% 

(5) e^sinx, (c) sin x coshy, (f) tan-i(cotx tanh y). 

198. Harmonic functions ; special theorems. For the purposes of 
the next paragraphs it is necessary to study the properties of the geo- 
metric transformation known as inversion. The definition of inversion 
will be given so as to be applicable either to space or to the plane. 
The transformation which replaces each point P by a point such 
that OP * OP' = where 0 is a given fixed point, k a constant, and P' 
is on the line OP, is called inversion with the center 0 and the radius k. 
Note that if P is thus carried into P', then P' will be carried into P ; 
and hence if any geometrical configuration is carried into another, that 
other will be carried into the first. Points very near to 0 are carried 
off to a great distance; for the point 0 itself the definition breaks 
down and 0 corresponds to no point of space. If desired, one may add 
to space a fictitious point called the point at infinity and may then say 
that the center 0 of the inversion corresponds to the point at infinity 
(p. 481). A pair of points P, P' which go over into each other, and aiiothei 


ifc is seen that r = tt — r' or t' = tt — r. An immediate extension of 
the argument will show that the magnitude 
of the angle between two intersecting curves 
will be unchanged by the transformation j the 
transformation is therefore conformal. (In 
the plane where it is possible to distinguish between positive and neg- 
ative angles, the sign of the angle is reversed by the transformation.) 

If polar coordinates relative to the point 0 be introduced, the equations 
of the transformation are simply ?7*' = with the understanding that 
the angle in the plane or the angles 0 in space are unchanged. The 
locus r = k, which is a circle in the plane or a sphere in space, becomes 
r' = k and is therefore unchanged. This is called the circle or the sphere 
of inversion. Relative to this locus a simple construction for a pair of 
inverse points P and P* may be made as indicated in the figure. The locus 

7 ^ -j- = 2 Va^ -j- Jc^r cos <j> becomes -f- = 2 Va‘^ + cos p 

and is therefore unchanged as a whole. This locus represents a circle 
or a sphere of radius a orthogonal to the circle or sphere of inversion. 
A construction may now be made for finding an inversion which car- 
ries a given circle into itself and 
the center P of the circle into any 
assigned point P' of the circle ; the 
construction holds for space by re- 
voking the figure about the line OP. 

To find what figure a line in the plane or a plane in space becomes 
on inversion, let the polar axis = 0 or ^ = 0 be taken perpendicular 
to the line or plane as the case may be. Then 

r = ^ sec p, P sec p = k^p or r = p sec r' sec 0 = kyp 

are the equations of the line or plane and the inverse locus. The locus 
is seen to be a circle or sphere through the center of inversion. This 
may also be seen directly by applying the geometric definition of in- 
version. In a similar manner, or analytically, it may be shown that 
any circle in the plane or any sphere in space inverts into a circle or 
into a sphere, unless it passes through the center of inversion and 
becomes a line or a plane. 


Y 


Yf 



OP 
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F trom tlie center isk-d, the distance of P' from the center is kr/(}c — d), and 
from the circle or sphere it is d' = dk/(k — d). Now if the radius k is very large 
in comparison with d, the ratio k/{k — d) is nearly 1 and d' is nearly equal to d. 
If k is allowed to become infinite so that the center of inversion recedes indefinitely 
and the circle or sphere of inversion approaches a line or plane, the distance d' 
approaches d as a limit. As the transformation which replaces each point by a 
point equidistant from a given line or plane and perpendicularly opposite to the 
point is the ordinary inversion or reflection in the line or plane such as is familiar 
in optics, it appears that reflection in a line or plane may be regarded as the limit- 
ing case of inversion in a circle or sphere. 

The importance of inversion in the study of harmonic functions lies 
in two theorems applicable respectively to the plane and to space. 
First, if V is harmonic over any region of the plane and if that region 
he inverted in any circle, the function y'(P') = form^ed by assign- 
ing the same value at F' in the new region as the function had at the 
point P which inverted into is also harmonic. Second, if V is hat*- 
monic over any region in space, and if that region he inverted in a sphere 
of radius k, the function V\P') hV (P) /P formed hy assigning at P' 
the value the function had at P midtiplied by k and divided hy the dis- 
tance OP^ = r' of P* from the center of inversion is also harmonic. The 
significance of these theorems lies in the fact that if one distribution 
of potential is known, another may he derived from it by inversion ; 
and conversely it is often possible to determine a distribution of poten- 
tial by inverting an unknown case into one that is known. The proof 
of the theorems consists merely in making the changes of variable 

r = k^/P or P = k^/r, O' ^ B 

in the polar forms of Laplace’s equation (Exs. 21, 22, p. 112). 

The method of using inversion to determine distribution of potential in electro- 
statics is often called the method of electric images. As a charge e located at a 
point exerts on other point charges a force proportional to the inverse square of 
the distance, the potential due to e is as l/p, where p is the distance from the 
charge (with the proper units it may be taken as e/p), and satisfies Laplace’s 
equation. The potential due to any number of point charges is the sum of the 
individual potentials due to the charges. Thus far the theory is essentially the 
same as if the charges were attracting particles of matter. In electricity, however, 
the question of the distribution of potential is further complicated when there are 
in the neighborhood of the charges certain conducting surfaces. Tor 1*^ a conduct- 
ing surface in an electrostatic field must everywhere be at a constant potential or 
there would be a component force along the surface and the electricity upon it 
would move, and 2° there is the phenomenon of induced electricity -whereby a 
variable surface charge is induced upon the conductor by other charges in the 
neighborhood. If the potential V {P) due to any distrib\ition of charges be 
inverted in any sphere, the new potential is kV{P)/T^. As the potential F(P) 



infinite at the inverted positions of the charges. As the ratio ds' :ds of the in- 
verted and original elements of length is tlie potential A;F(P)/r' will become 

infinite as k/r' • c/p' • that is, as r'e/kp'. Hence it appears that the charge e 

inverts into a charge e' ~ r'e/k ; the charge — e' is called the electric image of e. 
As the new potential is kV{P)/r' instead of F(P), it appears that an equipoten- 
tial surface V ~ const, will not invert into an equipotential surface V'{P') ~ const, 
unless y = 0 or r' is constant. But if to the inverted system there be added the 
charge c ~ — kV at the center O of inversion, the inverted equipotential surface 
becomes a surface of zero potential. 

With these preliminaries, consider the question of the distribution of potential 
due to an external charge e at a distance r from the center of a conducting spheri- 
cal surface of radius k which has been grounded so as to be maintained at zero 
potential. If the system be inverted with respect to the sphere of radius A:, the 
potential of the spherical surface remains zero and the charge e goes over into a 
charge c' — r'e/k at the inverse point. Now if p, p' are the distances from e, e' to 
the sphere, it is a fact of elementary geometry that pip' — const. = 7 ^ :k. Hence 
the potential 

e ef /I r' \ kp'^r'p 

v= =e[--~—) = e-SL—-^, 

p p' \p kp / kpp 

due to the charge e and to its image — e', actually vanishes upon the sphere ; and, 
as it is harmonic and has only the singularity e/p outside the sphere (which is the 
same as the singularity due to e), this value of V throughout all space must be 
precisely the value due to the charge and the grounded sphere. The distribution 
of potential in the given system is therefore determined. The potential outside 
the sphere is as if the sphere were removed and the two charges e, — e' left alone. 
By Gauss’s Integral (Ex. 8, p. 348) the charge within any region may be evaluated 
by a surface integral around the region. This integral over a surface surrounding 
the sphere is the same as if over a surface shrunk down around the charge — e', 
and hence the total charge induced on the sphere is — e' = — r'e/k, 

199. Inversion will transform the average value theorem 

= into = (14) 

a form applicable to determine the value of V at any point of a circle 
in terms of the value upon the circumference. For suppose the circle 
with center at P and with the set 
of radii spaced at angles dtj), as 
implied in the computation of the 
average value, be inverted upon an 
orthogonal circle so chosen that P 
shall go over into P'. The given 
circle goes over into itself and the series of lines goes over into a series 
of circles through P' and the center 0 of inversion. (The figures are 
drawn separately instead of superposed.) From the conformal property 




tween tne raaij, and the circles cut the given circle orthogonally just 
as the radii did Let V along the arcs 1', 2', 3', • • • he equal to V along 
the corresponding arcs 1, 2, 3, • • • and let y(P) = V'(P') as recjuired by 
the theorem on inversion of harmonic functions. Then the two inte- 
grals are equal element for element and their values V(P) and l"(P’) 
are equal. Hence the desired form follows from the given form as 
stated. (It may be observed that d<j> and dip, strictly speaking, have 
opposite signs, but in determining the average value V'(P'), dip is taken 
positively.) The derived form of integral may be written 




ds' 


(14') 


as a line integral along the arc of the circle. If P' is at the distance 
from the center, and if a be the radius, the center of inversion 0 is at 
the distance a?/r from the center of the circle, and the value of h is 
seen to be /c^ = (a^ — 7^)a^fr^, Then, if Q and Q! be points on the circle, 


ds' = ds 


QQ'" - 2 cos 4 ,' + a*r-^) 


F 


(F- r2)F 


ad<f>. 


Kow d^fz/ds' may be obtained, because of the equality of dij/^nd dif^^ and 
ds^ may be written as ad<f>\ Hence 



— 2 ar cos 4- 




Finally the primes may be dropped from V' and P\ the position of P' 
may be expressed in terms of its coordinates (r, and 




is the expression of V in terms of its boundary values. 

The integral (15) is called Poissords Integral. It should he noted par- 
ticularly that the form of Poisson^s Integral first obtained by inversion 
represents the average value of V along the circumference, provided that 
average be computed for each point by considering the values along the 
circumference as distributed relative to the angle as independent vari- 
able. That V as defined by the integral actually approaches the value on 
the circumference when the point approaches the circumference is clear 
from the figure, which shows that all except an infinitesimal fraction of 
the orthogonal circles cut the circle within infinitesimal limits when the 
point is infinitely near to the circumference. Poisson’s Integral may be 
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relative to the circle, the equation of the circle may be written as 
p/p' = const. = r/ay and G (P) = — log /o + log p' + log (r/a) (16) 

is then the Green Function of the circular sheet because it vanishes along 
the circumference, is harmonic owing to the fact that the logarithm of the 
distance from a point is a solution of Laplace^s equation, and becomes 
infinite at P as — log p. Hence 

fy£Qogp'-\ogp)ds. (16-) 

It is not difficult to reduce this form of the integral to (15). 

If a harmonic function is defined in a region abutting upon a segment 
of a straight line or an arc of a circle, and if the function vanishes along 
the segment or arc, the function may be extended across the segment 
or arc by assigning to the inverse point P' the value K(P') = — F(P), 
which is the negative of the value at P; the conjugate function 

/ ^v r dv 

+ (IT) 

takes on the same values at P and P\ It will be sufficient to prove 
this theorem in the case of the straight line because, by the theorem on 
inversion, the arc may be inverted into a line by taking the center of 
inversion at any point of the arc or the arc produced. As the Laplace 
operator 4- Dy is independent of the axes (Ex. 25, p. 112), the line 
may be taken as the cc-axis without restricting the conclusion. 

Now the extended function F(P') satisfies Laplace’s equation since 
a2 7(pq e2F(P') _ a2y(P) dW{P) _ ^ 

dy'^ dx^ dy^ “ 

Therefore V(P') is harmonic. By the definition V(P') = — V(P) and the assumption 
that V vanishes along the segment it appears that the function V on the two sides 
of the line pieces on to itself in a continuous manner, and it remains merely to show 
that it pieces on to itself in a harmonic manner, that is, that the function Y and 
its extension form a function harmonic at points of the line. This follows from 
Poisson’s Integral applied to a circle centered on the line. Por let 

H (Xy y) = r Fdi/' ; then H (a, 0) = 0 

because V takes on equal and opposite values on the upper and lower semicircum- 
ferences. Hence H = 'F(P) = F(P') = 0 along the axis. But H = V(P) along the 
upper arc and H = y(P') along the lower arc because Poisson’s Integral takes on 
the boundary values as a limit when the point approaches the boundary. Now as 
H is harmonic and agrees with V(P) upon the whole perimeter of the upper semi- 
circle it must be identical with y(P) throughout that semicircle. In like manner 


and V{P') are identical with the single harmonic function jF/, they must piece 
togetlier liarmonically across the axis. The theorem is thus completely proved. 
The statement about the conjugate function may be verified by taking the integral 
along paths symmetric with respect to the axis. 

200. Tf a function w =f{z) = w -f- w of a complex variable becomes 
real along the segment of a line or the arc of a circle, the function may 
he extended analytically across the segment or arc by assigning to the 
inverse point P' the value w — iv conjugate to that at P, This is 
merely a corollary of the preceding theorem. Por if w be real, the 
harmonic function v vanishes on the line and may be assigned equal 
and opposite values on the opposite sides of the line ; the conjugate 
function u then takes on equal values on the opposite sides of the 
line. The case of the circular arc would again follow from inversion 
as before. 

The method employed to identify functions in § § 185-187 was to 
map the halves of the i<;--plane, or rather the several repetitions of these 
halves which were required to complete the map of the t4?-surface, on a 
region of the s:-plane. By virtue of the theorem just obtained the con- 
verse process may often be carried out and the function \c = f(z) 
which maps a given region of the s;-plane upon the half of the ^d;-plane 
may be obtained. The method will apply only to regions of the sf-plane 
which are bounded by rectilinear segments and circular arcs ; for it is 
only for such that the theorems on inversion and the theorem on the 
extension of harmonic functions have been proved. To identify the 
function it is necessary to extend the given region of the ^-plane by 
inversions across its boundaries until the i«>-surface is completed. The 
method is not satisfactory if the successive extensions of the region in 
the ^-plane result in overlapping. 

The method will be applied to determining the function (a) which 
maps the first quadrant of the unit circle in the ^-plane upon the upper 
half of the t(;-plane, and {fi) which maps a 30®-60®-90“ triangle upon the 
upper half of the i^;-plane. Sup- 
pose the sector ABC mapped on 
the i4;-half-plaue so that the perim- 
eter ABC corresponds to the 
real axis abc. When the perime- 
ter is described in the order written and the interior is on the left, 
the real axis must, by the principle of conformality, be described in 
such an order that the upper half-plane which is to correspond to the 
interior shall also lie on the left. The points a, h, c correspond to points 



.1, At these i)oiuts the correspondence required is such that the 

conformality must break down. As angles are doubled, each of the 
points A, /J, must be a critical point of the first order for w=:f(z) 
and a, It, c must be branch points. To map the triangle, similar con- 
siderations apply except that whereas C' is a critical point of the first 
order, tlie points .4', are critical of orders 5, 2 respectively. Each 
case may now be treated se]3arately in detail. 

XjvI iL be assumed that the three vertices A, JS, C of the sector go into the 
points* 10 = 0, 1, 00. As the perimeter of the sector is mapped on the real axis, 
tile function w=f(z) takes on real values for points z along the perimeter. 
Hence if the sector be inverted over any of its sides, the point P' which corre- 
sponds to P may be given a value conjugate to w at 
P, and the image of P' in the w-plane is symmetrical 
to the image of P with respect to the real axis. The 
three regions P, 2', 3' of the 2:-plane correspond to 
the lower half of the iw-plane ; and the perimeters 
of these regions correspond also to the real axis. 

These regions may now be inverted across their 
boundaries and give rise to the regions 2, 8, 4 which 
must correspond to the upper half of the Kj-plane. 

Finally by inversion from one of these regions the 
region 4' may be obtained as corresponding to the 
lower half of the lo-plaiie. In this manner the inver- 
sion has been carried on until the entire 2-plane is covered. Moreover there is no 
overlapping of the regions and the figure may be inverted in any of its lines with- 
out producing any overlapping ; it will merely invert into itself. If a Riemaiin sur- 
face were to be constructed over the w-plane, it would clearly require four sheets. 
The surface could be connected up by studying the correspondence ; but this is not 
necessary. Note merely that the function /(«) becomes infinite at C when 
by hypothesis and at C' when z = — i by inversion ; ajul at no other point. The 
values db t will therefore be taken as poles of /(2) and as poles of the second order 
because angles are doubled. Note again that the function /(2) vanishes at A when 
2 = 0 by hypothesis and at z = go by inversion. These will be assumed to be zeros of 
the second order because the points are critical points at which angles are doubled. 
The function 

10 =:/(2) = C22(z- + 0“'^ = <^2^ (z^ + l)-2 

has the above zeros and poles and must be identical with the desired function when 
the constant C is properly chosen. As the correspondence is such that /(I) = 1 by 
liypothesis, the constant C is 4. The determination of the function is complete as 
given. 

Consider next the case of the triangle. The same process of inversion and re- 
peated inversion may be followed, and never results in overlapping except as one 

* It may be observed that the linear transformation {yio 5) to' — cw H- /S {Ex. 15, 
p. 157) has three arbitrary constants a : : 7 : and that by such a transformation any 
three points of the to-plane may be carried into any three points of the ic'-plane. It is 
therefore a proper and trivial restriction to assume that 0, 1, qo are the points of the 
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region falls into absolute coincidence with one previously obtained. To cover the 
whole 2J-plane the inversion would have to be continued indefinitely ; hut it may 
he observed that the rectangle inclosed by the heavy line 
is repeated indefinitely. Hence w =f(z) is a doubly periodic 
function witli the periods 2 Jl, 2 iK' ii 2JC, 2JC' he the 
length and breadth of the rectangle. The function has a 
pole of the second order at C or 2 = 0 and at the points, 
marked with circles, into which the origin is carried hy 
the successive inversions. As there are six poles of the 
second order, the function is of order twelve. When z = K 
at A or 2 = ilC at A' the function vanishes and each of 
these zeros is of the sixth order because angles are increased 
6-foki. Again it appears that the function is of order 12. 

It is very simple to write the function down in terms of 
the theta functions constructed with the periods 2 Ji , 2 iK\ 



S 
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w =::f(z) = C 


Hf{z)e\z) 


2 K 


H\z) ef (2) H’^{z - cx) ef (2 - a) m(z - Q^{z - jS) 


For this function is really doubly periodic, it vanishes to the sixth order at Jl, iJC', 

and has poles of the second order at the points 

0, K “h (X — ^ 2 f A -|- ^ = 2 A — jS -}" A -f* i A'", 

As = 2 A — a the reduction H^(z — /3) = H^(z + a), Q^{z — ^) = 6^(2 -1- cx) may 

be made. 


w=f(z)=G 


H^{z)e^(z) 


H^(z) ef (2) A2(2 - a) JS^(z + a) e^(z - a) 0^(2 + a) 


The constant C may be determined, and the expression for f(z) may be reduced 
further by means of identities; it might be expressed in terms of sn (2, k) and 
cn (2, k), with properly chosen k, or in terms of p (2) and p'(z). For the purposes of 
computations that might be involved in caiTying out the details of the map, it 
would probably he better to leave the expression of /(z) in terms of the theta 
functions, as the value of q is about 0.01. 


EXERCISES 

1. Show geometrically that a plane inverts into a sphere through the center of 
inversion, and a line into a circle through the center of inversion. 

2. Show geometrically or analytically that in the plane a circle inverts into a 
circle and that in space a sphere inverts into a sphere. 

3. Show that in the plane angles are reversed in sign hy inversion. Show that 
in space the magnitude of an angle between two curves is unchanged. 


4. If ds, d.S, dv are elements of arc, surface, and volume, show that 


ds' z=-ds = ~~d.% 
r 


^4 


i ^''3 


dS' = - dS = - dS, dv'^^dv= dv. 






Note that in the plane an area and its inverted area are of opposite sign, and that 

thft sarnfi is triip nf vnlmups in snace. 



the mvovted posiuon ot me circle ii me circle De invened in any manner, in par- 
licnlar show t hat if a circle be inverted with respect to an orthogonal circle, its cen- 
ter is carried into the point which is inverse with respect to the center of inversion. 


6. Obtain Poisson’s Integral (16) from the form (16"). Note that 


r'^ — — 2 ap cos (p, n), 


dGr _ cos {p, n) cos (/>', n) _ 
dn p p' a 


7. From the equation p/p' ~ const. = r/a of the sphere obtain 


p r p' 


-f 

ira d 


V(a^ - r2) dS 


4 ira 


[a/ + r2 — 2 ar cos (r, a)] 2 


the Green Function and Poisson’s Integral for the sphere. 

8. Obtain Poisson’s Integral in space by the method of inversion. 

9. Find the potential due to an insulated spherical conductor and an external 
charge (by placing at the center of the sphere a charge equal to the negative of 
that induced on the grounded sphere). 

10 . If two spheres intersect at right angles, and charges proportional to the 
diameters are placed at their centers with an opposite charge proportional t€l the 
diameter of the common circle at the center of the circle, then the potential over 
the two spheres is constant. Hence determine the effect throughout external space 
cf two orthogonal conducting spheres maintained at a given potential. 

11. A charge is placed at a distance h from an infinite conducting plane. 
Heteriinne the potential on the supposition that the plane is insulated with no 
charge or maintained at zero potential. 


12. Map the quadrantal sector on the upper half-plane so that the vertices 
0, A, B correspond to 1, co, 0. 

13. Determine the constant C occurring in the map of the triangle on the plane. 
Find the point into which the median point of the triangle is carried. 

14. With various selections of correspondences of the vertices to the three points 
0, 1, 00 of the w-plane, map the following configurations upon the upper half-plane : 


(a) a sector of 60°, (j3) an isosceles right triangle, 

(7) a sector of 45°, (5) an equilateral triangle. 


201. The potential integrals. If p(x, y, z) is a function defined at 
different points of a region of space, the integral 


V, 0 




p(Xj ?y, z)dxdydz 





evaluated over that region is called the potential of p at the point 
(^, ^). The significance of the integral may he seen by considering 

the attraction and the potential energy at the point (f, rj, Q ^ 



If fx be a mass at (^, and m a mass at (sc, y, z), the component 
forces exerted by m upon /x are 


X = c 


and 


fxm X — i 


F-- 


fim. 




7.2 


if 


jtiw z ^ I 
Q r 


m 


( 19 ) 


F = — c/x — H- C 
r 


are respectively the total force on jjl 
two masses. The potential energy ma 
by F or .Y, Y, Z on y, in bringing the 
mass y from a fixed point to the 
point (^, 77, 0 nnder the action of m 
at (xj y, z) or it may be regarded 
as the function such that the nega- 
tive of the derivatives of Y by x^ y, z 
give the forces A", Y, Z, or in vector 
notation F = — V F. Hence if the 
units be so chosen that c = 1, and if 
the forces and potential at (^, 17, Q 
be measured per unit mass by dividir 
regarding the arbitrary constant C) 


and the potential energy of the 
f be considered as the work done 



by y, the results are (after dis- 


X = 


m a? — ^ 
7^ r ’ 


7^2 r 


Z 


7^ ?• ^ 


Now if there be a region of matter of density p (x, y 
potential energy at measured per unit mass 

be obtained by summation or integration and are 



p(x, y, z)(x — $)dxdydz 


F = ' 


It therefore appears that the potential U defined by (Iv^^ 

of the potential energy F due to the distribution of matter.* jNore lur- 
ther that in evaluating the integrals to determine X, F, Z, and 17 = — F, 
the variables x, y, 2; with respect to which the integrations are per- 
formed will drop out on substituting the limits which determine the 
region, and will therefore leave X, F, Z, U as functions of the param- 
eters 77, f which appear in the integrand. And finally 


a: = 


du 




( 20 ) 


electric and magnetic theory, where like repels like, the potential and potential 
energy have the same sign. 



or of integrating the expressions (19') for Xj F, Z expressed in terms of 
the derivatives of //, over the whole region. 

TiiKOiiKM. The ])otential integral U satisfies the equations 


dHJ dHr . , d‘^u , d^U . 


( 21 ) 


known respectively as Lajdace^s and Foisson^s Equations^ according as 
the point (^, lies outside or within the body of density p (x, y, }^). 

In case (^, rj, C) lies outside the body, the proof is very simple. For 
the second derivatives of [/ may be obtained by differentiating with 
respect to tj, ( under the sign of integration, and the sum of the 
results is then zero. In case (^, rj, i) li^s within the body, the value 
for V vanishes when (^, rj, 0 coincides with (x, y, during the integra- 
tion, and hence the integrals for (J, A", F, Z become infinite integrals 
for which differentiation under the sign is not permissible without jus- 
tification. Suppose therefore that a small sphere of radius r concentric 
with (^, 7 ), Q be cut out of the body, and the contributions F' of this 
sphere and F* of the remainder of the body to the force F be considered 
separately. For convenience suppose the origin moved up to the point 
(^, ri, f). Then 

F = Vf/ = F* + F'= f pVj dv + ¥'. 


Now as the sphere is small and the density p is supposed continuous, 
the attraction F' of the sphere at any point of its surface may be taken 
as J 7rr\/r^, the quotient of the mass by the square of the distance to the 
center, where p^ is the density at the center. The force F' then reduces 
to — J TTp^r in magnitude and direction. Hence 


V.F = V.Vi/ = V.F* + V.F' = pV.V i dv + V.F'. 

The integral vanishes as in the first case, and V-F' = — 4 irp^. Hence 
if the suffix 0 be now dropped, V*VU = — 4 tt/o, and Poisson’s Equation 
is proved. Gauss’s Integral (p. 348) affords a similar proof. 


A rigorous treatment of the potential U and the forces X, F, Z and their de- 
rivatives requires the discussion of convergence and allied topics. A detailed treat- 
ment will not be given, but a few of the most important facts may be pointed out. 
Consider the ordinary case where the volume density p remains finite and the body 
itself does not extend to infinity. The integrand p/r becomes infinite when r = 0. 
But as dv is an infinitesimal of the third order around the point where r = 0, the 
term pdv/r in the integral U will be infinitesimal, may be disregarded, and the 
integral U converges. In like manner the integrals for X, F, Z will converge 


f S ff ^ ^ drdtpdo, eic., 


as ©xpressed in polar coordinates with origin at 7 * = 0, are seen to diverge. Hence 
the derivatives of the forces and the second derivatives of the potential, as ob- 
tained by differentiating under the sign, are valueless. 

Consider therefore the following device : 


^ 1 

r dz r' 


dXJ rd\ r d \ , 

Tr = I p — -d\> — I p dv, 

0^ J ^ 0^ r J ^ dz r 


^p_5p 1 _a 1 
0x r dx r ^ dx r' 



1 1 
dx r 


dv — f -^dv 
J r dx 



The last integral may be transformed into a surface integral so that 


dU 




- — dxdydz — ff - dydz. 
r dx JJr 


( 22 ) 


It should be remembered, however, that if ?• = 0 within the body, the tiunsforma- 
tion can only be made after cutting out the singularity r = 0, and the surface inte- 
gral must extend over the surface of the excised region as well as over the surface 
of the body. But in this case, as dS is of the second order of infinitesimals while r 
is of the first order, the integral over the surface of the excised region vanishes 
when r = 0 and the equation is valid for the whole region. In vectors 

VU= J^dv- j" ^dS. (22') 


It is noteworthy that the first integral gives the potential of Vp, that is, the inte- 
gral is formed for Vp just as (18) was from p. As Vp is a vector, the summation 
is vector addition. It is further noteworthy that in Vp the differentiation is with 
respect to x, 2 /, whereas in VI/ it is with respect to rj, Now differentiate 
(22) under the sign. (Distinguish V as formed for i;, f and x, ?/, s by V^ and Va;.) 

®!E= r f pcosa~-dS or Vt.V.(/= f vA.V^pdv- f pVt-‘dS, 
a{® J dir dx J dir ' ' J ^ r J 

or again V^.V^Cf = — pdv + fpV^l^S. (2S) 

This result is valid for the whole region. Now by Green’s Formula (Ex. 10, p. 349) 

/pV,.V,ldr + fvJ>V^pdv = / V,. (pV,l) dv = /pV, J.dS = fpl ids. 

Here the small region about r = 0 must again be excised and the surface integral 
must extend over its surface. If the region be taken as a sphere, the normal dn, 
being exterior to the body, is directed along — dr. Thus for the sphere 



and V*Vr-i be set equal to zero, Green’s Fornuua reduces to 
J ^ J “ •dS + 4 TT/), 

where the volume integrals extend over the whole volume and the surface integral 
extends like that of (28) over the surface of the body but not over the small sphere. 
Hence (23) reduces to V.Vt/ ~ ^ iwp. 

Throughout this discussion it has been assumed that p and its derivatives are 
continuous throughout the body. In practice it frequently happens that a body 
consists really of several, say two, bodies of different nature (separated by a bound- 
ing surface in each of which p and its derivatives are continuous. Let the 
suffixes 1, 2 serve to distinguish the bodies. Then 

U = fP^dv, + fP^dv,^f^dv. 


The discontinuity in p along a surface 

VU = J J 


does not affect a triple integral. 
+ j" — dvg - J ^ dS2. 21. 


Here the first surface integral extends over the boundary of the region 1 which 
includes the surface ;Sj 2 between the regions. For the interface the direction 
of dS is from 1 into 2 in the first case, but from 2 into 1 in the second. Hence 


Vir = J YRdv- J ^ dSi;. 

It may be noted that the first and second surface integrals are entirely analogous 
because the first may be regarded as extended over the surface separating a body 
of density p from one of density 0. Now V-V17 may be found, and if the proper 
modifications be introduced in Green’s Formula, it is seen that V«Vt7 = — 4 7r/j 
still holds provided the point lies entirely within either body. The fact that p 
comes from the average value p upon the surface of an infinitesimal sphere shows 
that if the point lies on the interface at a regular point, V-V U" = — 4 tt (J /o^ + ^pa)* 

The application of Green’s Formula in its symmetric form (Ex. 10, p. 349) to 
the two functions r-^ and IT, and the calculation of the integral over the infini- 
tesimal sphere about r = 0, gives 

f (Iv.vu- I7V.vb(i®= f (1-- irl.l\dS-4TU 

J \r rj J \r dn dn rf 

or =v 

J r -‘WJ r 

where S extends over all the surfaces of discontinuity, including the boundary of 
the whole body where the density changes to 0. Now V*VU = — 4Trp and if th« 
definitions be given that 

/dU\ _ /^\ 

\ dn /i \ dn /2 


C7-,-.Cr2 = 47rr, 



then 


(25) 


I 

"i 


U = f ^dv + f -dS + f T—-dS, 
Jr Jr J dn r 


where the surface integrals extend over all surfaces of discontinuity. This form of 
U appears more general than the initial form (18), and indeed it is more general, 
for it takes into account the discontinuities of U and its derivative, which cannot 
arise when p is an ordinary continuous function representing a volume distribution 
of matter. The two surface integrals may be interpreted as due to surface distribu- 
ti<.>ns. For suppose that along some surface there is a surface density cr of matter. 
Then the lirst surface integral represents the potential of the matter in the surface. 
Strictly speaking, a surface distribution of matter with cr units of matter per unit 
surface is a physical impossibility, but it is none the less a convenient mathemati- 
cal fiction wlien dealing with thin sheets of matter or with the charge of electricity 
upon a conducting surface. The surface distribution may be regarded as a limit- 
ing case of volume distribution where p becomes infinite and the volume through- 
out which it is spread becomes infinitely thin. In fact if dn be the thickness of 
the sheet of matter pdndS = crdS. The second surface integral may likewise be 
regarded as a limit. For suppose that there are two surfaces infinitely near to- 
gether upon one of which there is a surface density — <r, and upon the other a surface 
density cr. The potential due to the two equal superimposed elements dS is the 


^ (T^dS^, 
’’2 



o-dS — i- dn = <rdn~ -dS. 
dn r dn r 


Hence if trdn = t, the potential takes the form rdr-'^/dndS. Just this sort of dis- 
tribution of magnetism arises in the case of a magnetic shell, that is, a svirface 
covered on one side with positive poles and on the other with negative poles. The 
three integrals in (26) are known respectively as volume potential, surface poten- 
tial, and double surface potential. 


202. The potentials may be used to obtain particular integrals of 
some differential equations. In the first place the equation 


. d^U , d^U 
dx^ df 


z) 


has 


U = 


nl f&i 

4:7r J r 


as its solution, when the integral is extended over the region through- 
out which / is defined. To this particular solution for U may be added 
any solution of Laplace^s equation, but the particular solution is fre- 
quently precisely that particular solution which is desired. If the 
functions U and f were vector functions so that U = 
and f = i/j + i/j + k/s) tke results -would be 


0*’ 


0’U 

0y’ 


, ,, , 


and U 



where the integration denotes vector summation, as may be seen by 
adding the results for =:/p =f^, ^/s after multi- 

plication by i, 3, k. If it is desired to indicate the vectorial nature of 



does not make its effect felt instantly at £) but is propagated 

toward (i, r), 0 from (x, at a velocity XJa so as to arrive at the time 
{t + r/,r). The potential and the forces at r), () as calculated by (18) 
will then be those there transpiring at the time ^ + ar instead of at the 
time t. To obtain the effect at the time t it would therefore be necessary 
to calculate the potential from the distribution p (x, ar) at the 

time t — av. The potential 

... „ C P (»=» y) ^ dxdydz 

emav + J 


where for brevity the variables x, y, % have been dropped in the second 
form, is called a retarded potential as the time has been set back from 
to ^ — ar. The retarded potential satisfies the ^equation 


d^U d^U 
0^2 + + 0^2 


0(* 


= - 4 7rp(^, ,, !») or 0 


(27) 


according as (f, >/, f) lies within or outside the distribution p. There is 
really no need of the alternative statements because if (^, yj, f) is out- 
side, p vanishes. Hence a solution of the equation 


is 


d^u d^U d^U 

dx^ dif as* 


.,^u 

* df 


=/(», y , «, 0 


_Zli r /(■»:> y,^,t- ar) , 

47r J r ® 


The proof of the equation (27) is relatively simple. For in vector notation, 

v.vj7=v.v C P^dv + v-v C P.i? ~r 0 dv 
Jr J r 

= ..i^p + V.vJP'i-3±-p(^)dv. 


The first reduction is made by Poisson^s Equation. The second expression may 
be evaluated by differentiation under the sign. For it should be remarked that 
p (t — ar) — p (t) vanishes when r = 0, and hence the order of the infinite in the 
integrand before and after differentiation is less by unity than it was in the cor- 
responding steps of § 201. Then 




p(t-ar)-p{t) 


dv. 


/{' 


(— a) p'(t — ar)V^r 


+ [p(t-ar)--^p(t)]V^-\dv, 





Vf.Vf j" P (/■ - «!•) - P (t) _ J- f (- a)y'Vir.Vfr ^ (- a)p'V(.V(r 

+ (- «) p'Vf i-.Vf ^ + (- a) p'VpVj i + [p (t _ ar) - p ({)] V^.V^ i j. dt>. 

J3ut V^:::=— aiid Vr = i/r and Vr~ ^ = — i/r® and V*Vr“-^ = 0. 

Ileijcc V^vV^r = 1, V^r*V^r-i = — r-2, = 2r-i 

an.l v.v r P(t-ar)-p( 0 ^^^ f ^ 

»/ r J r J r dt^ dV^ 

It was seen (p. 345) that if F is a vector function with no curl, that 

is, if V^F = 0, then F*c?r is an exact differential (l<f ) ; and F may be ex- 
pressed as the gradient of that is, as F = V^. This problem may also 
be solved by potentials. For suppose 

— 1 r V-F 

F = V</>, then V-F = V-V<#>, tf> = — I dv. (28) 

It appears therefore that may be expressed as a potential. This solu- 
tion for (jy is less general than the former because it depends on the 
fact that the potential integral of V»F shall converge. Moreover as 
the value of thus found is only a particular solution of V»F = V*V<^, 
it should be proved that for this the relation F = V<f> is actually sat- 
isfied. The proof will be given below. A similar method may now be 
employed to show that if F is a vector function with no divergence, 
that is, if V»F = 0, then F may be written as the curl of a vector 
function G, that is, as F = V^G. For suppose 

F = VxG, then V^F = V^V^G = VV*G - V-VG. 

As G is to be determined, let it be supposed that V*G = 0. 

1 r vxF 

Then F = V^G gives G ~ j — ^ dv, (29) 

Here again the solution is valid only when the vector potential integral 
of VxF converges, and it is further necessary to show that F = V^G. 
The conditions of convergence are, however, satisfied for th6 functions 
that usually arise in physics. 

To amplify the treatment of (28) and (29), let it be shown that 

V0 = _-1-V r~d» = F, VxG=-Tvx f— (ii) = F. 

4.7r J r 47r «/ r 

By use of (22) it is possible to pass the differentiations under the sign of integra- 
tion and apply them to the functions V«F and VxF, instead of to 1/r as would be 
required by Leibniz’s Rule (§ 119). Then 

„ I r vv.F 


1 rV.F^„ 
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The surface integral extends over the surfaces of discontinuity of V-F, over a large 
(inhnit<^) surface, and over an infinitesimal sphere surrounding r = 0. It will be 
assumed that V«F is such that the surface integral is infinitesimal. Now as VxF = 0, 
VxVxF = 0 and VV*F = V.VF. Hence if P and its derivatives are continuous, a 
reference to (24) shows that 


Ill like manner 

< 

11 

1 

fYlYEa.: 

f y 

= F. 

I 

fVxVxF 1 , 

r 

I xdS 


VXVJ — 1 

4 TT t/ 

r 4irJ 

r 

47r J r 


Questions of continuity and the significance of the vanishing of the neglected sur- 
face integrals will not be further examined. The elementary facts concerning 
potentials are necessary knowledge for students of physics (especially electro- 
magnetism) ; the detailed discussion of the subject, whether from its physical or 
matliematical side, may well be left to special treatises. 


EXERCISES 

1. Discuss the potential U and its derivative VU for the case of a unzfonn 
sphere, both at external and internal points, and upon the surface. 

2. Discuss the second derivatives of the potential, that is, the derivatives of the 
forces, at a surface of discontinuity of density, 

3. If a distribution of matter is external to a sphere, the average value of the 
potential on the spherical surface is the value at the center ; if it is internal, the 
average value is the value obtained by concentrating all the mass at the center. 

4. What density of distribution is indicated by the potential ? What den- 
sity of distribution gives a potential proportional to itself ? 

5. In a space free of matter the determination of a potential which shall take 
assigned values on the boundary is equivalent to the problem of minimizing 

6. For Laplace’s equation in the plane and for the logarithmic potential — log r, 
develop the theory of potential integrals analogously to the work of § 201 for 
Laplace’s equation in space and for the fundamental solution 1/r. 



BOOK LIST 


A short list of typical books with brief comments is given to aid the 
ident of this text in selecting material for collateral reading or for 
}re advanced study. 

1. Some standard elementary differential and integral calculus. 

For reference the book with which the student is familiar is probably preferable, 
may be added that if the student has had the misfortune to take his calculus under 
eacher who has not led him to acquire an easy formal knowledge of the subject, 
will save a great deal of time in the long run if he makes up the deficiency soon 
d thoroughly ; practice on the exercises in Granville’s Calculus (Ginn and Com- 
ny), or Osborne’s Calculus (Heath & Co.), is especially recommended. 

2. B. 0. Peirce, Table of Integrals (new edition). Ginn and Company. 

This table is frequently cited in the text and is well-nigh indispensable to the 
ident for constant reference. 

3. Jahnke-Embb, Funktionentafeln mit Formeln und Kurven. 
jubner. 

A very useful table for any one who has numerical results to obtain from the 
alysis of advanced calculus. There is very little duplication between this table 
d the previous one. 

4. Woods and Bailey, Course in Mathematics. Ginn and Company. 

5. Byerly, Differential Calculus and Integral Calculus. Ginn and 
mpany. 

6 Todhuistter, Differential Calculus and Integral Calculus. Mao 
llan. 

7. Williamson, Differential Calculus and Integral Calculus. Long- 
ins. 

These are standard works in two volumes on elementary and advanced calculus, 
sources for additional problems and for comparison with the methods of the 
:t they will prove useful for reference. 

8. C. J. DE LA Yaplee-Poussin, Cours I? analyse. Gauthier -Villats. 
There are a few books which inspire a positive affection for their style and 
mty in addition to respect for their contents, and this is one of those few, 
r Advanced Calculus is necessarily under considerable obligation to de la Vallde- 
ussiii’s Cours d’ analyse, because I taught the subject out of that book for several 






9. Gouii«at, Cours (V analyse. Gauthier -Villars. 

10. Goursat-Hedrick, Analysis. Ginn and Company. 

The latter is a translation of the first of the two volumes of the former. These, 
like the preceding five works, wdll be useful for collateral reading. 

11. I jektkand, CalcAtl differentiel and Calciil integral . 

Tliis older French work marks in a certain sense the acme of calculus as a 
mean.s of obtaining formal and numerical results. Methods of calculation are not 
now so prominent, and methods of the theory of functions are coming more to the 
fore. Whether this tendency lasts or does not, Bertrand’s Calculus will remain an 
inspiration to all who consult it. 

12. Treatise on Differential Eijnations. Macmillan. 

As a text on the solution of differential equations Forsyth’s is probably the 
best. It may be used for work complementary and supplementary to Chapters 
VIII-X of this text. 

13. PiERPONT, Theory of Functions of Real Variables. Ginn and 
Company. 

In some parts very advanced and difficult, but in others quite elementary and 
readable, this work on rigorous analysis will be found useful in connection with 
Chapter II and other theoretical portions of our text. 

14. Gibbs-Wilson, Vector Analysis. Scribners. 

Herein will be found a detailed and connected treatment of vector methods 
mentioned here and there in this text and of fundamental importance to the 
mathematical physicist. 

15. B. 0. Peirce, Newtonian Potential Function. Ginn and Company. 

A text on the use of the potential in a wide range of physical problems. Like 
the following two works, it is adapted, and practically indispensable, to all who 
study higher mathematics for the use they may make of it in practical problems. 

16. Byerly, Fourier Series and Spherical Harmonics. Ginn and 
Company. 

Of international repute, this hook presents the methods of analysis employed 
in the solution of the differential equations of physics. Like the foregoing, it gives 
an extended development of some questions briefly treated in our Chapter XX. 

17. Whittaker, Modern Analysis. Cambridge University Press. 

This is probably the only hook in any language which develops and applies the 
methods of the theory of functions for the purpose of deriving and studying the 
formal properties of the mo.st important functions other than elementary which 
occAir in analysis directed toward the needs of the applied mathematician. 

J 8. Os coon, Lehrhneh dev Funktlonentheorie. Teubner. 
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as 4, 46, 162 

Abel’s theorem on uniformity, 438 
Absolute convergence, of integrals, 367, 
369 ; of series, 422, 441 
Absolute value, of complex numbers, 
164; of reals, 35; sum of, 36 
Acceleration, in a line, 13 ; in general, 
174; problems on, 186 
Addition, of complex numbers, 164; of 
operators, 151 ; of vectors, 154, 163 
Adjoint equation, 240 
Algebra, fundamental theorem of, 159, 
306, 482 ; laws of, 153 
Alternating series, 39, 420, 452 
am = sin-^ sn, 507 
Ampere’s Law, 350 

Amplitude, function, 507; of complex 
numbers, 154; of harmonic motion, 
188 

Analytic continuation, 444, 543 
Analytic function, 304, 435. See Func- 
tions of a complex variable 
Angle, as a line integral, 297, 308; at 
critical points, 491; between curves, 
9 ; in space, 81 ; of a complex number, 
164 ; solid, 347 
Angular velocity, 178, 346 
Approximate formulas, 60, 77, 101, 383 
Approximations, 59, 195; successive, 198. 
See Computation 

Arc, differential of, 78, 80, 131; of ellipse, 
77, 514 ; of hyperbola, 516. ^See Length 
Area, 8, 10, 25, 67, 77 ; as a line integral, 
288 ; by double integration, 324, 329; 
directed, 167; element of, 80, 131, 175, 
340, 342; general idea, 311; of a sur- 
face, 339 

Areal velocity, 176 
Argument of a complex number, 164 
Associative law, of addition, 163, 163 ; of 
multiplication, 160, 153 
Asymptotic expansion, 390, 397, 466 
Asymptotic expression for n!, 383 
Asymptotic lines and directions, 144 
Asymptotic series, 390 
Attraction, 31, 68, 308, 332, 848, 547; 
Law of Nature, 31, 307 ; motion under, 
190, 264. See Central Force and Fu- 
tential 


Average value, 333 ; of functions, 333 
of a harmonic function, 631; over 9 
surface, 340 

Axes, right- or left-handed, 84, 167 
Axiom of continuity, 34 

B. See Bernoulli numbers. Beta function 
Bernoulli’s equation, 205, 210 
Bernoulli’s numbers, 448, 456 
Bernoulli’s polynomials, 461 
Bessel’s equation, 248 
Bessel’s functions, 248, 393 
Beta function, 378 

Binomial theorem, finite remainder iu, 
60 ; infinite series, 423, 426 
Binormal, 83 

Boundary of a region, 87, 308, 311 
Boundary values, 304, 641 
Brachistochrone, 404 
Branch of a function, of one variable, 
40; of two variables, 90; of a com- 
plex variable, 492 
Branch point, 492 

C„. See Cylinder functions 
Calculation, See Computation, Evalua- 
tion, etc. 

Calculus of variations, 400-418 
Cartesian expression of vectors, 167 
Catenary, 78, 190 ; revolved, 404, 408 
Cauchy’s Formula, 30, 49, 61 
Cauchy’s Integral, 304, 477 
Cauchy’s Integral test, 421, 427 
Caur^c, 142 

Centm-, instantaneous, 74, 178; of in- 
version, 538 

Center of gravity or mass, motion of the, 
176 ; of areas or laminas, 317, 324 ; of 
points or masses, 168 ; of volumes, 328 
Central force, 175, 264 
Centrode, fixed or moving, 74 
Chain, equilibrium of, 185, 190, 409; 
motion of, 415 

Change of variable, in derivatives, 12, 
14, 67, 98, 103, 100; in differential 
equations, 204, 235, 245 ; in integrals, 
16, 21, 54, 65, 328, 330 
Characteristic curve.s, 140, 267 
Characteristic strip, 279 
557 



Charge, electric, 639 
Cliarpit^s method, 274 
Circle, of curvature, 72 ; of convergence, 
433, 437; of inversion, 538 
Circuit, 89 ; equivalent, irreducible, re- 
ducible, 91 
Circuit integrals, 294 
Circulation, 345 

Clairaut’s equation, 230; extended, 273 
Closed curve, 308; area of, 289, 311; 
integral about a, 295, 344, 360, 477, 
630 ; Stokes’s formula, 345 
Closed surface, exterior normal is posi- 
tive, 167, 341; Gauss’s formula, 342; 
Green’s formula, 349, 531 ; integral over 
a, 341, 636 ; vector area vanishes, 107 
cn, 471, 605, 518 
Commutative law, 149, 165 
Comparison test, for integrals, 357 ; for 
series, 420 

Complanarity, condition of, 169 
Complementary function, 218, 243 
Complete elliptic integral, 607, 514, 77 
Complete equation, 240 
Complete solution, 270 
Complex function, 157, 292 
Complex numbers, 153 
Complex plane, 157, 302, 360, 433 
Complex variable. See Functions of a 
Components, 163, 167, 174, 301, 342, 507 
Computation, 59 ; of a definite integral, 
77; of Bernoulli’s numbers, 447; of 
elliptic functions and integrals, 476, 
607, 514, 522; of logarithms, 59; of 
the solution of a differential equation, 
195. See Approximations, Errors, etc 
oncave, up or down, 12, 143 
ondensation point, 38, 40 
Condition, for an exact differential, 105 ; 
of complanarity, 169 ; of integrability, 
255 ; of parallelism, 166 ; of perpendic- 
ularity, 81, 165. *See Initial 
Conformal representation, 490 
Conformal transformation, 132, 477, 638 
Congruence of curves, 141 
Conjugate functions, 636 
Conjugate imaginaries, 166, 643 
Connected, simply or multiply, 89 
Consecutive points, 72 
Conservation of energy, 301 
Conservative force or system, 224, 307 
Constant, Euler’s, 385 
Constant function, 482 
Constants, of integration, 16, 183; phys- 
ical, 183 ; variation of, 243 
Constrained maxima and minima, 120, 
404 

Contact, of curves, 71 ; order of, 72 ; of 
conics with cubic, 521 ; of plane and 
curve, 82 

Continuation, 444, 478, 642 


Continuity, axiom of, 34 ; equation of, 
350 ; generalized, 44 ; of functions, 41, 
88, 476; of integrals, 52, 281, 368; of 
series, 430; uniform, 42, 92, 476 
Contour line or surface, 87 
Convergence, absolute, 357, 422, 429; 
asymptotic, 456; circle of, 433, 437; 
of infinite integrals, 352 ; of products, 
429; of series, 419; of suites of num- 
bers, 39; of suites of functions, 430; 
nonuniforin, 431 ; radius of, 433 ; uni- 
form, 368, 431 

Coordinates, curvilinear, 131 ; cylindri- 
cal, 79; polar, 14; spherical, 79 

cos, cos-i, 155, 161, 393, 456 
cosh, cosh- 1 , 5, 6, 16, 22 
Cosine amplitude, 507. See cn 
Cosines, direction, 81, 169 ; series of, 460 

cot, coth, 447, 450, 454 

Critical points, 477, 491 ; order of, 491 
CSC, 550, 557 
Cubic carves, 519 
Curl, vx, 345, 349, 418, 553 
Curvature of a curve, 82 ; as a vector, 
171 ; circle and radius of, 73, 198 ; 
problems on, 181 

Curvature of asurface, 144 ; lines of, 146 ; 
mean and total, 148; principal radii, 
144 

Curve, 308 ; area of, 311 ; intrinsic equa- 
tion of, 240 ; of limited variation, 309 ; 
quadrature of, 313; rectifiable, 311. 
See Curvature, Length, Torsion, etc., 
and various special curves 
Curvilinear coordinates, 131 
Curvilinear integral. See Line 
Cuspidal edge, 142 
Cuts, 90, 302, 362, 497 
Cycloid, 76, 404 

Cylinder functions, 247. See Bessel 
Cylindrical coordinates, 79, 328 

D, symbolic use, 152, 214, 279 
Darboux’s Theorem, 51 
Definite integrals, 24, 52 ; change of 
variable, 64, 65 ; computation of, 77 ; 
Duharnel’s Theorem, 63 ; for a series, 
451 ; infinite, 352 ; Osgood’s Theorem, 
54, 65 ; Theorem of the Mean, 25, 29, 
52, 359. See Double, etc., Functions, 
Infinite, Cauchy’s, etc. 

Degree of differential equations, 228 
Del, V, 172, 260, 343, 345, 349 
Delta amplitude, 607. See dn 
De Moivre’s Theorem, 155 
Dense set, 39, 44, 60 
Density, linear, 28; surface, 316; vol- 
ume, 110, 326 

Dependence, functional, 129; linear, 245 
Derivative, directional, 97, 172; geo- 
metric properties of, 7: infinite, 46: 


of higlHir 02 'der, 11, 67, 102, 197; of 
integrals, 27, 52, 283, 370 ; of products, 
11, 14, 48 ; cf series term by term, 430 ; 
of vectors, 170; ordinary, 1, 45, 158; 
partial, 93, 99 ; right or left, 46; The- 
orem of the Mean, 8, 10, 46, 94. ^ee 
Cliange of variable. Functions, etc. 
Derived units, 109 

Determinants, functional, 129; Wron- 
skian, 241 

Developable surface, 141, 143, 148, 279 
Differences, 49, 462 
Differentiable function, 46 
Differential, 17, 04 ; exact, 106, 254, 300 ; 
of arc, 70, 80, 131; of area, 80, 131; 
of heat, 107, 294 ; of higher order, 67, 
104; of surface, 340; of volume, 81, 
330; of work, 107, 292; partial, 95, 
104 ; total, 95, 98, 105, 208, 295 ; vec- 
tor, 171, 293, 342 

Differential equations, 180, 267 ; degree 
of, 228; order of, 180; solution or 
integration of, 180 ; complete solution, 
270 ; general solution, 201, 230, 269 ; 
infinite solution, 230 ; particular solu- 
tion, 230; singular solution, 231, 271. 
See Ordinary, Partial, etc. 
Differential equations, of electric cir- 
cuits, 222, 226 ; of mechanics, 186, 263 ; 
Hamilton’s, 112 ; Lagrange’s, 112, 224, 
413 ; of media, 417 ; of physics, 524 ; 
of strings, 185 

Differential geometry, 78, 131, 143, 412 
Dijfferentiation, 1 ; logarithmic, 6 ; of 
implicit functions, 117 ; of integrals, 
27, 283 ; partial, 93 ; total, 95 ; under 
the sign, 281 ; vector, 170 
Dimensions, higher, 335; physical, 109 
Direction cosines, 81, 169 ; of a line, 81 ; 

of a normal, 83 ; of a tangent, 81 
Directional derivative, 97, 172 
Discontinuity, amount of, 41, 462 ; finite 
or infinite, 479 
Dissipative function, 225, 307 
Distance, shortest, 404, 414 
Distributive law, 161, 165 
Divergence, formula of, 342 ; of an inte- 
gral, 352 ; of a series, 419 ; of a vector, 
343, 663 

Double integrals, 80, 131, 313, 316, 372 
Double integration, 32, 285, 319 
Double limits, 89, 430 
Double points, 119 
Double sums, 315 
Double surface potential, 551 
Doubly periodic functions, 417, 486, 
604, 517; order of, 487. 5ec p, sn, 
cn, dll 

Dubamers Theorem, 28, 63 
[lupin’s indicatrix, 145 


jE*, complete elliptic integral, 77, 514 
jE-function, 62, 353, 479 
E (0, A), second elliptic integral, 614 
e^,e*, 4, 160, 447, 484, 497 
Edge, cuspidal, 142 
Elastic medium, 418 
Electric currents, 222, 226, 633 
Electric images, 539 
Electromagnetic theory, 350, 417 
Element, lineal, 191, 231 ; of arc, 70, 
80 ; of area, 80, 131, 344 ; of surface, 
340 ; of volume, 80, 330 ; planar, 264, 
267 

Elementary functions, 162 ; character- 
ized, 482, 497 ; developed, 460 
Elimination, of constants, 183, 267 ; of 
functions, 269 
Ellipse, arc of, 77, 514 
Elliptic functions, 471, 604, 607, 611, 617 
Elliptic integrals, 603, 607, 611, 612, 617 
Energy, conservation of, 301 ; dimen- 
sions of, 110 ; kinetic, 13, 101, 112, 
178, 224, 413 ; of a gas, 106, 294, 392 ; 
of a lamina, 318 ; potential, 107, 224, 
301, 413, 547 ; principle of, 264 ; work 
and, 293, 301 
Entropy, 106, 294 

Envelopes, of curves, 136, 141, 231 ; of 
lineal elements, 192; of planar ele- 
ments, 254, 267 ; of planes, 140, 142 ; 
of surfaces, 139, 140, 271 
Equation, adjoint, 240; algebraic, 159, 
306,482; Bernoulli’s, 206, 210 ; Clair- 
aut’s, 230, 273 ; complete, 240 ; intrin- 
sic, 240 ; Laplace’s, 624 ; of continuity, 
360; Poisson’s, 648; reduced, 240; 
Riccati’s, 250; wave, 276 
Equations, Hamilton’s, 112 ; Lagrange’s, 
112, 225, 413. See Differential equa- 
tions, Ordinary, Partial, etc. 
Equicrescent variable, 48 
Equilibrium of strings, 185, 190, 400 
Equipotential line or surface, 87, 533 
Equivalent circuits, 91 
Error, average, 390; functions, 388; 
mean square, 390, 465; in target 
practice, 390; probable, 389; proba- 
bility of an, ^6 

Errors, of observation, 386; small, 101 
Essential singularity, 479, 481 
Euler’s Constant, 385, 457 
Euler’s Formula, 108, 169 
Euler’s numbers, 460 
Euler’s transformation, 449 
Evaluation of integrals, 284, 286, 360, 
371. See Computation, etc. 

Even function, 30 
Evolute, 142, 234 
Exact differential, 106, 254, 300 
Exact differential equation, 207, 237, 264 
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Expansion, asymptotic, 390, 397, 456; 
by Taylor’s or Maclaurin’s Formula, 
67, tS05 ; by Taylor’s or Maclauvin’s 
Series, 436, 477 ; in ascending powers, 
483, 479 ; in descending powers, 890, 
397, 456, 481 ; in exponentials, 465, 
467 ; in Legendre’s polynomials, 466; 
in trigonometric functions, 458, 465; 
of solutions of differential equations, 
198, 250, 526. See special functions 
and Series 

Exponential development, 465, 467 
Exponential function. See e* 

JF, complete elliptic integral, 607, 614 
F(0, k) ~ sn-i sin 0, 507, 614 
Factor, integrating, 207, 240, 254 
Factorial, 379 

Family, of curves, 135, 192, 228; of sur- 
faces, 139, 140. See Envelope 
Faraday’s Law, 350 
Finite discontinuity, 41, 462, 479 
Flow, of electricity, 558 ; steady, 653 
Fluid differentiation, 101 
Fluid motion, circulation, 845 ; curl, 346 ; 
divergence, 343 ; dynamical equations, 
351 ; equation of continuity, 350 ; ir- 
rotational, 533; velocity potential, 
533 ; waves, 529 
Fluid pressure, 28 

Flux, of force, 308, 348 ; of fluid, 343 
Focal point and surface, 141 
Force, 13, 263; as a vector, 173, 301; 
central, 175; generalized, 224; prob- 
lems on, 180, 2^64. See Attraction 
’orm, indeterminate, 61, 89; perma- 
nence of, 2, 478; quadratic, 115, 
145 

Fourier’s Integral, 377, 466, 528 
Fourier’s series, 458, 465, 625 
Fractions, partial, 20, 66. See Rational 
Free maxima and minima, 120 
Frenet’s formulas, 84 
Frontier, 34. See Boundary 
Function, average value of, 333; ana- 
lytic, 304 ; complementary, 218, 243 ; 
complex, 157, 292; conjugate, 636; 
dissipative, 225, 307 ; doubly periodic, 
486 ; ^-function, 62 ; even, 30 ; Green, 
635; harmonic, 530; integral, 433; 
odd, 30 ; of a complex variable, 157 ; 
periodic, 458, 485 ; potential, 301, See 
also most of these entries themselves, 
and others under Functions 
Functional dependence, 129 
Functional determinant, 129 
Functional tMjuation, 45, 247, 252, 387 
Functional independence, 129 
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see under their names or symbols ; for 
special types see below 
Functions defined by functional equa- 
tions, cylinder or Bessel’s, 247 ; ex- 
ponential, 46, 387 ; Legendre’s, 262 
Functions defined by integrals, contain- 
ing a parameter, 281, 368, 376; their 
continuity, 281, 3(J9; differentiation, 
283, 370; integration, 285, 370, 373; 
evaluation, 284, 286, 371 ; Cauchy’s 
integral, 304 ; Fourier’s integral, 377, 
466; Poisson’s integral, 541, 546; po- 
tential integrals, 646; with variable 
limit, 27, 53, 209, 255, 296, 298; by 
inversion, 496, 503, 517; conjugate 
function, 536, 542 ; s))eciai functions, 
Bessel’s, 394, 398 ; Beta and Gamma, 
878; error, 388 ; 7^ (0, A*), 5 1 4 ; 7<’(0, k ) , 
607 ; logarithm, 302, 306, 497 ; p-func- 
tion, 617; sin-i, 307, 498; sn-i, 435, 
503; tan- 1, 307, 498 
Functions defined by mapping, 543 
Functions defined by properties, con- 
stant, 482; doubly pex'iodic, 486; ra- 
tional fraction, 483; periodic or 
exponential, 484 

Functions defined by series, p-f unction, 
487; Theta functions, 467 
Functions of a complex variable, 158, 
163; analytic, 304, 435; angle of, 
159; branch 402; center of 

gravity of poles and roots, 482 ; 
Cauchy’s integral, 304, 477 ; con- 
formal representation, 490 ; continu- 
ation of, 444, 478, 642 ; continuity, 
168, 470 ; critical points, 477, 491 ; de- 
fines conformal transformation, 476; 
derivative of, 158, 470 ; derivatives of 
all orders, 305 ; determines harmonic 
functions, 536; determines orthogonal 
trajectories, 194 ; doubly periodic, 486 ; 
elementary, 162 ; essential singularity, 
479, 481; expansible in series, 436; 
expansion at infinity, 481 ; finite dis- 
continuity, 479 ; integral, 4fe ; integral 
of, 300, 360; if constant, 482; if ra- 
tional, 483 ; inverse function, 477 ; in- 
version of, 543 ; logarithmic derivative, 
482 ; multiple valued, 492 ; number of 
roots and poles, 482; periodic, 485; 
poles of, 480 ; principal part, 483 ; resi- 
dues, 480 ; residues of logarithmic de- 
rivative, 482; Kiemann’s surfaces, 
493; roots of, 158, 482; singularities 
of, 476, 479; Taylor's Fonmiia, 305; 
uniformly continuous, 476 ; vanishes, 
158. 6’ee various special functions 
and topics 
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41 ; continuous over dense sets, 44 ; 
Darboux’ 8 Theorem, 51 ; derivative of, 
46 ; differentiable, 45; differential, 64, 
67; discontinuity, 41, 462; expansion 
by Fourier’s series, 462 ; expansion by 
Le.i^endre’s polynomials, 400; expan- 
sion by Taylor’s Formula, 49, 55; 
expansion by Taylor’s Series, 435 ; ex- 
pression as Fourier’s Integral, 377, 
406; increasing, 7, 45, 310, 462; in- 
finite, 41 ; infinite derivative, 46 ; inte- 
grable, 52, 54, 310; integral of, 15, 24, 
52; inverse of, 45; limited, 40; limit 
of, 41, 44 ; lower sum, 51 ; maxima and 
minima, 7, 9, 10, 12, 40, 43, 46, 76; 
multiple valued, 40; not decreasing, 
54, 310; of limited variation, 64, 809, 
462 ; oscillation, 40, 60 ; Rolle’s Theo- 
rem, 8, 46; right-hand or left-hand 
derivative or limit, 41, 46, 49, 462; 
single valued, 40; theorems of the 
mean, 8, 25, 29, 46, 51, 62, 359 ; uni- 
formly continuous, 42 ; unlimited, 40 ; 
upper sum, 61; variation of, 309, 401, 
410. See various special topics and 
functions 

Functions of several real variables, 87; 
average value of, 334, 340; branch 
of, 90; continuity, 88; contour lines 
and surfaces, 87; differentiation, 93, 
117; directional derivative, 97; double 
limits, 89, 430 ; expansion by Taylor’s 
Formula, 113; gradient, 172; harmonic, 
530 ; homogeneous, 107 ; implicit, 177 ; 
integral of, 315, 326, 335, 340; inte- 
gration, 319, 327; inverse, 124; maxima 
and minima, 114, 118, 120, 125; mini- 
max, 116; multiple-valued, 90 ; normal 
derivative, 97 ; over various regions, 
91; potential, 547; single-valued, 87; 
solution of, 117; space derivative, 172 ; 
total differential, 95; transformation 
by, 131; Theorem of the Mean, 94; 
uniformly continuous, 91; variation 
of, 90 

Fundamental solution, 634 

Fundamental theorem of algebra, 169, 
306 

Fundamental units, 109 

Gamma function, 378; as a product, 
458 ; asymptotic expression, 383, 456 ; 
beta functions, 379 ; integrals in terms 
of, 880 ; logarithm of, 883 ; Stirling’s 
Formula, 386 

Gas, air, 189; molecules of a, 892 

Gauss’s Formula, 342 


Geometric addition, 163 
Geometric language, 33, 335 
Geometric series, 421 
Geometry. See Curve, Differential, and 
all special topics 
Gradient, y, 172, 301. See Del 
Gravitation. See Attraction 
Gravity. See Center 
Green Function, 635, 542 
Green’s Formula, 349, 631 
Green’s Lemma, 342, 344 
Gudermannian function, 6, 16, 450 
Gyration, radius of, 334 

Half periods of theta functions, 468 
Hamilton’s equations, 112 
Hamilton’s principle, 412 
Harmonic functions, 530; average value, 
531; conjugate functions, 536; exten- 
sion of, 542; fundamental solutions, 
534; Green Function, 535; identity 
of, 534 ; inversion of, 539 ; maximum 
and minimum, 531, 554; Poisson’s In- 
tegral, 541, 546; potential, 548; sin- 
gularities, 534 
Helicoid, 418 
Helix, 177, 404 
Helmholtz, 851 
Higher dimensions, 335 
Higher order, diffei’entials, 67, 104 ; in- 
finitesimals, 64, 356 ; infinites, 66 
Homogeneity, physical, 109; order of, 
107 

Homogeneous differential equations, 
204, 210, 230, 236, 259, 262, 278 
Homogeneous functions, 107 ; Euler’s 
Formula, 108, 152 
Hooke’s law, 187 
Hydrodynamics. See Fluid 
Hyperbolic functions, 5. See cosh, siiih, 
etc. 

Hypexgeometric series, 398 

Imaginai'y, 153, 216 ; conjugate, 150 
Imaginary powers, 161 
Implicit functions, 117-136. See Max- 
ima and Minima, Minimax, etc. 
Indefinite integral, 15,53. ^See Functions 
Independence, functional, 129; linear, 
245 ; of path, 298 

Indeterminate forms, 61; L’Hospital’s 
Rule, 61 ; in two variables, 298 
Indicatrix, Dupin’s, 146 
Indices, law of, 160 
Induction, 308, 348 
Inequalities, 36 
Inertia. See Moment 
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Infinite series, 39, 419 
Infinite solution, 230 
Infinitesimal, 03 ; order of, 03 ; higher 
order, 04 ; order higher, 356 
Infinitesimal analysis, 68 
Infinity, point at, 481 
Inflection point, 12, 75; of cubic, 621 
Instantaneous center, 74, 178 
Integrability, condition of, 255 ; of func- 
tions, 52, 368 

Integral, Cauchy’s, 304; containing a 
parameter, 281, 305; definite, 24, 51; 
double, 315; elliptic, 503; Fourier’s, 
377 ; Gauss’s, 348 ; higher, 335 ; in- 
definite, 16, 53; infinite, 352; inver- 
sion of, 496; line, 288, 311, 400; 
I’oissou’s, 641; potential, 546; sur- 
face, 340 ; triple, 326. See Definite, 
Functions, etc. 

Integral functions, 433 
Integral test, 421 
Integrating factor, 207, 240, 254 
Integration, 16 ; along a curve, 291, 400 ; 
by parts, 19, 307 ; by substitution, 21 ; 
constants of, 16, 183 ; double, 32, 320 ; 
of functions of a complex variable, 
307 ; of radicals of a biquadratic, 513 ; 
of radicals of a quadratic, 22; of ra- 
tional fractions, 20; over a surface, 
340 ; term by term, 430 ; under the 
sign, 285, 370. See Differential equa- 
tions, Ordinary, Partial, etc. 

Intrinsic equation, 240 
Inverse function, 45, 477 ; derivative of, 
2, 14 

Inverse operator, 150, 214 
Inversion, 637 ; of integrals, 496 
Involute, 234 
Irrational numbers, 2, 36 
Irreducible circuits, 91, 302, 500 
Isoperimetric problem, 400 
Iterated integration, 327 

Jacobian, 129, 330, 836, 476 
Jumping rope, 511 
Junction line, 492 

Kelvin, 361 
Kinematics, 73, 178 

Kinetic energy, of a chain, 415; of a 
lamina, 318; of a medium, 416 ; of a 
particle, 13, 101 ; of a rigid body, 293 ; 
of systems, 112, 225, 413 

Lagrange’s equations, 112, 225, 413 
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Laplace’s equation, 104, 110, 626, 630, 
633, 648 

Law, Ampere’s, 350 ; associative, 150, 
165; commutative, 149, 166; distrib- 
utive, 160, 166 ; Faraday’s, 360 ; 
Hooke’s, 187 ; of indices, 150 ; of 
Nature, 307 ; parallelogram, 154, 163, 
307 ; of the Mean, see Theorem 
Laws, of algebra, 163; of motion, 13, 
173, 204 

Left-hand derivative, 46 
Left-handed axes, 84, 167 
Legendre’s elliptic integrals, 60S, 611 
Legendre’s equation, 262 (Ex. 13 5) ; gen- 
eralized, 526 

Legendre’s functions, 262 
Legendre’s polynomials, 262, 440, 466 ; 

generalized, 627 
Leibniz’s Rule, 284 
Leibniz’s Theorem, 11, 14, 48 
Length of arc, 69, 78, 131, 310 
Limit, 85; double, 89; of a quotient, 
1, 45 ; of a rational fraction, 37 ; of a 
sum, 16, 60, 291 
Limited set or suite, 38 
Limited variation, 54, 309, 462 
Line, direction of, 81, 169; tangent, 
81; normal, 96; perpendicular, 81, 
166 

Line integral, 288, 298, 311, 400 ; about a 
closed circuit, 295, 344 ; Cauchy’s, 304 ; 
differential of, 291 ; for angle, 297 ; 
for area, 289 ; for work, 293 ; in the 
complex plane, 360, 497 ; independent 
of path, 298 ; on a Riemann’s surface, 
499, 503 

Lineal element, 191, 228, 231, 261 
Linear dependence or independence, 
245 

Linear differential equations, 240 ; 
Bessel’s, 248; first order, 206, 207; 
Legendre’s, 252 ; of physics, 524 ; par- 
tial, 267, 276, 624; second order, 244; 
simultaneous, 223; variation of con- 
stants, 243 ; with constant coefficients, 
214, 223, 275 
Linear operators, 151 
Lines of curvature, 146 
log, 4, 11, 161, 302, 449, 497 ; log cos, log 
sin, log tan, 450 ; — log r, 535 
Logarithmic differentiation and deriv- 
ative, 5; of functions of a complex 
variable, 482 ; of gamma function, 
882 j of theta functions, 474, 512 
Logarithms, computation of, 59 



28 ; or solid, 820 ; potential of a, 
308, 348, 527. See Center of gravity 
Maxima and minima, constrained, 120, 
404 ; free, 120 ; of functions of one vari- 
able, 7, 9, 10, 12, 40, 43, 46, 75 ; of func- 
tions of several variables, 114, 118, 120, 
126 ; of harmonic functions, 631 ; of 
implicit functions, 118, 120, 126; of 
integrals, 400, 404, 409 ; of sets of num- 
bers, 38 ; relative, 120 
Maxwell’s assumption for gases, 390 
Mayer’s method, 268 
Mean. See Theorem of the Mean 
Mean curvature, 148 
Mean error, 390 
Mean square error, 390 
Mean value, 333, 340 
Mean velocity, 392 

Mechanics. See Equilibrium, Motion, 
etc. 

Medium, elastic, 418 ; ether, 417. See 
Fluid 

Meusnier’s Theorem, 146 
Minima. See Maxima and minima 
Miniraax, 116, 119 
Minimum surface, 415, 418 
Modulus, of complex number, 154; of 
elliptic functions, &, 505 

Molecular velocities, 392 
Moment, 176; of momentum, 176, 264, 
325 

Moment of inertia, curve of minimum, 
404; of a lamina, 32, 315, 324; of a 
particle, 31 ; of a solid, 328, 381 
Momentum, 13, 173; moment of, 176, 
264, 326 ; principle of, 264 
Monge’s method, 276 
Motion, central, 176, 264; Hamilton’s 
equations, 112; Hamilton’s Principle, 
412 ; in a plane, 264 ; Lagrange’s equa- 
tions, 112, 225, 413 ; of a chain, 415 ; 
of a drumhead, 526 ; of a dynamical 
system, 413 ; of a lamina, 78, 178, 414 ; 
of a medium, 416 ; of the simple pen- 
dulum, 609; of systems of particles, 
175 ; rectilinear, 186 ; simple harmonic, 
188. See Fluid, Small vibrations, etc. 
Multiple-valued functions, 40, 90, 492 
Multiplication, hy complex numbers, 
165 ; of series, 442 ; of vectors, 164 
Multiplier, 474 ; undetermined, 411 
Multipliers, method of, 120, 126, 406, 
411 

Multiply connected regions, 89 

Newton’s Second Law of Motion, 13, 173, 
186 

Normal, principal, 83 ; to a closed sur- 
face, 167, 341 

Normal derivative, 97, 137, 172 


Normal plane, 181 

Numbers, Bernoulli’s, 448; complex, 
153 ; Euler’s, 450 ; frontier, 34 ; inter- 
val of, 34 ; irrational, 2, 36; real, 33; 
sets or suites of, 38 

Observation, errors of, 386; small er- 
rors, 101 

Odd function, 30 
Operation, 140 

Operational methods, 214, 223, 275, 447 
Operator, 149, 165, 172 ; distributive or 
linear, 161 ; inverse, 150, 214 ; invol- 
utory, 152 ; vector-differentiating, 172, 
260, 343, 345, 349 

Order, of critical point, 491 ; of deriv- 
atives, 11 ; of differentials, 67 ; of 
differential equations, 180; of douhly- 
periodic function, 487 ; of homogene- 
ity, 107 ; of infinitesimals, 63 ; of 
infinites, 66 ; of pole, 480 
Ordinary differential equations, 203; 
approximate solutions, 195, 197; aris- 
ing from partial, 634; Bernoulli’s, 205, 
210 ; Clairaut’s, 230 ; exact, 207, 287 ; 
homogeneous, 204, 210, 230, 236 ; inte- 
grating factor for, 207 ; lineal element 
of, 191 ; linear, see Linear ; of higher 
degree, 228; of higher order, 234; prob- 
lems involving, 179; Riccati’s, 250; 
systems of, 223, 260 ; variables sepa- 
rable, 203. See Solution 
Orthogonal trajectories, plane, 194, 234, 
266 ; space, 260 

Orthogonal transformation, 100 
Osculating circle, 73 
Osculating plane, 82, 140, 145, 171, 412 
Osgood’s Theorem, 64, 65, 826 

jp-f unction, 487, 517 
Pappus’s Theorem, 832, 346 
Parallelepiped, volume of, 169 
Parallelism, condition of, 166 
Parallelogram, law of addition, 154, 163, 
307 ; of periods, 486 ; vector area of, 
165 

Parameter, 135 ; integrals with a, 281 
Partial derivatives, 93; higher order, 
102 

Partial differentials, 96, 104 
Partial differential equations, 267; char- 
acteristics of, 267, 279 ; Charpit’s 
method, 274; for types of surfaces, 
269 ; Laplace’s, 526 ; linear, 267, 275, 
524 ; Monge’s method, 276 ; of physics, 
524 ; Poisson’s, 548 

Partial differentiation, 93, 102 ; change 
of variable, 98, 103 
Partial fractions, 20, 66 
Particular solutions, 230, 624 


ral.li, iiHliipi'.ndoncy, of, 298 
Podal c’Jirvo, 9 

Toriod, luilf, 408 ; of elliptic functions, 
471, 480; of exponential function, 101; 
of Uieta fiinc.tions, 408 
Periodic functions, 161, 458, 484 
Pennaiience of form, 2, 478 
Physics, differential eejuations of, 624 
Planar element, 254, 267 
Plane, normal, 81; tan<(ent, 90; oscu- 
lating, 82, 140, 145, 171, 412 
Points, at infinity, 481; consecutive, 72; 
inflection, 12, 76, 521 ; of condensation, 
38, 40 ; sets or suites of, 380 ; singular, 
119, 476 

Poisson’s e(p-iation, 548 

Poisson’s Integral, 541 

Polar coordinates, 14, 79 

l*ole, 479; order of, 480 ; residue of, 480 ; 

principal part of, 483 
Polynomials, Bernoulli’s, 451 ; Legen- 
dre’s, 252, 440, 466, 627; root of, 159, 
482 

Potential, 308, 332, 348, 627, 530, 539, 
647 ; double surface, 551 
Potential energy, 107, 224, 301, 413 
Potential function, 301, 547 
Potential integrals, 646; retarded, 612; 
surface, 651 

Power series, 428, 433, 477 ; descending, 
389, 397, 481 

Powers of complex numbers, 161 
Pressure, 28 
Principal normal, 83 
Principal part, 483 
Principal radii and sections, 144 
Principle, Hamilton’s, 412; of energy, 
264 ; of momentum, 264 ; of moment 
of momentum, 264; of permanence 
of form, 2, 478 ; of work and energy, 
293 

Probability, 387 
Probable error, 389 

Product, scalar, 164; vector, 165; of 
complex numbers, 165 ; of operators, 
149 ; of series, 442 

Products, derivative of, 11, 14, 48; in- 
finite, 429 

Projection, 164, 167 

Quadratic form, 116, 145 
Quadrature, 313. See Integration 
Quadruple integrals, 335 
Quotient, limit of, 145; of differences, 
30, 61; of differentials, 64, 67; of power 
series, 446; of theta functions, 471 

Eaabe’s test, 424 

Radius, of convergence, 433, 437; of cur- 
vature, 72, 82, 181; of gyration, 334; 
of torsion, 83 


Rates, 184 
Ratio test, 422 

Rational fractions, characterization of, 
483; decomposition of, 20, 66; inte- 
gration of, 20; limit of, 37 
Real variable, 35. See Functions 
Rearrangement of series, 441 
Rectifiable curves, 311 
Reduced equation, 240 
Reducibility of circuits, 91 
Regions, varieties of, 89 
Relation, functional, 129 
Relative maxima and miminia, 120 
Remainder, in asymptotic expansions. 
390, 398, 456; in Taylor’s or Mac- 
laurin’s Formula, 55, 306, 398 
Residues, 480, 487 ; of logarithmic dc- 
rivative.s, 482 

Resultant, 154, 178; moment, 178 
Retarded potential, 652 
Reversion of series, 446 
Revolution, of areas, 346; of curves, 
332 ; volume of, 10 
Rhumb line, 84 
Riccati’s equation, 260 
Riemann’s surfaces, 493 
Right-hand derivative, 46 
Right-handed axes, 84, 167 
Rigid body, energy of a, 293; with a 
fixed point, 76 
Rolle’s Theorem, 8, 46 
Roots, of complex numbers, 155; of 
polynomials, 156, 159, 306, 412; of 
unity, 156 
Ruled surface, 140 

Saddle-shaped surface, 143 
Scalar product, 164, 168, 343 
Scale of numbers, 33 
Series, as an integral, 451 ; asymptotic, 
890, 397, 456; binomial, 423, 425; 
Fourier’s, 415; infinite, 39, 419; ma- 
nipulation of, 440 ; of complex terms, 
423 ; of functions, 430 ; Taylor’s and 
Maclaurin’s, 197, 436, 477; theta, 
467. See various special functions 
Set or suite, 38, 478 ; dense, 39, 44, 60 
Shortest distance, 404, 412 
Sigma functions, <r, <7^, 523 
Simple harmonic motion, 188 
Simple pendulum, 509 
Simply connected region, 89, 294 
Simpson’s Rule, 77 

Simultaneous differential equations, 223, 
260 

sin, sin-i, 3, 11, 21, 155, 161, 307, 436, 
453, 499 

Sine amplitude, 507. See .sn 
Single-valued function. 40, 87, 296 
Singular points, 119, 476 
Singular solutions, 230, 271 



Singularities, of functions of a complex 
Tariable, 476, 479,* of harmonic func- 
tions, 534 
sinh, sinli-i, 5, 453 

Slope, of a curve, 1 ; of a function, 301 

Small errors, 101 

Small vibrations, 224, 415 

sn, sn-i, 471, 475, 503, 607, 511, 617 

Solid angle, 347 

Solution of differential equations, com- 
plete, 270 ; general, 269 ; infinite, 230 ; 
particular, 230, '524 ; singular, 230, 271 
Solution of implicit functions, 117, 133 
Speed, 178 

Spherical coordinates, 79 
Sterling’s approximation, 380, 458 
Stokes’s Formula, 345, 418 
Strings, equilibrium of, 185 
Subnormal and subtangent, 8 
Substitution. See Change of variable 
Successive approximations, 198 
Successive differences, 49 
Suite, of numbers or points, 38 ; of func- 
tions, 430 ; uniform convergence, 431 
Sum, limit of a, 36, 24, 51, 419; of a 
series, 419. See Addition, Definite in- 
tegral, Series, etc. 

Superposition of small vibrations, 226, 
625 

Surface, area of, 67, 339; closed, 167, 
341; curvature of, 144; developable, 
141, 143, 148, 279; element of, 340; 
geodesics on, 412; minimum, 404, 415 ; 
normal to, 96, 341 ; Riemann’s, 493 ; 
ruled, 140; tangent plane, 96; types 
of, 269 ; vector, 167 ; w-, 492 
Surface integral, 340, 347 
Symbolic methods, 172, 214, 223, 260, 
275, 447 

Systems, conservative, 301; dynamical, 
413 

Systems of differential equations, 223, 
260 

tan, tan-’^, 3, 21, 307, 450, 457, 498 
Tangent line, 8, 81, 84 
Tangent plane, 96, 170 
tanh, tanh-i, 5^ 459^ 5OI 

Taylor’s Formula, 55, 112, 152, 305, 477 
Taylor’s Series, 197, 435, 477 
Taylor’s Theorem, 49 
Test, Cauchy’s, 421; comparison, 420; 
Raabe’s, 424; ratio, 422; Weierstrass’s 
Jtf., 432, 456 
Test function, 355 

Theorem of the Mean, for derivatives, 
8, 10, 46, 94 ; for integrals, 25, 29, 52 
359 

Thermodynamics, 106, 294 

Theta functions, IT, IIj, 0, 0^, as Fourier’s 


elliptic functions, 471, 604; logarith- 
mic derivative, 474, 512 ; periods and 
half periods, 468 ; relations between 
squares, 472 ; small thetas, 0, 0ai 523 ; 
zeros, 469 

Torsion, 83 ; radius of, 83, 175 
Total curvature, 148 
Total differential, 95, 98, 105, 209, 
295 

Total differential equation, 254 
Total differentiation, 99 
Trajectory, 196; orthogonal, 194, 234, 
260 

Transformation, conformal, 132, 476; 
Euler’s, 449; of inversion, 537; orthog- 
onal, 100; of a plane, 131; to polars, 
14, 79 

Trigonometric functions, 3, 161, 453 
Trigonometric series, 458, 465, 625 
Triple integrals, 326 ; element of, 80 

Umbilic, 148 

Undetermined coefficients, 199 
Undetermined multiplier, 120, 126, 406, 
411 

Uniform continuity, 42, 92, 476 
Uniform convergence, 369, 431 
Units, fundamental and derived, 109; 

dimensions of, 109 
Unity, roots of, 156 
Unlimited set or suite, 38 

Vallde-Poussin, de la, 373, 555 
Value. See Absolute, Average, Mean 
Variable, complex, 167; equicrescent, 
48 ; real, 35. See Change of, Functions 
Variable limits for integrals, 27, 404 
Variables, separable, 179, 203. See 
Functions 

Variation, 179 ; of a function, 3, 10, 64; 

limited, 54, 309 ; of constants, 243 
Variations, calculus of, 401 ; of integrals, 
401, 410 

Vector, 154, 163; acceleration, 174; area, 
167, 290 ; components of a, 163, 167, 
174, 342; curvature, 171; moment, 
176; moment of momentum, 176; 
momentum, 173; torsion, 83, 171; 
velocity, 173 

Vector addition, 154, 163 
Vector differentiation, 170, 260, 342, 345 ; 
force, 173 

Vector functions, 260, 293, 300, 342, 345, 
551 

Vector operator v, see Del 
Vector product, 165, 168, 345 
Vectors, addition of, 154, 163; coin- 
planar, 169; imiltiplicatioix of, 155, 
163 ; parallel, 166 ; perpendicular, 105 ; 
products of, 164, 166, 168, 345 ; pru- 


Velocity, id, 173; angular, 346; areal, 
175 ; of molecules, 392 
Vibrations, small, 224, 520; superposi- 
tion of, 226, 524 

Volume, center of gravity of, 328; ele- 
ment of, 80; of parallelepiped, 169; 
of revolution, 10; under surfaces, 32, 
317, 381 ; with parallel bases, 10 
Volume integral, 341 

Wave equation, 276 
Waves on water, 629 


Weierstrass’s integral, 517 
Weierstrass’s i/-test, 432 
Weights, 333 

Work, 107, 224, 292, 301; and energy, 
293, 412 

Wronskian determinant, 241 

£-plane, 157, 302, 360, 433; mapping 
the, 490, 497, 503, 517, 543 
Zeta functions, Z, 612 ; f, 522 
Zonal harmonies. See Legendre’s poly* 
nomials 
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rHE NATURE OF LIGHT AND COLOUR IN THE OPEN AIR, M. Minnaert. Why is falling snow 
lometimes black? What causes mirages, the fata morgana, multiple suns and moons in the 
iky; how are shadows formed? Prof, Minnaert of U. of Utrecht answers these and similar 
questions in optics, light, colour, for non-specialists. Particularly valuable to nature, 
icience students, painters, photographers. "Can best be described in one word — fascinating!" 
Physics Today. Translated by H. M. Kremer-Priest, K, Jay. 202 illustrations, including 42 
)hotos. xvi -j- 362pp. S^/s x 8. T196 Paperbound $1.95 

rHE RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readable 

iccount by a Nobel laureate. Moving from sub-atomic particles to universe, the author 

jxplains in very simple terms the latest theories of wave mechanics. Partial contents: air 
md its relatives, electrons and ions, waves and particles, electronic structure of the 
itom, nuclear physics. Nearly 1000 illustrations, including 7 animated sequences. 325pp. 

5 X 9. T412 Paperbound $2.00 

VIATTER AND LIGHT, THE NEW PHYSICS, L. de Broglla. Non technical papers by a Nobel 
aureate explain electromagnetic theory, relativity, matter, light, radiation, wave mechanics, 
quantum physics, philosophy of science. Einstein, Planck, Bohr, others explained so easily 
that no mathematical training is needed for ail but 2 of the 21 chapters, "Easy simplicity 
md lucidity . , . should make this source-book of modern physcis available to a wide 

DUblic,” Saturday Review. Unabridged. 300pp. 5% x 8. T35 Paperbound $1.60 

rHE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James New- 
man, edited by Karl Pearson. For 70 years this has been a guide to classical scientific, 
mathematical thought. Explains with unusual clarity basic concepts such as extension of 
meaning of symbols, characteristics of surface boundaries, properties of plane figures, 
/ectors, Cartesian method of determining position, etc. Long preface by Bertrand Russell. 
Bibliography of Clifford. Corrected. 130 diagrams redrawn. 249pp. S^/s x 8. 

T61 Paperbound $1.60 

FHE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d'Abro. Einstein's 
special, general theories of relativity, with historical implications, analyzed in non-technical 
terms. Excellent accounts of contributions of Newton, Riemann, Weyl, Planck, Eddington, 
Vlaxwell, Lorentz, etc., are treated in terms of space, time, equations of electromagnetics, 
finiteness of universe, methodology of science. "Has become a standard work," Nature. 21 
Jiagrams. 482pp. SVe x 8. T2 Paperbound $2.00 

BRIDGES AND THEIR BUILDERS, D. Steinman, S. R. Watson. Engineers, historians, everyone 
sver fascinated by great spans will find this an endless source of Information and interest. 
Or. Steinman, recent recipient of Louis Levy Medal, is one of the great bridge architects, 
engineers of all time. His analysis of great bridges of history is both authoritative and 
sasily followed. Greek, Roman, medieval, oriental bridges; modern works such as Brooklyn 
Bridge, Golden Gate Bridge, etc. described in terms of history, constructional principles, 
artistry, function. Most comprehensive, accurate semi-popular history of bridges in print in 
English. New, greatly revised, enlarged edition. 23 photographs, 26 line drawings, xvjj + 
101pp. 53/8 X 8. T431 Paperbound $1.95 


THE RISE OF THE NEW PHYSICS, A. d’Abro. Half million word exposition, formerly titled 
"The Decline of Mechanism," for readers not versed in higher mathematics. Only thorough 
explanation in everyday language of core of modern mathematical physical theory, treating 
both classical, modern views. Scientifically impeccable coverage of thought from Newtonian 
system through theories of Dirac, Heisenberg, Fermi's statistics. Combines history, exposi- 
tion; broad but unified, detailed view, with constant comparison of classical, modern 
views, "A must for anyone doing serious study in the physical sciences," J. of the Franklin 
Inst. "Extraordinary faculty ... to explain ideas and theories ... in language of everyday 
life," Isis. Part I of set: philosophy of science, from practice of Newton, Maxwell, Poincare, 
Einstein, etc. Modes of thought, experiment, causality, etc. Part I): 100 pp. on grammar, 
vocabulary of mathematics, discussions of functions, groups, series, Fourier series, etc. 
Remainder treats concrete, detailed coverage of both classical, quantum physics: analytic 
mechanics, Hamilton’s principle, electromagnetic waves, thermodynamics, Brownian move- 
ment, special relativity, Bohr's atom, de Broglie’s wave mechanics, Heisenberg’s uncertainty, 
scores of other Important topics. Covers discoveries, theories of d’Alembert, Born, Cantor, 
Debye, Euler, Foucault, Galois, Gauss, Hadamard, Kelvin, Kepler Laplace, Maxwell, Pauli, 
Rayleigh Volterra, Weyl, more than 180 others. 97 illustrations, lx -f 982pp. 53/8 x 8. 

T3 Vol. 1 Paperbound $2.00 

T4 Vol. II Paperbound $2.00 

SPINNING TOPS AND GYROSCOPIC MOTION, John Perry. Well-known classic of science still 
unsurpassed for lucid, accurate, delightful exposition. How quasi-rigidity is induced in 
flexible, fluid bodies by rapid motions; why gyrostat falls, top rises; nature, effect of 

internal fluidity on rotating bodies; etc. Appendixes describe practical use of gyroscopes 
in ships, compasses, monorail transportation. 62 figures. 128pp. 53/8 x 8. 

T416 Paperbound $1.00 

R. B. Lindsay, H. Margenau. Excellent bridge between semi- 
s. Discussion of methods of physical description, construction 
ist with elementary calculus. Gives meaning to data, tools of 
ymbolism, mathematical equations; space and time; foundations 
hysics, continua; electron theory; relativity; quantum mechanics; 
and yet not overdetailed. Unreservedly recommended," Nature. 
1 . 35 illustrations, xi + 537pp. 53 /b x 8. S377 Paperbound $2.45 

FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Formerly entitled "In the 
Name of Science," the standard account of various cults, quack systems, delusions which 
have masqueraded as science; hollow earth fanatics, orgone sex energy, dianetics, Atlantis, 
Forteanism, flying saucers, medical fallacies like zone therapy, etc. New chapter on Bridey 
Murphy, psionics, other recent manifestations. A fair reasoned appraisal of eccentric theory 
which provides excellent innoculation. "Should be read by everyone, scientist or non- 
scientist alike," R. T. Birge, Prof. Emeritus of Physics, Univ. of Calif; Former Pres., 
Amer. Physical Soc. x + 365pp. 53 /b x 8. T394 Paperbound $1,50 

ON MATHEMATICS AND MATHEMATICIANS, R. E. Moritz, A 10 year labor of love by discerning, 
discriminating Prof. Moritz, this collection conveys the full sense of mathematics and 
personalities of great mathematicians. Anecdotes, aphorisms, reminiscences, philosophies, 
definitions, speculations, biographical insights, etc. by great mathematicians, writers; Des- 
cartes, Mill, Locke, Kant, Coleridge, Whitehead, etc. Glimpses into lives of great mathema- 
ticians, from Archimedes to Euler, Gauss, Weierstrass. To mathematicians, a superb 
browsing-book. To laymen, exciting revelation of fullness of mathematics. Extensive cross 
index. 410pp. 53/8 x 8. T489 Paperbound $1.95 

GUIDE TO THE LITERATURE OF MATHEMATICS AND PHYSICS, N. G. Parke III. Over 5000 
entries under approximately 120 major subject headings, of selected most important books, 
monographs, periodicals, articles In English, plus important works in German, French, 
Italian, Spanish, Russian, (many recently available works). Covers every branch of physics, 
math, related engineering. Includes author, title, edition, publisher, place, date, number 
of volumes, number of pages. 40 page introduction on basic problems of research, study 
provides useful information on organization, use of libraries, psychology of learning, etc. 
Will save you hours of time. 2nd revised edition. Indices of authors, subjects. 464pp. 
53/8 X 8. S447 Paperbound $2.49 

THE STRANGE STORY OF THE GUANTUM, An Account for the General Reader of the Grov/th 
of Ideas Underlying Our Present Atomic Knowledge, B. Hoffmann. Presents lucidly, expertly, 
with barest amount of mathematics, problems and theories which led to modern quantum 
physics. Begins with late 1800’s when discrepancies were noticed; with illuminating anal- 
ogies, examples, goes through concepts of Planck, Einstein, Pauli, Schroedinger, Dirac, 
Sommerfield, Feynman, etc. New postscript through 1958. "Of the books attempting an 
account of the history and contents of modern atomic physics which have come to my 
attention, this is the best," H, Margenau, Yale U., in Amer. J. of Physics. 2nd edition. 32 
tables, illustrations. 275pp. 53/a x 8. T518 Paperbound $1.45 
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THE VALUE OF SCIENCE, Henri Poincare. Many of most mature ideas of “last scientific 
universalist" for both beginning, advanced workers. Nature of scientific truth, whether 
order is innate in universe or imposed by man, logical thought vs. intuition (relating to 
Weierstrass, Lie, Riemann, etc), time and space (relativity, psychological time, simultaneity), 
Herz's concept of force, values within disciplines of Maxwell, Carnot, Mayer, Newton, 
Lorentz, etc. iii + 147pp. 5% x 8. S469 Paperbound $1.35 

PHILOSOPHY AND THE PHYSICISTS, L. S, Stebbing. Philosophical aspects of modern science 
examined in terms of lively critical attack on ideas of Jeans, Eddington, Tasks of science, 
causality, determinism, probability, relation of world physics to that of everyday experience, 
philosophical significance of Planck-Bohr concept of discontinuous energy levels, inferences 
to be drawn from Uncertainty Principle, implications of “becoming’' involved in 2nd law 
of thermodynamics, other problems posed by discarding of Laplacean determinism. 285pp. 
5% X 8. T480 Paperbound $1.65 

THE PRINCIPLES OF SCIENCE, A TREATISE ON LOGIC AND THE SCIENTIFIC METHOD, W. S. 
Jevons. Milestone in development of symbolic logic remains stimulating contribution to in- 
vestigation of inferential validity in sciences. Treats inductive, deductive logic, theory of 
number, probability, limits of scientific method; significantly advances Boole’s logic, con- 
tains detailed introduction to nature and methods of probability in physics, astronomy, 
everyday affairs, etc. In introduction, Ernest Nagel of Columbia U. says,”[Jevons] continues 
to be of interest as an attempt to articulate the logic of scientific inquiry.” liii -f 786pp. 
5% X 8. S446 Paperbound $2.98 

A HISTORY OF ASTRONOMY FROM THALES TO KEPLER, J. L. E. Dreyer. Only work in English 
to give complete history of cosmological views from prehistoric times to Kepler. Partial 
contents: Near Eastern astronomical systems, Early Greeks, Homocentric spheres of 
Euxodus, Epicycles, Ptolemaic system, Medieval cosmology, Copernicus, Kepler, much more. 
“Especially useful to teachers and students of the history of science . . . unsurpassed in 
its field,’’ Isis. Formerly “A History of Planetary Systems from Thales to Kepler.’’ Revised 
foreword by W. H. Stahl, xvii + 430pp. 5Ye x 8. S79 Paperbound $1.98 

A CONCISE HISTORY OF MATHEMATICS, 0. Strulk. Lucid study of development o? ideas, 
techniques, from Ancient Near East, Greece, Islamic science, Middle Ages, Renaissance, 
modern times. Important mathematicians described in detail. Treatment not anecdotal, but 
analytical development of ideas. Non-technical — no math training needed. ^Rich in con- 
tent, thoughtful in interpretations,” U.S. Quarterly Booklist. 60 illustrations including 
Greek, Egyptian manuscripts, portraits of 31 mathematicians, 2nd edition, xix + 299pp. 
5% X 8. S255 Paperbound $1.75 

THE PHILOSOPHICAL WRITINGS OF PEIRCE, edited by Justus Buchler, A carefully balanced 
expositon of Peirce’s complete system, written by Peirce himself. It covers such matters 
as scientific method, pure chance vs. law, symbolic logic, theory of signs, pragmatism, 
experiment, and other topics. “Excellent selection . . . gives more than adequate evidence 
of the range and greatness,” Personalist. Formerly entitled “The Philosophy of Peirce.” 
xvi + 368pp. T217 Paperbound $1.95 


SCIENCE AND METHOD, Henri Polncar^. Procedure of scientific discovery, methodology, ex- 
periment, idea-germination — processes by which discoveries come into being. Most signifi- 
cant and interesting aspects of development, application of ideas. Chapters cover selection 
of facts, chance, mathematical reasoning, mathematics and logic; Whitehead, Russell, 
Cantor, the new mechanics, etc. 288pp. 5% x 8. S222 Paperbound $ 1.35 

SCIENCE AND HYPOTHESIS, Henri Poincare. Creative psychology in science. How such con- 
cepts as number, magnitude, space, force, classical mechanics developed, how modern 
scientist uses them in his thought. Hypothesis In physics, theories of modern physics. 
Introduction by Sir James Larmor. “Few mathematicians have had the breadth of vision 
of PoincarS, and none is his superior in the gift of clear exposition,” E. T. Bell. 272pp. 
53/8 X 8. S221 Paperbound $i;35 

ESSAYS IN 'EXPERIMENTAL LOGIC, John Dewey. Stimulating series of essays by one of most 
influential minds in American philosophy presents some of his most mature thoughts on 
wide range of subjects. Partial contents: Relationship between inquiry and experience; 
dependence of knowledge upon thought; character logic; judgments of practice, data, and 
meanings; stimuli of thought, etc. viii -f 444pp. 5% x 8. T73 Paperbound $1.95 

WHAT IS SCIENCE, Norman Campbell. Excellent introduction explains scientific method, role 
of mathematics, types of scientific laws. Contents: 2 aspects of science, science and 
nature, laws of chance, discovery of laws, explanation of laws, measurement and numerical 
laws, applications of science. 192pp. 53/8 x 8. S43 Paperbound $1.25 
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FROM EUCLID TO EDDINGTON: A STUDY OF THE CONCEPTIONS OF THE EXTERNAL WORLD, Sir 
Edmund Whittaker. Foremost British scientist traces development of theories of natural phi- 
losophy from western rediscovery of Euclid to Eddington, Einstein, Dirac, etc. 5 major 

divisions: Space, Time and Movement; Concepts of Classical Physics; Concepts of Quantum 

Mechanics; Eddington Universe. Contrasts inadequacy of classical physics to understand 
physical world with present day attempts of relativity, non-Euclidean geometry, space 
curvature, etc. 212pp. 5% x 8. T491 Paperbound $1.35 

THE ANALYSIS OF MATTER, Bertrand Russell. How do our senses accord with the new 

physics? This volume covers such topics as logical analysis of physics, prerelativity 
physics, causality, scientific inference, physics and perception, special and general rela- 
tivity, Weyl’s theory, tensors, invariants and their physical interpretation, periodicity and 

qualitative series. "The most thorough treatment of the subject that has yet been pub- 
lished," The Nation. Introduction by L. E. Denonn. 422pp. 5% x 8. T231 Paperbound $1.95 

LANGUAGE, TRUTH, AND LOGIC, A. Ayer. A clear Introduction to the Vienna and Cambridge 
schools of Logical Positivism. Specific tests to evaluate validity of ideas, etc. Contents: 
function of philosophy, elimination of metaphysics, nature of analysis, a priori, truth and 
probability, etc. 10th printing. "I should like to have written it myself," Bertrand Russell. 
160pp. 53/8 X 8. TIO Paperbound $1.25 

THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do ideas 
come from? What role does the unconscious play? Are ideas best developed by mathematical 
reasoning, word reasoning, visualization? What are the methods used by Einstein. Poincar6, 
Galton, Riemann? How can these techniques be applied by others? One of the world's 
leading mathematicians discusses these and other questions, xiii + 145pp. 53/8 x 8. 

T107 Paperbound $1.25 

GUIDE TO PHILOSOPHY, C. E. M. Joad. By one of the ablest expositors of all time, this is 
not simply a history or a typological survey, but an examination of central problems in 
terms of answers afforded by the greatest thinkers: Plato, Aristotle, Scholastics, Leibniz, 
Kant, Whitehead, Russell, and many others. Especially valuable to persons in the physical 
sciences; over 100 pages devoted to Jeans, Eddington, and others, the philosophy of 
modern physics, scientific materialism, pragmatism, etc. Classified bibliography. 592pp, 
53 /e X 8. T50 Paperbound $2.00 

SUBSTANCE AND FUNCTION, and EINSTEIN'S THEORY OF RELATIVITY, Ernst Cassirer. Two 
books bound as one. Cassirer establishes a philosophy of the exact sciences that takes into 
consideration new developments in mathematics, shows historical connections. Partial 
contents: Aristotelian logic, Mill’s analysis, Helmholtz and Kronecker, Russell and cardinal 
numbers, Euclidean vs. non-Euciidean geometry, Einstein’s relativity. Bibliography. Index, 
xxi + 464pp. 53 /g X 8, T50 Paperbound $2.00 

FOUNDATIONS OF GEOMETRY, Bertrand Russell. Nobel laureate analyzes basic problems in 
the overlap area between mathematics and philosophy: the nature of geometrical knowledge, 
the nature of geometry, and the applications of geometry to space. Covers history of non- 
Euclidean geometry, philosophic interpretations of geometry, especially Kant, projective 
and metrical geometry. Most interesting as the solution offered In 1897 by a great mind 
to a problem still current. New introduction by Prof. Morris Kline, N.Y. University. "Ad- 
mirabiy clear, precise, and elegantly reasoned analysis," international Math. News, xii + 
201pp. 53/b x 8. S233 Paperbound $1.60 


THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. How modern physics looks to a highly 
unorthodox physicist — a Nobel laureate. Pointing out many absurdities of science, demon- 
strating inadequacies of various physical theories, weighs and analyzes contributions of 
Einstein, Bohr, Heisenberg, many others. A non-technical consideration of correlation of 
science and reality, xi + 138pp. 53/8 x 8 . S33 Paperbound $1.25 

EXPERIMENT AND THEORY IN PHYSICS, Max Born. A Nobel laureate examines the nature 
and value of the counterclaims of experiment and theory in physics. Synthetic versus 
analytical scientific advances are analyzed in works of Einstein, Bohr, Heisenberg, Planck, 
Eddington, Milne, others, by a fellow scientist. 44pp. 53/8 x 8. S308 Paperbound 600 

A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY, Charles 
Singer. Corrected edition of "The Evolution of Anatomy." Classic traces anatomy, phys- 
iology from prescientific times through Greek, Roman periods, dark ages, Renaissance, to 
beginning of modern concepts. Centers on individuals, movements, that definitely advanced 
anatomical knowledge. Plato, Diodes, Erasjstratus, Galen, da Vinci, etc. Special section 
on Vesalius. 20 plates. 270 extremely Interesting illustrations of ancient, Medieval, Renais- 
sance, Oriental origin, xii + 209pp. 53/8 x 8. T389 Paperbound $1.75 

SPACE -TIME 'MATTER, Hermann Weyl. "The standard treatise on the general theory of 
relativity," (Nature), by world renowned scientist. Deep, clear discussion of logical coher- 
ence of general theory, introducing all needed tools: Maxwell, analytical geometry, non- 
Euclidean geometry, tensor calculus, etc. Basis is classical space-time, before absorption 
of relativity. Contents: Euclidean space, mathematical form, metrical continuum, general 
theory, etc. 15 diagrams, xviii -f 330pp. 53/8 x 8. S267 Paperbound $1.75 



iicjes, proceeas graauaiiy to physical systems beyond complete analysis; motion, force 
properties of centre of mass of material system; work, energy, gravitation, etc. Written 
with all Maxwell’s original insights and clarity. Notes by E. Larmor. 17 diagrams, 178pp. 
5% X 8. S188 Paperbound ?1.25 

PRINCIPLES OF MECHANICS, Heinrich Hertz. Last work by the great 19th century physicist 
is not only a classic, but of great interest in the logic of science. Creating a new system 
of mechanics based upon space, time, and mass, it returns to axiomatic analysis, under- 
standing of the formal or structural aspects of science, taking into account logic, observa- 
tion, a priori elements. Of great historical importance to Poincar6, Carnap, Einstein, Milne. 
A 20 page introduction by R. S. Cohen, Wesleyan University, analyzes the implications of 
Hertz’s thought and the logic of science. 13 page introduction by Helmholtz, xlii + 274pp. 
5% x 8. S316 Clothbound $3.50 

S317 Paperbound $1.75 

FROM MAGIC TO SCIENCE, Charles Singer. A great historian examines aspects of science 
from Roman Empire through Renaissance. Includes perhaps best discussion of early herbals, 
penetrating physiological interpretation of “The Visions of Hildegarde of Bingen." Also 
examines Arabian, Galenic influences; Pythagoras’ sphere, Paracelsus; reawakening of 
science under Leonardo da Vinci, Ves^lius; Lorica of Gildas the Briton; etc. Frequent 
quotations with translations from contemporary manuscripts. Unabridged, corrected edi- 
tion. 158 unusual illustrations from Classical, Medieval sources, xxvii -I- 365pp. sys x 8. 

T390 Paperbound $2.00 

A HISTORY OF THE CALCULUS, AND ITS CONCEPTUAL DEVELOPMENT, Carl B. Boyer. Provides 
laymen, mathematicians a detailed history of the development of the calculus, from begin- 
nings in antiquity to final elaboration as mathematical abstraction. Gives a sense of 
mathematics not as technique, but as habit of mind, in progression of ideas of Zeno, Plato, 
Pythagoras, Eudoxus, Arabic and Scholastic mathematicians, Newton, Leibniz, Taylor, Des- 
cartes, Euler, Lagrange, Cantor, Weierstrass, and others. This first comprehensive, critical 
history of the calculus was originally entitled "The Concepts of the Calculus." Foreword 
by R. Courant. 22 figures. 25 page bibliography, v + 364pp. Sya x 8. 

S509 Paperbound $2.00 


A DIDEROT PICTORIAL ENCYCLOPEDIA OF TRADES AND INDUSTRY, Manufacturing and the 
Technical Arts in Plates Selected from “L’Encyclopgdie ou Dictionnaire Raisonne des 
Sciences, des Arts, et des Metiers" of Denis Diderot. Edited with text by C. Gillispie. First 
modern selection of plates from high-point of 18th century French engraving. Storehouse 
of technological Information to historian of arts and science. Over 2,000 illustrations on 
485 full page plates, most of them original size, show trades, industries of fascinating 
era in such great detail that modern reconstructions might be made of them. Plates teem 
with men, women, children performing thousands of operations; show sequence, general 
operations, closeups, details of machinery. Illustrates such important, interesting trades, 
industries as sowing, harvesting, beekeeping, tobacco processing, fishing, arts of war, 
mining, smelting, casting iron, extracting mercury, making gunpowder, cannons, bells, 
shoeing horses, tanning, papermaking, printing, dying, over 45 more categories. Professor 
Gillispie of Princeton supplies full commentary on all plates, identifies operations, tools, 
processes, etc. Material is presented in lively, lucid fashion. Of great interest to all 

studying history of science, technology. Heavy library cloth. 920pp. 9 x 12. 

T421 2 volume set $18.50 


DE MAGNETE, William Gilbert. Classic work on magnetism, founded new science. Gilbert 
was first to use word "electricity," to recognize mass as distinct from weight, to discover 
effect of heat on magnetic bodies; invented an electroscope, differentiated between static 
electricity and magnetism, conceived of earth as magnet. This lively work, by first great 
experimental scientist, is not only a valuable historical landmark, but a delightfully easy 
to follow record of a searching, ingenious mind. Translated by P. F. Mottelay. 25 page 
biographical memoir. 90 figures, lix + 368pp. 5% x 8. S470 Paperbound $2.00 

HISTORY OF MATHEMATICS, D. E. Smith. Most comprehensive, non-technical history of math 
in English. Discusses lives and works of over a thousand major, min 9 r figures, with foot- 
notes giving technical information outside book's scheme, and indicating disputed mauers. 

Vol. I: A chronological examination, from primitive concepts through Egypt Babylonia, 
Greece, the Orient, Rome, the Middle Ages, The Renaissance, and to 1900. Vol. I : The 

development of ideas in specific fields and problems, up through elementary calculus. 
“Marks an epoch . . . will modify the entire teaching of the history of science, 

Sarton. 2 volumes, total of 510 illustrations, 1355pp. 53/a x 8. Set boxed in attractive 

container. T429, 430 Paperbound, the set $5.00 


THE PHILOSOPHY OF SPACE AND TIME, H. Relchenbach. An important landmark in develop- 
ment of empiricist conception of geometry, covering foundations of geometry, time theory, 
consequences of Einstein’s relativity, including: relations between theory and observations; 
coordinate definitions; relations between topological and metrical properties of space, 
psychological problem of visual intuition of non-Euclidean structures; tnany more topics 
important to modern science and philosophy. Majority of ideas require only Xhowi^Mge o 
intermediate math. "Still the best book In the field," Rudolf ^^hhap. Introduction by 
R. Carnap. 49 figures, xviil -f 296pp. 53/8 x 8. S443 Paperbound $2.00 



FOUNDATIONS OF SCIENCE: THE PHILOSOPHY OF THEORY AND EXPERIMENT, N. Campbell. 

A critique of the most fundamental concepts of science, particularly physics. Examines why 
certain propositions are accepted without question, demarcates science from philosophy, 
etc. Part I analyzes presuppositions of scientific thought: existence of material world, 
nature of laws, probability, etc; part 2 covers nature of experiment and applications of 

mathematics: conditions for measurement, relations between numerical laws and theories, 
error, etc. An appendix covers problems arising from relativity, force, motion, space, 

time. A classic in its field. “A real grasp of what science is,” Higher Educational Journal, 
xiii + 565pp. 55/8 X 83/b. S372 Paperbound $2.95 

THE STUDY OF THE HISTORY OF MATHEMATICS and THE STUDY OF THE HISTORY OF SCIENCE, 
G. Sarton, Excellent introductions, orientation, for beginning or mature worker. Describes 
duty of mathematical historian, incessant efforts and genius of previous generations. Ex- 
plains how today's discipline differs from previous methods. 200 item bibliography with 

critical evaluations, best available biographies of modern mathematicians, best treatises 
on historical methods is especially valuable. 10 illustrations. 2 volumes bound as one. 
113pp. + 75pp. 53/0 X 8. T240 Paperbound $1.25 


MATHEMATICAL PUZZLES 

MATHEMATICAL PUZZLES OF SAM LOYD, selected and edited by Martin Gardner. 117 choice 
puzzles by greatest American puzzle creator and innovator, from his famous "Cyclopedia 
of Puzzles." All unique style, historical flavor of originals. Based on arithmetic, algebra, 
probability, game theory, route tracing, topology, sliding block, operations research, geo- 
metrical dissection. Includes famous "14-15” puzzle which was national craze, "Horse of 
a Different Color” which sold millions of copies. 120 line drawings, diagrams. Solutions. 
XX + 167pp. 5% X 8. T498 Paperbound $1.00 

SYMBOLIC LOGIC and THE GAME OF LOGIC, Lewis Carroll. "Symbolic Logic” is not concerned 
with modern symbolic logic, but is instead a collection of over 380 problems posed with 
■ ‘ " in, using the syllogism, and a fascinating diagrammatic method of 

In "The Game of Logic” Carroll’s whimsical imagination devises a 
with 2 diagrams and counters (included} to manipulate hundreds of 
final section, "Hit or Miss” Is a lagnlappe of 101 additional puzzles 

„ . >11 manner. Until this reprint edition, both of these books were rarities 

costing up to $15 each. Symbolic Logic; Index, xxxi + 199pp. The Game of Logic: 96pp. 

2 vols. bound as one. 5^/^ x 8. T492 Paperbound $1.50 

PILLOW PROBLEMS and A TANGLED TALE, Lewis Carroll. One of the rarest of all Carroll’s 
works, “Pillow Problems” contains 72 original math puzzles, all typically Ingenious. Particu- 
larly fascinating are Carroll’s answers which remain exactly as he thought them out, 
reflecting his actual mental process. The problems in "A Tangled Tale” are in story form, 
originally appearing as a monthly magazine serial. Carroll not only gives the solutions, but 
uses answers sent in by readers to discuss wrong approaches and misleading paths, and 
grades them for insight. Both of these books were rarities until this edition, "Pillow 
Problems” costing up to $25, and “A Tangled Tale” $15. Pillow Problems; Preface and 
Introduction by Lewis Carroll, xx + 109pp. A Tangled Tale: 6 Illustrations. 152pp. Two vols. 
bound as one. S^/s x 8. T493 Paperbound $1.50 

NEW WORD PUZZLES, G. L. Kaufman. 100 brand new challenging puzzles on words, com- 
binations, never before published. Most are new types invented by author, for beginners 
and experts both. Squares of letters follow chess moves to build words; symmetrical 
designs made of synonyms; rhymed crostics; double word squares; syllable puzzles where 
you fill in missing syllables instead of missing letter; many other types, all new. Solutions. 
"Excellent,” Recreation. 100 puzzles. 196 figures, vi -f 122pp. S^/s x 8, 

T344 Paperbound $1.00 

MATHEMATICAL EXCURSIONS, H. A. Merrill. Fun, recreation, insights into elementary prob- 
lem solving. Math expert guides you on by-paths not generally travelled in elementary math 
courses — divide by inspection, Russian peasant multiplication; memory systems for pi; odd, 
even magic squares; dyadic systems; square roots by geometry; Tchebichev’s machine; 
dozens more. Solutions to more difficult ones. “Brain stirring stuff ... a classic,” Genie. 
50 illustrations. 145pp. 5% x 8. T350 Paperbound $1.00 

THE BOOK OF MODERN PUZZLES, G. L. Kaufman. Over 150 puzzles, absolutely all new mate- 
rial based on same appeal as crosswords, deduction puzzles, but with different principles, 
techniques. 2-minute teasers, word labyrinths, design, pattern, logic, observation puzzles, 
puzzles testing ability to apply general knowledge to peculiar situations, many others. 
Solutions. 116 illustrations. 192pp. 5% x 8. T143 Paperbound $1.00 

MATHEMAGIC, MAGIC PUZZLES, AND GAMES WITH NUMBERS, R. V. Heath. Over 60 puzzles, 
stunts, on properties of numbers. Easy techniques for multiplying large numbers mentally, 
identifying unknown numbers, finding date of any day in any year. Includes The Lost Digit, 

3 Acrobats, Psychic Bridge, magic squares, trjangles, cubes, others not easily found else- 



DOVER SCIENCE BOOKS 


PUZZLE QUIZ AND STUNT FUN, J. Meyer. 238 high-priority puzzles, stunts, tricks— math 
P-L^^ Th D Carpenter, Atom Bomb, Please Help Alice; mysteries, deductions 
like The Bridge of Sighs, Secret Code; observation puzzlers like The American Flag, Playing 
Cards, Telephone Dial; over 200 others with magic squares, tongue twisters, puns, ana- 
grarns. Solutions. Revised, enlarged edition of "Fun-To-Do.” Over 100 illustrations 238 
puzzles, stunts, tricks. 256pp. S^/e x 8. . • 


T337 Paperbound $1.00 


101 PUZZLES IN THOUGHT AND LOGIC, C. R. Wylie, Jr. For readers who enjoy challenge, 
stimulation of logical puzzles without specialized math or scientific knowledge. Problems 
entirely new, range from relatively easy to brainteasers for hours of subtle entertainment. 
Detective puzzles, find the lying fisherman, how a blind man identifies color by logic, many 
more. Easy-to-understand introduction to logic of puzzle solving and general scientific 
method. 128pp. 53/8 x 8. T367 Paperbound $1.00 


CRYPTANALYSIS, H. F. Gaines. Standard elementary, intermediate text for serious students. 
Not just old material, but much not generally known, except to experts. Concealment, 
Transposition, Substitution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other 
techniques. Formerly "Elementary Cryptanalysis." Appendix with sequence charts, letter 
frequencies in English, 5 other languages, English word frequencies. Bibliography. 167 
codes. New to this edition; solutions to codes, vi + 230pp. 53/8 x 83/8. 

T97 Paperbound $1.95 


CRYPTOGRAPY, L. D. Smith. Excellent elementary introduction to enciphering, deciphering 
secret writing. Explains transposition, substitution ciphers; codes; solutions; geometrical 
patterns, route transcription, columnar transposition, other methods. Mixed cipher systems; 
single, polyalphabetical substitutions; mechanical devices; Vigenere; etc. Enciphering Jap- 
anese; explanation of Baconian biliteral cipher; frequency tables. Over 150 problems. Bib- 
liography. Index. 164pp. 53/8 x 8. T247 Paperbound $1.00 


MATHEMATICS, MAGIC AND MYSTERY, M. Gardner. Card tricks, metal mathematics, stage 
mind-reading, other "magic" explained as applications of probability, sets, number theory, 
etc. Creative examination of laws, applications. Scores of new tricks, insights. 115 sections 
on cards, dice, coins; vanishing tricks, many others. No sleight of hand— math guarantees 
success. "Could hardly get more entertainment . . . easy to follow," Mathematics Teacher. 
115 illustrations, xii -h 174pp. 5% x 8. T335 Paperbound $1.00 

AMUSEMENTS IN MATHEMATICS, H. E. Dudeney. Foremost British originator of math puzzles, 
always witty, intriguing, paradoxical in this classic. One of largest collections. More than 

430 puzzles, problems, paradoxes. Mazes, games, problems on number manipulations, 

unicursal, other route problems, puzzles on measuring, weighing, packing, age, kinship, 
chessboards, joiners', crossing river, plane figure dissection, many others. Solutions, More 

than 450 illustrations, viii + 258pp. 53/8 x 8. T473 Paperbound $1.25 

THE CANTERBURY PUZZLES H. E. Dudeney. Chaucer's pilgrims set one another problems in 
story form. Also Adventures of the Puzzle Club, the Strange Escape of the King’s Jester, 
the Monks of Riddlewell, the Squire’s Christmas Puzzle Party, others. All puzzles are 
original, based on dissecting plane figures, arithmetic, algebra, elementary calculus, other 
branches of mathematics, and purely logical ingenuity. "The limit of ingenuity and in- 
tricacy," The Observer. Over 110 puzzles, full solutions. 150 illustrations, viii + 225 pp. 
53/8 X 8. T474 Paperbound $1.25 


MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott*Smlth. 188 puzzles to 
test mental agility. Inference, interpretation, algebra, dissection of plane figures, geometry, 
properties of numbers, decimation, permutations, probability, all are in these delightful 
problems. Includes the Odic Force, How to Draw an Ellipse, Spider’s Cousin, more than 180 
others. Detailed solutions. Appendix with square roots, triangular numbers, primes, etc. 
135 illustrations. 2nd revised edition. 248pp. 53/8 x 8. T198 Paperbound $1.00 


MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreation mathematics on relatively advanced level. Unusual historical problems from 
Greek, Medieval, Arabic, Hindu sources; modern problems on "mathematics without num- 
bers," geometry, topology, arithmetic, etc. Pastimes derived from figurative, Mersenne, 
Fermat numbers: fairy chess; latruncies: reversi; etc. Full solutions. Excellent insights 
into special fields of math. "Strongly recommended to all who are interested in the 
lighter side of mathematics," Mathematical Gaz. 181 illustrations. 330pp. 53/8 x 8. 

T163 Paperbound $1.75 


FICTION 


FLATLAND, E. A. Abbott. A perennially popular science-fiction classic about life in a 2- 
dimenslonal world, and the impingement of higher dimensions. Political, satiric, humorous, 
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SEVEN SCIENCE FICTION NOVELS OF H. B. WELLS. Complete texis, unaonogea, or seven or 
Wells' greatest novels*. The War of the Worlds, The Invisible Man, The Island of Dr. Moreau, 
The Food of the Gods, First Men In the Moon, In the Days of the Comet, The Time Machine. 
Still considered by many experts to be the best science-fiction ever written, they will offer 
amusements and instruction to the scientific minded reader. "The great master," Sky and 
Telescope. lOSlpp, 5% x 8. T264 Clothbound $3,95 

28 SCIENCE FICTION STORIES OF H. G. WELLS. Unabridged! This enormous omnibus contains 
2 full length novels — Men Like Gods, Star Begotten — plus 26 short stories of space, time, 
invention, biology, etc. The Crystal Egg, The Country of the Blind, Empire of the Ants, 
The Man Who Could Work Miracles, Aepyornis Island, A Story of the Days to Come, and 
20 others "A master ... not surpassed by . . , writers of today," The English Journal. 
915pp. 5% X 8. T265 Clothbound $3.95 

FIVE ADVENTURE NOVELS OF H. RIDER HAGGARD. All the mystery and adventure of darkest 
Africa captured accurately by a man who lived among Zulus for years, who knew African 
ethnology, folkways as did few of his contemporaries. They have been regarded as examples 
of the very best high adventure by such critics as Orwell, Andrew Lang, Kipling. Contents: 
She, King Solomon's Mines, Allan Quatermain, Allan's Wife, Maiwa’s Revenge. "Could spin 
a yarn so full of suspense and color that you couldn't put the story down," Sat. Review. 
821pp. 53/8 X 8. T108 Clothbound $3.95 


CHESS AND CHECKERS 


LEARN CHESS FROM THE MASTERS, Fred Reinfeld. Easiest, most instructive way to im- 
prove your game — play 10 games against such masters as Marshall, Znosko-Borovsky, Bron- 
steln, Najdorf, etc., with each move graded by easy system. Includes ratings for alternate 
moves possible. Games selected for interest, clarity, easily isolated principles. Covers 
Ruy Lopez, Dutch Defense, Vienna Game openings; subtle, intricate middle game variations; 
all-important end game. Full annotations. Formerly "Chess by Yourself." 91 diagrams, viii 
+ 144pp, 53/8 X 8. T362 Paperbound $1.00 

REINFELD ON THE END GAME IN CHESS, Fred Reinfeld. Analyzes 62 end games by Alekhine, 
Flohr, Tarrasch, Morphy, Capablanca, Rubinstein, Lasker, Reshevsky, other masters. Only 
1st rate book with extensive coverage of error — tell exactly what is wrong with each move 
you might have made. Centers around transitions from middle play to end play. King and 
pawn, minor pieces, queen endings; blockage, weak, passed pawns, etc. "Excellent ... a 
boon," Chess Life. Formerly "Practical End Play." 62 figures, vi + 177pp. 53/8 x 8. 

T417 Paperbound $1.25 

HYPERMODERN CHESS as developed in the games of its greatest exponent, ARON NIMZO- 
VICH, edited by Fred Reinfeld. An Intensely original player, analyst, Nimzovich’s approaches 
startled, often angered the chess world. This volume, designed for the average player, 
shows how his iconoclastic methods won him victories over Alekhine, Lasker, Marshall, 
Rubinstein, Spielmann, others, and infused new life into the game. Use his methods to 
startle opponents, invigorate play. "Annotations and introductions to each game ... are 
excellent," Times (London). 180 diagrams, viii -f 220pp. 5% x 8. T448 Paperbound $1.35 

THE ADVENTURE OF CHESS, Edward Lasker. Lively reader, by one of America’s finest chess 
masters, including: history of chess, from ancient Indian 4-handed game of Chaturanga 
to great players of today; such delights and oddities as Maelzel’s chess-playing automaton 
that beat Napoleon 3 times; etc. One of most valuable features Is author's personal recollec- 
tions of men he has played against — Nimzovich, Emanuel Lasker, Capablanca, Alekhine, 
etc. Discussion of chess-playing machines (newly revised). 5 page chess primer. 11 illus- 
trations. 53 diagrams. 296pp, 53/8 x 8. S510 Paperbound $1.45 

THE ART OF CHESS, James Mason. Unabridged reprinting of latest revised edition of most 
famous genera! study ever written. Mason, early 20th century master, teaches beginning, 
intermediate player over 90 openings; middle game, end game, to see more moves ahead, 
to plan purposefully, attack, sacrifice, defend, exchange, govern general strategy. "Classic 
... one of the clearest and best developed studies," Publishers Weekly. Also included, a 
complete supplement by F. Reinfeld, "How Do You Play Chess?", invaluable to beginners 
for its lively question-and-answer method. 448 diagrams. 1947 Reinfeld-Bernstein text. 
Bibliography, xvi -f 340pp. 53/8 x 8. T463 Paperbound $1.85 

MORPHY'S GAMES OF CHESS, edited by P. W. Sergeant. Put boldness into your game by 
flowing brilliant, forceful moves of the greatest chess player of all time. 300 of Morphy’s 
best games, carefully annotated to reveal principles. 54 classics against masters like 
Anderssen, Harrwitz, Bird, Paulsen, and others. 52 games at odds; 54 blindfold games; plus 
over 100 others. Follow his interpretation of Dutch Defense, Evans Gambit, Giuoco Piano, 
Ruy Lopez, many more. Unabridged reissue of latest revised edition. New introduction by 
F. Reinfeld. Annotations, introduction by Sergeant. 235 diagrams, x + 352pp. 53/8 x 8. 

T386 Paperbound $1.75 



onampion aiscusses principles of game, expert’s shots, traps, problems for beginner, stand- 
ard openings, locating best move, end game, opening “blitzkrieg” moves to draw when 
behind, etc. Over 100 detailed questions, answers anticipate problems. Appendix. 75 prob- 
lems with solutions, diagrams. 79 figures, xi -I- 107pp. 53/e x 8. T363 Paperbound $1.00 

HOW TO FORCE CHECKMATE, Fred Reinfeld. if you have trouble finishing off your opponent 
here is a collection of lightning strokes and combinations from actual tournament play’ 
Starts with 1-move checkmates, works up to 3-move mates. Develops ability to lock ahead 
gain new insights into combinations, complex or deceptive positions; ways to estimate weak- 
nesses, strengths of you and your opponent. “A good deal of amusement and instruction,” 
Times, (London). 300 diagrams. Solutions to all positions. Formerly “Challenge to Chess 
Players.” 111pp. 53/8 x 8. T417 Paperbound $1.25 

A TREASURY OF CHESS LORE, edited by Fred Reinfeld. Delightful collection of anecdotes, 
short stories, aphorisms by, about masters; poems, accounts of games, tournaments, photo- 
graphs; hundreds of humorous, pithy, satirical, wise, historical episodes, comments, word 
portraits. Fascinating “must” for chess players; revealing and perhaps seductive to those 
who wonder what their friends see in game. 49 photographs (14 full page plates). 12 
diagrams, xi + 306pp. 53/8 x 8. - T458 Paperbound $1.75 

WIN AT CHESS, Fred Reinfeld. 300 practical chess situations, to sharpen your eye, test skill 
against masters. Start with simple examples, progress at own pace to complexities. This 
selected series of crucial moments In chess will stimulate imagination, develop stronger, 
more versatile game. Simple grading system enables you to judge progress. “Extensive use 
of diagrams is a great attraction,” Chess. 300 diagrams. Notes, solutions to every situation. 
Formerly “Chess Quiz.” vi + 120pp. 53/8 x 8. T433 Paperbound $1.00 


MATHEMATICS: 

ELEMENTARY TO INTERMEDIATE 

HOW TO CALCULATE OUICKLY, H. Sticker. Tried and true method to help mathematics of 
everyday life. Awakens “number sense” — ability to see relationships between numbers as 
whole quantities. A serious course of over 9000 problems and their solutions through 
techniques not taught in schools: left-to-right multiplications, new fast division, etc. 10 
minutes a day will double or triple calculation speed. Excellent for scientist at home in 
higher math, but dissatisfied with speed and accuracy in lower math. 256pp. 5 x 7V4. 

Paperbound $1.00 

FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of 1894 
Easter lectures at Gottingen. 3 problems of classical geometry: squaring the circle, trisect- 
ing angle, doubling cube, considered with full modern implications: transcendental num- 
bers, pi, etc. “A modern classic ... no knowledge of higher mathematics is required,” 
Scientia. Notes by R. Archibald. 16 figures, xi + 92pp. 53/8 x 8. T298 Paperbound $1.00 


HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Practical, 
not abstract, building problems out of familiar laboratory material. Covers differential cal- 
culus, coordinate, analytical geometry, functions, integral calculus. Infinite series, numerical 
equations, differential equations, Fourier’s theorem probability, theory of errors, calculus 
of variations, determinants. “If the reader is not familiar with this book, it will repay 
him to examine it,” Chem. and Engineering News. 800 problems. 189 figures, xxi -f- 641pp. 
53/8 X 8. S193 Paperbound $2.25 

TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 913 detailed questions, answers 
cover most important aspects of plane, spherical trigonometry — particularly useful in clearing 
up difficulties in special areas. Part 1: plane trig, angles, quadrants, functions, graphical repre- 
sentation, interpolation, equations, logs, solution of triangle, use of slide rule, etc. Next 
188 pages discuss applications to navigation, surveying, elasticity, architecture, other 
special fields. Part 3; spherical trig, applications to terrestrial, astronomical problems. 
Methods of time-saving, simplification of principal angles, make book most useful. 913 
questions answered. 1738 problems, answers to odd numbers. 494 figures. 24 pages of for- 
mulas, functions, x + 629pp. 53/8 x 8. T371 Paperbound $2.00 

CALCULUS REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 756 questions examine most im- 
portant aspects of integral, differential calculus. Part 1: simple differential calculus, con- 
stants, variables, functions, increments, logs, curves, etc. Part 2; fundamental ideas of 
integrations, inspection, substitution, areas, volumes, mean value, double, triple integration, 
etc. Practical aspects stressed. 50 pages illustrate applications to specific problems of civil, 
nautical engineering, electricity, stress, strain, elasticity, similar fields. 756 questions 
answered. 566 problems, mostly answered. 36pp. of useful constants, formulas, v + 431pp. 
5% X 8. T370 Paperbound $2.00 
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fundamental propositions of algebra, algebraic equations, functions, calculus, theory of 
numbers, etc. Each monograph gives proofs of important results, and descriptions of lead- 
ing methods, to provide wide coverage. “Of high merit," Scientific American. New intro- 
duction by Prof. M. Kline, N.Y. Univ. 100 diagrams, xvi + 416pp. BVe x 91 / 4 . 

S289 Paperbound $2.00 

MATHEMATICS IN ACTION, 0. G. Sutton. Excellent middle level application of mathematics 
to study of universe, demonstrates how math is applied to ballistics, theory of computing 
machines, waves, wave-like phenomena, theory of fluid flow, meteorological problems, 
statistics, flight, similar phenomena. No knowledge of advanced math required. Differential 
equations, Fourier series, group concepts, Eigenfunctions, Planck's constant, airfoil theory, 
and similar topics explained so clearly in everyday language that almost anyone can derive 
benefit from reading this even if much of high-school math is forgotten. 2nd edition. 88 
figures, viii -P 236pp. 5Va x 8. T450 Clothbound $3.50 

ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT, Felix Klein. Classic text, 
an outgrowth of Klein’s famous integration and survey course at Gottingen. Using one field 
to interpret, adjust another, it covers basic topics in each area, with extensive analysis. 
Especially valuable in areas of modern mathematics. “A great mathematician, inspiring 
teacher, . . . deep Insight," Bui., Amer. Math Soc. 

Vol. I. ARITHMETIC, ALGEBRA, ANALYSIS. Introduces concept of function immediately, en- 
livens discussion with graphical, geometric methods. Partial contents: natural numbers, 
special properties, complex numbers. Real equations with real unknowns, complex quan- 
tities, Logarithmic, exponential functions, infinitesimal calculus. Transcendence of e and pi, 
theory of assemblages. Index. 125 figures, ix -l- 274pp. 5% x 8. S151 Paperbound $1.75 

Vol. li. GEOMETRY. Comprehensive view, accompanies space perception inherent in geom- 
etry with analytic formulas which facilitate precise formulation. Partial contents; Simplest 
geometric manifold; line segments, Grassman determinant principles, classication of con- 
figurations of space. Geometric transformations: affine, projective, higher point transforma- 
tions, theory of the imaginary. Systematic discussion of geometry and its foundations. 141 
ix -I- 214pp. 53/8 X 8. S151 Paperbound $1.75 

ADVANCED TRIGONOMETRY, E. W. Hobson. Extraordinarily wide 
I college level, one of few works covering advanced trig in 

sitor with unerring anticipation of potentially difficult points, 
jxpansion of functions of multiple angle; trig tables; relations 
iangles; complex numbers; etc. Many problems fully solved, 

ct," Nature. Formerly entitled “A Treatise on Plane Trigonom- 
es. xvl + 383pp. 5% x 8. S353 Paperbound $1.95 

NON-EUCLIOEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geom- 
etry. Examines from both a historical and mathematical point of view geometries which 

have arisen from a study of Euclid’s 5th postulate on parallel lines. Also included are 

complete texts, translated, of Bolyai's “Theory of Absolute Space," Lobachevsky's “Theory 

of Parallels." 180 diagrams. 431pp. 5% x 8. S27 Paperbound $1.95 

GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Treatment is synthetic, mostly Euclidean, though in hyperplanes and hyperspheres 

at infinity, non-Eucildean geometry is used. Historical introduction. Foundations of 4-dimen- 
sional geometry. Perpendicularity, simple angles. Angles of planes, higher order. Symmetry, 
order, motion; hyperpyramids, hypercones, hyperspneres; figures with parallel elements; 
volume, hypervolume in space; regular polyhedroids. Glossary. 78 figures, ix + 348pp, 

53/8 X 8, S182 Paperbound $1.95 


MATHEMATICS: INTERMEDIATE TO ADVANCED 

GEOMETRY (EUCLIDEAN AND NON-EUCLIDEAN) 


THE GEOMETRY OF RENlf DESCARTES. With this book, Descartes founded analytical geometry. 
Original French text, with Descartes’s own diagrams, and excellent Smith-Latham transla- 
tion. Contains: Problems the Construction of Which Requires only Straight Lines and Circles; 
On the Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Dia- 
grams. 258pp. 53/8 X 8. S68 Paperbound $1.50 


THE WORKS OF ARCHIMEDES, edited by T. L Heath. All the known works of the great Greek 
mathematician, including the recently discovered Method of Archimedes. Contains: On 
Sphere and Cylinder, Measurement of a Circle, Spirals, Conoids, Spheroids, etc. Definitive 
edition of greatest mathematical intellect of ancient world, 186 page study by Heath dis- 
cusses Archimedes and history of Greek mathematics. 563pp. 5% x 8. S9 Paperbound $ 2.00 

COLLECTED WORKS OF BERNARD RIEMANN. Important sourcebook, first to contain complete 
text of 1892 “Werke" and the 1902 supplement, unabridged. 31 monographs, 3 complete 
lecture courses, 15 miscellaneous papers which have been of enormous importance in 
relativity, topology, theory of complex variables, other areas of mathematics. Edited by 
R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text; English introduction by 
Hans Lewy. 690pp, sye x 8, S226 Paperbound $ 2.85 

THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of very greatest classics of Western world. Complete translation of Heiberg text, 
plus spurious Book XIV. 150 page introduction on Greek, Medieval mathematics, Euclid, 
texts, commentators, etc. Elaborate cjitical apparatus parallels text, analyzing each defini- 
tion, postulate, proposition, covering textual matters, refutations, supports, extrapolations, 
etc. This is the full Euclid. Unabridged reproduction of Cambridge U. 2nd edition. 3 vol- 
umes. 995 figures. 1426pp. 53/8 x 8. S88, 89, 90, 3 volume set, paperbound $6.00 

AN INTRODUCTION TO GEOMETRY OF N DIMENSIONS, D. M. Y. Sommerville. Presupposes no 
previous knowledge of field. Only book in English devoted exclusively to higher dimensional 
geometry. Discusses fundamental ideas of incidence, parallelism, perpendicularity, angles 
between linear space, enumerative geometry, analytical geometry from projective and metric 
views, polytopes, elementary ideas in analysis situs, content of hyperspacial figures. 60 
diagrams. 196pp, 53/8 x 8, S494 Paperbound $1.50 

ELEMENTS OF NON-EUCLIDEAN GEOMETRY, D. M. Y. Sommerville. Unique in proceeding step- 
by-step. Requires only good knowledge of high-school geometry and algebra, to grasp ele- 
mentary hyperbolic, elliptic, analytic non-EuclIdean Geometries; space curvature and its 
implications; radical axes; homopethic centres and systems of circles; parataxy and parallel- 
ism; Gauss' proof of defect area theorem; much more, with exceptional clarity. 126 prob- 
lems at chapter ends. 133 figures, xvi -f 274pp. Ss/q x 8, S460 Paperbound $1.50 

THE FOUNDATIONS OF EUCLIDEAN GEOMETRY, H. G. Forder. First connected, rigorous ac- 
count in light of modern analysis, establishing propositions without recourse to empiricism, 
without multiplying hypotheses. Based on tools of 19th and 20th century mathematicians, 
who made it possible to remedy gaps and complexities, recognize problems not earlier 
discerned. Begins with important relationship of number systems in geometrical figures. 
Considers classes, relations, linear order, natural numbers, axioms for magnitudes, groups, 
quasi-fields, fields, non-Archimedian systems, the axiom system <at length), particular axioms 
(two chapters on the Parallel Axioms), constructions, congruence, similarity, etc. Lists-, 
axioms employed, constructions, symbols in frequent use. 295pp. 53/$ x 8. 

S481 Paperbound $2.00 


CALCULUS, FUNCTION THEORY (REAL AND COMPLEX), 
FOURIER THEORY 


FIVE VOLUME “THEORY OF FUNCTIONS” SET BY KONRAD KNOPP. Provides complete, readily 
followed account of theory of functions. Proofs given concisely, yet without sacrifice of 
completeness or rigor. These volumes used as texts by such universities as Chicago, 

N.Y. City College, many others. “Excellent introduction . . . remarkably readable, concise, 
clear, rigorous,” J. of the American Statistical Association. 

ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. Provides background for further 
volumes in this set, or texts on similar level. Partial contents: Foundations, system of com- 
plex numbers and Gaussian plane of numbers, Riemann sphere of numbers, mapping by 
linear functions, normal forms, the logarithm, cyclometric functions, binomial series. "Not 
only for the young student, but also for the student who knows all about what is in it,” 
Mathematical Journal. 140pp. 53/8 x 8. S154 Paperbound $1.35 

THEORY OF FUNCTIONS, PART I, Konrad Knopp. With volume 11, provides coverage of basic 
concepts and theorems. Partial contents: numbers and points, functions of a complex 
variable, integral of a continuous function, Cauchy’s intergral theorem, Cauchy’s integral 
formulae, series with variable terms, expansion and analytic function in a power series, 
analytic continuation and complete definition of analytic “actions, Laurent expansion, types 
of singularities, vii + 146pp. 53/8 x 8. S156 Paperbound $1.35 

THEORY OF FUNCTIONS, PART II, Konrad Knopp. Application and further development of 
general theory, special topics. Single valued functions, entire, Weierstrass. Meromorphic 
functions: Mittag-Leffler. Periodic functions. Multiple valued functions. Riemann surfaces. 
Algebraic functions. Analytical configurations, Riemann surface, x + 150pp. 53/8 x 8. 


according to increasing difficulty. Fundamental concepts, sequences of numbers and infinite 
series, complex variable, integral theorems, development in series, conformal mapping. 
Answers, viii + 126pp. 53/b x 8. S 158 Paperbound $1.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME II, Konrad Knopp. Advanced theory 
of functions, to be used with Knopp’s “Theory of Functions," or comparable text. Singular- 
ities, entire and meromorphic functions, periodic, analytic, continuation, multiple-valued 
functions, Riemann surfaces, conformal mapping. Includes section of elementary problems. 
"The difficult task of selecting . . . problems just within the reach of the beginner is 
here masterfully accomplished," AM. MATH. SOC. Answers, 138pp. 53/8 x 8. 

S159 Paperbound $1.35 

ADVANCED CALCULUS, E. B. Wilson. Still recognized as one of most comprehensive, useful 
texts, immense amount of well-represented, fundamental material. Including chapters on 
vector functions, ordinary differential equations, special functions, calculus of variations, 
etc,, which are excellent introductions to these areas. Requires only one year of calculus. 
Over 1300 exercises cover both pure math and applications to engineering and physical 
problems. Ideal reference, refresher, 54 page introductory review, ix + 566pp. 53/8 x 8. 

S504 Paperbound $2.45 

LECTURES ON THE THEORY OF ELLIPTIC FUNCTIONS, H. Hancock. Reissue of only book in 
English with so extensive a coverage, especially of Abel, Jacobi, Legendre, Weierstrass, 
Hermite, Liouville, and Riemann, Unusual fullness of treatment, plus applications as well as 
theory In discussing universe of elliptic integrals, originating in works of Abel and 
Jacobi. Use Is made of Riemann to provide most general theory. 40-page table of formulas. 
76 figures, xxiii + 498pp. 5% x 8. S483 Paperbound $2.55 

THEORY OF FUNCTIONALS AND OF INTEGRAL AND INTEGRO-DIFFERENTIAL EOUATIONS, Vito 
Volterra. Unabridged republication of only English translation. General theory of functions 
depending on continuous set of values of another function. Based on author’s concept of 
transition from finite number of variables to a continually infinite number. Includes much 
material on calculus of variations. Begins with fundamentals, examines generalization of 
analytic functions, functional derivative equations, applications, other directions of theory, 
etc. New introduction by G. C. Evans, Biography, criticism of Volterra's work by E. Whit- 
taker. xxxx -f 226pp. 53/8 x 8. S502 Paperbound $1,75 

AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION, Philip 
Franklin. Concentrates on essentials, gives broad view, suitable for most applications. Re- 
quires only knowledge of calculus. Covers complex qualities with methods of computing ele- 
mentary functions for complex values of argument and finding approximations by charts; 
Fourier series; harmonic anaylsis; much more. Methods are related to physical problems 
of heat flow, vibrations, electrical transmission, electromagnetic radiation, etc. 828 prob- 
lems, answers. Formerly entitled "Fourier Methods,” x -f 289pp. Ss/s x 8. 

S452 Paperbound $1.75 

THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe- 
matical physics, has been used by generations of mathematicians and physicists interested 
in heat or application of Fourier integral. Covers cause and reflection of rays of heat, 
radiant heating, heating of closed spaces, use of trigonometric series in theory of heat, 
Fourier integral, etc. Translated by Alexander Freeman, 20 figures, xxii + 466pp. 53/8 x 8. 

S93 Paperbound $2.00 

ELLIPTIC INTEGRALS, H. Hancock. Invaluable in work involving differential equations with 
cubics, quatrics under root sign, where elementary calculus methods are inadequate. Prac- 
tical solutions to problems in mathematics, engineering, physics; differential equations re- 
quiring integration of Lamd’s, Briot’s, or Bouquet's equations; determination of arc of 
ellipse, hyperbola, lemiscate; solutions of problems in elastics; motion of a projectile under 
resistance varying as the cube of the velocity; pendulums; more. Exposition in accordance 
with Legendre-Jacobi theory. Rigorous discussion of Legendre transformations. 20 figures, 
5 place table. 104pp. 53/8 x 8. S484 Paperbound $1.25 

THE TAYLOR SERIES, AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A COMPLEX 
VARIABLE, P. Dienes. Uses Taylor series to approach theory of functions, using ordinary 
calculus only, except in last 2 chapters. Starts with Introduction to real variable and com- 
plex algebra, derives properties of infinite series, complex differentiation, integration, etc. 
Covers biuniform mapping, overconvergence and gap theorems, Taylor series on its circle 
of convergence, etc. Unabridged corrected reissue of first edition. 186 examples, many 
fully worked out. 67 figures, xii + 555pp. 53/8 x 8. S391 Paperbound $2.75 

LINEAR INTEGRAL EOUATIONS, W. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations, problems of math, physics. 
Includes: integral equation of 2nd kind by successive substitutions; Fredholm’s equation 
as ratio of 2 integral series in lambda, applications of the Fredholm theory, Hilbert-Schmidt 
theory of symmetric kernels, application, etc. Neumann, Dirichlet, vibratory problems, 
ix + 253pp. 53/8 X 8. S175 Clothbound $3.50 

S176 Paperbound $1.60 



DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Developed by British Admiralty to 
solve Laplace’s equation in 2 dimensions. Scores of geometrical forms and transformations 
for electrical engineers, Joukowski aerofoil for aerodynamics, Schwartz-Christoffel trans- 
formations for hydro-dynamics, transcendental functions. Contents classified according to 
analytical functions describing transformations with corresponding regions. Glossary. Topo- 
logical index. 447 diagrams. eVa x 91/4. .8160 Paperbound $2.00 

ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures at 
Trinity College, Cambridge, this book has proved extremely successful in introducing graduate 
students to modern theory of functions. Offers full and concise coverage of classes and 
cardinal numbers, well ordered series, other types of series, and elements of the theory 
of sets of points. 3rd revised edition, vii + 71pp. 5% x 8. S171 Clothbound $2.85 

8172 Paperbound $1,25 

INFINITE SEQUENCES AND SERIES, Konrad Knopp. 1st publication In any language. Excellent 
introduction to 2 topics of modern mathematics, designed to give student background to 
penetrate further alone. Sequences and sets, real and complex numbers, etc. Functions of 
a real and complex variable. Sequences and series. Infinite series. Convergent power series. 
Expansion of elementary functions. Numerical evaluation of series, v 4- 186pp. 5% x 8. 

5152 Clothbound $3.50 

5153 Paperbound $1.75 

THE THEORY AND FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES, 
E. W .Hobson. One of the best introductions to set theory and various aspects of functions 
and Fourier's series. Requires only a good background in calculus. Exhaustive .coverage of; 
metric and descriptive properties of sets of points; transfinite numbers and order types; 
functions of a real variable; the Riemann and Lebesgue integrals; sequences and series 

of numbers; power-series; functions representable by series sequences of continuous func- 
tions; trigonometrical series; representation of functions by Fourier’s series; and much 

more. "The best possible guide," Nature, Vol. I; 88 detailed examples, 10 figures. Index. 
XV + 736pp. Vol. II: 117 detailed examples, 13 figures, x + 780pp. GVa x 91/4. 

Vo!. I; S387 Paperbound $3.00 

Vol. II: S388 Paperbound $3.00 

ALMOST PERIODIC FUNCTIONS, A. S. Besicovltch. Unique and important summary by a well 
known mathematician covers in detail the two stages of development in Bohr's theory 

of almost periodic functions; (1) as a generalization of pure periodicity, with results and 

proofs; (2) the work done by Stepanof, Wiener, Weyl, and Bohr in generalizing the theory, 
xl + 180pp. 53/8 X 8. S18 Paperbound $1.75 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 

revised edition, an outgrowth of author’s courses at CarDridge. Historicgi introduction, 
rational, Irrational numbers, infinite sequences and series, functions of a single variable, 
definite integral, Fourier series, and similar topics. Appendices discuss practical harmonic 
analysis, periodogram analysis, Lebesgue’s theory. 84 examples, xiii 4- 368pp. 53/8 x 8. 

S48 Paperbound $2.00 


SYMBOLIC LOGIC 


THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. First publication in any lan- 
guage. For mathematically mature readers with no training in symbolic, logic. Development 
of lectures given at Lund Univ., Sweden, 1948, Partial contents: Logic of classes, funda- 
mental theorems, Boolean algebra, logic of propositions, of propositional functions, expres- 
sive languages, combinatory logics, development of math within an object language, para- 
doxes, theorems of Post, Goedel, Church, and similar topics, iv 4- 214pp. 53/a x 8. 

S227 Paperbound $1.45 

INTRODUCTION TO SYMBOLIC LOGIC AND ITS APPLICATION, R. Carnap. Clear, comprehensive, 
rigorous, by perhaps greatest living master. Symbolic languages analyzed, one constructed. 
Applications to math (axiom systems for set theory, real, natural numbers), topology 
(Dedekind, Cantor continuity explanations), physics (general analysis of determination, cau- 
sality, space-time topology), biology (axiom system for basic concepts). "A masterpiece," 
Zentralblatt fiir Mathematlk und Ihre Grenzgebiete. Over 300 exercises. 5 figures, xvi 4- 
241pp. 53/8 X 8. S453 Paperbound $1.85 

AN INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Langer. Probably clearest book for the 
philosopher, scientist, layman — no special knowledge of math required. Starts with simplest 
symbols, goes on to give remarkable grasp of Boole-Schroeder, Russell-Whitehead systems, 
clearly, quickly. Partial Contents: Forms, Generalization, Classes, Deductive System of 
Classes, Algebra of Logic, Assumptions of Principia Mathematica, Logistics, Proofs of 
Theorems, etc. "Clearest . . . simplest Introduction . the intelligent non-mathematician 
should have no difficulty," MATHEMATICS GAZETTE. Revised, expanded 2nd edition. Truth- 
value tables. 368pp. 53/8 8. S164 Paperbound $1.75 



adequate descriptions of summability of Fourier series, proximation theory, conjugate series, 
convergence, divergence of Fourier series. Especially valuable for Russian, Eastern Euro- 
pean coverage. 329pp. 5% x 8. S290 Paperbound ?1-50 


THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some 100 years 
ago. It is the 1st significant attempt to apply logic to all aspects of human endeavour. 
Partial contents: derivation of laws, signs and laws, interpretations, eliminations, condi- 
tions of a perfect method, analysis, Aristotelian logic, probability, and similar topics, 
xvii + 424pp. 53/8 x 8. S28 Paperbound $2.00 

SYMBOLIC LOGIC, C. I. Lewis, C. H. Langford. 2nd revised edition of probably most cited 
book in symbolic logic. Wide coverage of entire field; one of fullest treatments of paradoxes; 
plus much material not available elsewhere. Basic to volume is distinction between logic 
of extensions and intensions. Considerable emphasis on converse substitution, while matrix 
system presents supposition of variety of non-Aristotelian logics. Especially valuable sec- 
tions on strict limitations, existence theorems. Partial contents: Boole-Schroeder algebra; 
truth value systems, the matrix method; implication and deductibility; general theory of 
propositions; etc. “Most valuable," Times, London. 506pp. 53/b x 8 . S170 Paperbound $2.00 


GROUP THEORY AND LINEAR ALGEBRA, SETS, ETC. 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein. Solution of quintics in terms of rotations of regular icosahedron around its 
axes of symmetry. A classic, indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliography. "Classical monograph . . . detailed, readable book," Math. Gazette. 2nd edi- 
tion. xvi -f 289pp. 53/8 X 8. S314 Paperbound $1.85 

INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines 
fundamental theorems and their applications. Beginning with sets, systems, permutations, 
etc., progresses in easy stages through important types of groups: Abelian, prime power, 
permutation, etc. Except 1 chapter where matrices are desirable, no higher math is needed. 
783 exercises, problems, xvi -I- 447pp. 53/8 x 8. S299 Clothbound $3.95 

S300 Paperbound $2.00 

THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, 
still one of clearest introductions. Partial contents: permutations, groups independent of 
representation, composition series of a group, isomorphism of a group with itself, Abelian 
groups, prime power groups, permutation groups, invariants of groups of linear substitu- 
tion, graphical representation, etc. "Clear and detailed discussion . . . numerous problems 
which are Instructive," Design News, xxiv -f 512pp. 53/8 x 8. S38 Paperbound $2.45 

COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. Faddeeva, translated by C. D. Benster. 
1st English translation of unique, valuable work, only one in English presenting systematic 
exposition of most important methods of linear algebra — classical, contemporary. Details 
of deriving numerical solutions of problems in mathematical physics. Theory and practice. 
Includes survey of necessary background, most Important methods of solution, ior exact, 
iterative groups. One of most valuable features is 23 tables, triple checked for accuracy, 
unavailable elsewhere. Translator’s note, x -f 252pp. 53/8 x 8. S424 Paperbound $1.95 

THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. This famous book 
gives a systematic elementary account of the modern theory of the continuum as a type 
of serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical 
knowledge of higher mathematics, it offers an easily followed analysis of ordered classes, 
discrete and dense series, continuous series, Cantor’s traTnsfmite numbers. "Admirable 
introduction to the rigorous theory of the continuum . , . reading easy," Science Progress. 
2nd edition, viii + 82pp, 53/8 x 8. S129 Clothbound $2.75 

S130 Paperbound $1.00 

THEORY OF SETS, E. Kamke. Clearest, amplest introduction In English, well suited for inde- 
pendent study. Subdivisions of main theory, such as theory of sets of points, are discussed, 
but emphasis is on general theory. Partial contents; rudiments of set theory, arbitrary sets, 
their cardinal numbers, ordered sets, their order types, well-ordered sets, their cardinal 
numbers, vii + 144pp. 53/8 x 8. S141 Paperbound $1.35 

CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 

These papers founded a new branch of mathematics. The famous articles of 1895-7 are 
translated, with an 82-page Introduction by P. E. B. Jourdain dealing with Cantor, the 
background of his discoveries, their results, future possibilities, ix + 211pp. 53/8 x 8. 

S45 Paperbound $1.25 


JACOBIAN ELLIPTIC FUNCTION TABLES, L. M. Milne-Thamson. Easy-to-follow, practical, not 
only useful numerical tables, but complete elementary sketch of application of elliptic 
functions. Covers description of principle properties; complete elliptic integrals; Fourier 
series, expansions; periods, zeros, poles, residues, formulas for special values of argument; 
cubic, quartic polynomials; pendulum problem; etc. Tables, graphs form body of book: 
Graph, 5 figure table of elliptic function sn (u m); cn (u m); dn (u m). 8 figure table of 
complete elliptic integrals K, K', E, E', nome q. 7 figure table of Jacobian zeta-function 
Z(u). 3 figures, xi + 123pp. 5% x 8. 3194 Paperbound $1.35 

TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jatinke,F. Emde. Most comprehensive 
1-volume English text collection of tables, formulae, curves of transcendent functions. 4th 
corrected edition, new 76-page section giving tables, formulae for elementary functions not 
in other English editions. Partial contents; sine, cosine, logarithmic integral; error integral; 
elliptic integrals; theta functions; Legendre, Bessel, Riemann, Mathieu, hypergeometric 
functions; etc, “Out-of-the-way functions for which we know no other source.” Scientific 
Computing Service, Ltd. 212 figures. 400pp. 5 s/a x aVs. S133 Paperbound $2.00 

MATHEMATICAL TABLES, H. B. Dwight. Covers in one volume almost every function of im- 
portance in applied mathematics, engineering, physical sciences. Three extremely fine 
tables of the three trig functions, inverses, to 1000th of radian; natural, common logs; 
squares, cubes; hyperbolic functions, inverses; (a^ + b^) exp. Vaa; complete elliptical in- 
tegrals of 1st, 2nd kind; sine, cosine integrals; exponential Integrals; Ei(x) and Ei( — x); 
binomial coefficients; factorials to 250; surface zonal harmonics, first derivatives; Bernoulli, 
Euler numbers, their logs to base of 10; Gamma function; normal probability integral; over 
60pp. Bessel functions; Riemann zeta function. Each table with formulae generally used, 
sources of more extensive tables, interpolation data, etc. Over half have columns of 
differences, to facilitate interpolation, viil + 231pp. 5^/q x 8. 3445 Paperbound $1.75 

PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Willers. Immensely prac- 
tical hand-book for engineers. How to interpolate, use various methods of numerical differ- 
entiation and integration, determine roots of a single algebraic equation, system of linear 
equations, use empirical formulas, integrate differential equations, etc. Hundreds of short- 
cuts for arriving at numerical solutions. Special section on American calculating machines, 
by T. W. Simpson. Translation by R. T. Beyer. 132 illustrations. 422pp. 5% x 8. 

3273 Paperbound $2.00 

NUMERICAL SOLUTIONS OF DIFFERENTIAL EOUATIONS, N. Levy, E. A. Baggott. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. 
2 requirements: practical, easy to grasp; more rapid than school methods. Partial contents: 
graphical integration of differential equations, graphical methods for detailed solution. 
Numerical solution. Simultaneous equations and equations of 2nd and higher orders. 
“Should be in the hands of all in research and applied mathematics, teaching,” Nature. 
21 figures, viii + 238pp. SVe x 8. S168 Paperbound $1.75 

NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Bennet, Milne, Bateman. Unabridged 
republication of original prepared for National Research Council. New methods of integration 
by 3 leading mathematicians: “The Interpolational Polynomial,” “Successive Approximation,” 
A. A. Bennett, “Step-by-step Methods of Integration,” W. W. Milne. “Methods for Partial 
Differential Equations,” H. Bateman. Methods for partial differential equations, solution 
of differential equations to non-integral values of a parameter will interest mathematicians, 
physicists. 288 footnotes, mostly bibliographical. 235 item classified bibliography. 108pp. 
53/8 X 8. 3305 Paperbound $1.35 
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By Edwin Bidwell Wilson 

It is a tribute to Edwin Wilson's judgment and industry that, in spite of newer books In 
the field, most educators still regard “Advanced Calculus" as one of the most compre- 
hensive and useful texts in its subject. It contains an immense amount of material, ail of 
which is fundamental and well-presented. It can be used by students with the equivalent 
of only one year’s study pf calculus, and many chapters, such as the chapters on vector 
functions, ordinary differential, equations, special functions, the calculus of variations, 
elliptic functions, and partial differential equations are excellent as introductions to 
the^e various branches of higher mathematics. 

Throughout, a due level of mathematical rigor is maintained; but the book is also 
ejqjressly deigned as a text or reference for physicists, engineers, and others who need 
# iound working knowledge of advanced calculus. More than 1300 separately numbered 
^atlsds (hundreds of ^em are multiple-part exercises) are included in small groups 
placed in juxtaposttion to the sections in the text to which they are ^related- This vast 
cf Is mtended not only to facitate the reader's ability to handle the 

1 topfe of advanced calculus, but to give him abundant and varied practice in 

of Hose tools on ^e types of problems to which advanced calculus Is applicable. 

Jnfei^ductDjy ievlew? Review of Fundamental Rules,* Review of Fundamental 
BiB0rfy*Pirt h Dliereniai iaicu(iiS3, Taylor's Fomiula and Allied Topics; Partial Differentia-. 

fgtiM ilieraitMonr-lmplfcl^ Functions; Complex Numbers 
ml PW Ife Ollfeire^al Equations: Oeneral Jntroductibn to Differential Equations; 

Qrmm fiiftrenfti inuatlons; Additional Types of Ordinary Equations? 
hi ihre itoan Two Variables. Part H(; Integral Calculus: On Simple 
@ni MufUph in Mnite Integrals; Special Functions Defined by 

Thu df YaMions. Part IVj Theory of Functions: Infinite Series; Special 

MnUi to^llpipen^ fiinotlof^ of a Complex Variable; Elliptic Functions and Integrals; 


13001 mir^es> lx 4* 666pp. 5% x 8. 


Paperbound $2.45 



mm mffm % osici^iii for years of use 

i|% hi dUilHy as you would find in books priced $5.00 or 
Wojr m teow brtitte with age. Not artificially bulked, either; 
luidlied look, but is still easy to handle. 

m hit# lodiare^SiWN lin signatures, l:n the method traditionally 
loils open flat for easy reading and reference. Pages 
Mdhi hdt ©raick and spll (as In the case with many paper- 



